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PREFACE TO THE FOURTH EDITION 

The use of electrical power is increasing rapidly and resources of 
coal and oil are not likely to meet requirements for more than fifty 
to a hundred years. For these and other reasons there is an over¬ 
whelming drive to use nuclear energy, and massive development is 
under way. An additional Appendix gives a qualitative explanation 
of the present method of utilizing nuclear (or atomic) energy, and 
there is an outline of the Calder Hall station in Chapter I. 

The other main alterations are in Chapter I and are concerned 
with generation. 

A. T. STARR 

New Barnet, 1956 



PREFACE TO THE FIRST EDITION 


The main purpose with which this book was written was to 
present the student, who is studying for the Engineering 
Degrees, the Faraday House Diploma, the National Diploma, 
or the National Certificate, with a single book containing a de¬ 
scription of the syllabus known as “Electric Power.” The 
syllabus is so wide that a choice must be made, not only as 
regards the matter to be included, but also as to the depth of 
treatment of those parts that have been dealt with. The author 
hopes that his choice is reasonable, and that the inclusion of 
many illustrations and much descriptive matter will make the 
book interesting and acceptable. 

The author wishes to thank the various manufacturers, 
editors, and writers for permission to include published material; 
and his colleagues Messrs. A. Regnauld, S. 0. Pearson, 
A. N. Arman, and E. J. Keefe for much help by reading, 
criticizing, and correcting the manuscript and proofs. 

Finally, the author desires to thank the Technical Editor 
to Sir Isaac Pitman & Sons and Mr. W. F. Floyd for eliminating 
obscurities and errors from the text. 

A. T. STARR 

Faraday House 
July , 1937 
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CHAPTER I 

GENERATION OF ELECTRICAL ENERGY 

Sources of Energy. Modern civilization differs from earlier civiliza¬ 
tions in the enormous use of energy produced by machines. The 
results are a diminution of mechanical drudgery, a shorter working 
day, a higher standard of living, a healthier and more balanced 
diet (since food can be transported easily from one end of the 
world to another), and freedom to a large extent from local 
famines. There is a close relation between the energy used per 
person and the standard of living. 

Within the last thirty years there has been a rapid increase in the 
generation of electrical energy, and the following table gives values 
for Great Britain. 

TABLE I 

Electricity Consumption in Great Britain 
(In Milliard units, i.e. 10® kWh.) 



1925 

1950 

1954 

(esti¬ 

mated) 

1965 | 1975 
(forecast) 

Domestic and agricultural 

0-6 

14-9 

19-6 

37 

63 

Industrial and traction 

51 

310 

42-9 

79 

138 

Total sales .... 

5*7 

45-9 

62-5 

116 

201 

Total generated 

6-4 

51*9 

69 

130 

223 


In 1953-4 the consumption per head in Great Britain was about 

1 300 kWh./annum, whilst in Norway it was 4 300, and in the U.S.A. 

2 900. It is fairly certain, therefore, that the rate of increase shown 
in the table is conservative. 

The primary source of energy is the Sun. Direct utilization of 
solar radiation, which has been estimated to be equivalent to 
5 000 h.p. per acre at noon in summer, has been made in Egypt, 
where in a certain installation the mirror to boiler surface ratio is 
4$ : 1, the boiler efficiency is 40 per cent, and the plant develops 
63 b.h.p. per acre. The method is inconvenient as it requires a large 
area and the absence of clouds, but has probably a sphere of use in 
irrigation and other pumping services. 

The energy of winds, produced by the Sun, has been used for many 
hundreds of years in windmills, and can be used to drive small 
generators, which charge up storage batteries for continuous use. 
Efficient generators are being designed in this country. 

1 
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The main sources of energy are fuels, viz. coal and oil, and water 
power, viz. water at a high level and tides. The utilization of the 
energy of fuel is possible by means of steam and internal combustion 
engines and the turbine; but the harnessing of water power has been 
made possible by the electrical transmission of energy which alone 
can transmit the energy from the places where the water power 
occurs to where the energy is needed. 

The internal combustion engine using petrol is suitable for mobile 
units, such as road traffic and small craft for river and seashore work, 
and recently the Diesel engine using heavy oil has been adapted to 
the same purpose. The latter is also replacing coal- and oil-fired steam 
plants for marine propulsion, but even so it has been found advan¬ 
tageous to use an electrical conversion in some cases. 

A new form of liberating energy has been devised in World War II 
by the fission (or nuclear disintegration) of uranium. The energy 
released in this way is converted to heat, which may then be used 
to drive steam turbines. Development is proceeding in the U.S.A. 
and Great Britain, but it is not expected that bulk supplies of 
energy will be available before 1960 or later. The method is known 
as that of atomic energy. 

The conversion of the heat of combustion of coal and oil and of 
nuclear fission into electrical energy, and the distribution of the 
latter, afford advantages which will be discussed later. 

Heat and Mechanical Energy. There are several units of heat and 
of mechanical energy, and it is useful to list their values and relation¬ 
ships. The calorie (cal.) is the amount of heat required to raise the 
temperature of 1 g. of water by 1° C.: the Calorie or kilo-calorie 
(k.cal. or Cal.) is 1 000 times as great, and is the unit used when 
nutrition is discussed, e.g. an intake of 2 000 to 3 000 Calories per 
day is desirable for an adult. The British unit of heat is the British 
Thermal Unit (B.Th.U.) which raises the temperature of 1 lb. of 
water by 1° F. Since 1 lb. = 453*6 g. and 1° F. — (5/9)° C., it 
follows that 

1 B.Th.U. - 252 cal. - 0-252 k.cal. . . (1.1) 

In dealing with large resources of energy it has been found 
convenient to introduce a large unit of heat denoted by Q, where 

1 Q - 10 18 B.Th.U. . . . (1.2) 

The experiments of Joule and Robert Mayer established the fact 
that heat and mechanical energy are interchangeable, one unit of 
heat producing a fixed amount of mechanical energy, and vice versa. 
The relation between them is called the mechanical equivalent of 
heat, and is given as 

1 B.Th.U. = 778 ft. lb. 

or 1 cal. = 4*18.10 7 erg. — 4*18 J (joule) 
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The units of power are the watt (W.) and the horde 'power (h.p.) 
where 1W. = 10 7 erg./sec. = 1 J/sec. 1 

and 1 h.p. = 550 ft. lb./sec. - 746 W. ) * * ( ' 

The relation between the h.p. and the watt follows from the 
facts that 1 lb. — 453-6 g. and 1 ft. = 12 x 2-54 cm. The electrical 
unit of energy is the kilowatt-hour (kWh.) and it is seen that 

1 kWh. = <3 600) (1 000) W. sec. = 3-6.10 6 joule 
= 8-6.10 5 cal. = 3 412 B.Th.U. 

1 milliard = 10 9 kWh. = 3-4.10 12 B.Th.U. 

Heat Value of Coal, Oil, Gas, and Uranium. The heat value of 
coal varies with the grade: in this country an average value is 
12 000 B.Th.U. per lb. If all of the heat could be converted into 
electrical energy, 1 kWh. would require (3 412/12 000) = 0*28 lb. 
of coal: the thermal efficiency in a power station had an average 
value of 23*7 per cent in 1954, so that 1-2 lb. coal is used per kWh. 
generated. The highly efficient Portobello H.P. had an efficiency 
of 31-27 per cent in 1954, so that it requires 0-89 lb. coal per kWh. 
Lignite has a heating value of 4 800 B.Th.U. per lb. and peat has 
6 300 B.Th.U. per lb. It is common to express large heat units 
in terrhs of tons of coa] of heat value 12 000 B.Th.U. per lb.; thus 

1 Q = 1200^^2 240 t0nS = 37 000 megatOM } • (1 6) 
1 milliard = 0*55 megatons or about 0*6 megatons 

Heavy oils have a heat value of 20 000 B.Th.U. per lb., so that 
only three-fifths by weight is required as compared with coal. 
Quite a number of oil-burning stations produce 1 kWh. per 0-65 lb. 
of oil, the thermal efficiency being between 25 and 30 per cent, 
which is greater than for all but the best coal-burning stations. 
Light oils have a heat value of about 15 000 B.Th.U. per lb. 

Coal gas has a heat value of 550 B.Th.U. per ft. 1 * 3 and Mond 
producer gas has 160 B.Th.U. per ft. 3 

The heat value of uranium depends upon the method used. 
Natural uranium contains 99*3 per cent of 238 U and 0-7 per cent 
235 U, the latter being spontaneously fissile while the former is split 
by the slow released neutrons, in the way described in Appendix 
VIII. In the simplest method one ton of uranium will produce 

3 000 MW. days of energy, which is equivalent to the heat value of 
about 10 000 tons of coal. By re-cycling the uranium and the 
produced plutonium, one ton of uranium should produce heat 
equivalent to 100 000 tons of coal. Eventually the use of fast 
breeder reactors should make one ton of uranium equivalent to 
1 000 000 tons of coal. 
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Energy Resources and Production. The world supply of coal and 
oil is not known with any degree of certainty, and there is a tendency 
to be conservative in estimates. An estimate in 1920 was of the 
order of 7-3.10 12 tons or 200 Q, but it is becoming increasingly 
difficult to mine much of these resources. It is estimated that the 
world reserves of uranium and thorium have a heat value of 1 700 Q, 
which is about ten times that of coal, oil and gas combined. Table 
II shows the demand for primary fuel in Great Britain, and Table III 
shows the coal equivalent of the electricity demand based on 
Table I. 

TABLE II 


Demand for Primary Fuel 
(Megatons Coal Equivalent) 



1954 

1965 

1975 

1 

1985 

Industry 

118 

156 

196 

237 

Railways and transport . 

32 

35 

36 

38 

Domestic 

65 

73 

83 

94 

Total 

254 

311 

373 

440 


TABLE III 




Electricity Demand 




1954 

1965 

1975 

1985 

Equivalent megatons 

42 

71 

104 

145 

Plant MW. . 

20 000 | 

38 000 

58 000 

82 000 


In 1985 about 450 megatons will be required. It is expected that 
coal may provide 225 megatons, oil 150 megatons, hydro-electric 
power 5 to 10 megattfns, and so nuclear power will have to supply 
about 70 megatons, which corresponds to about 38 000 MW. of 
nuclear power station capacity. Table IV shows the power and 
energy required from nuclear fission (estimated September, 1955). 


TABLE IV 

Nuclear Fission Power and Energy Required 



1965 

1970 

1975 

1980 

Energy (milliard) 

25 

40 

86 

146 

Power (MW., 75% load factor) . 

3 900 

6 200 

i 

13 200 

23 000 
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Electrical Transmission o! Energy* The conversion of heat into 
mechanical energy and the electrical transmission of the latter afford 
many advantages. Electrical transmission is convenient, clean, 
cheap, and extremely flexible. The extreme cleanliness accompany¬ 
ing the use of electrical energy is very important, when one bears 
in mind the damage due to smoke and soot. The considerably 
decreased severity of fogs in London during the last decade or two 
has been ascribed in part to the decreased burning of coal consequent 
upon the increase in the use of electricity for heating. The all¬ 
electric house keeps much cleaner and requires less frequent re¬ 
decoration than a house which uses gas and coal, and these facts 
must be remembered when one compares the costs of using coal or 
gas or electricity. 

In the realm of lighting, for streets and home, electricity is 
unrivalled in convenience and cheapness. 

For cleanliness, ease of manipulation, and flexibility the electric 
motor is supreme, so that the use of electrical energy in industry 
is rapidly increasing. 

Electric traction is particularly suitable for dense suburban traffic 
where quick starting and braking are imperative, whilst it is essential 
for underground traffic. 

Water power is fairly easily converted into electrical power which 
can then be transmitted to places distant from the source; by 
proper choice of the site of the hydro-electric installation the power 
is continuously available. A new and inexhaustible source of power 
is thus opened up, of which a rapidly increasing use is being made. 
Oil is needed for road transport and shipping, and coal is likely to 
be required for the production of oil by hydrogenation, so that the 
economic advantages of hydro-electric generation will probably 
increase in the future. 

STEAM POWER STATIONS 

In a steam power station the fuel, which is coal or lignite or peat, 
gives up its heat of combustion to a boiler which delivers steam at a 
high temperature and a high pressure to the steam turbines. The 
steam loses heat energy in driving the turbine, which is coupled 
directly or through gearing to an electrical generator. The thermal 
efficiency is the ratio of the heat equivalent of the mechanical energy 
transmitted to the turbine shaft, to the heat of combustion; it 
may reach a value of 30 per cent in a very efficient plant. Then there 
are the losses in the alternator, so that the overall efficiency , which is 
the ratio of the heat equivalent of the electrical output to the heat 
of combustion, is slightly lower. 

As an example we may take the case of the Battersea Power 
Station. 1 lb. of coal has a heat value of 11 500 B.Th.U. and delivers 
3 498 B.Th.U. to the coupling, so that the thermal efficiency is 
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3 498/11 600 = 30-4 per cent. The electrical output is 3 394 B.Th.U., 
so that the overall efficiency is 3 394/11 600 = 29*6 per cent. This 
figure is for the economical load and no operating losses. For the 
year ending 31st December, 1934, the thermal efficiency was 27*24 
per cent, owing to the facts that the load factor , which is the ratio 
of the average output to the maximum output, was 63*7 per cent 
and that the load was not always the optimum. 

Table V gives the twenty most efficient steam power stations in 
1954. 


TABLE V 


I 


Station 


i 

Thermal 

Efficiency 

1 (%) ‘ 

1 

Energy 
Sent Out 
(Milliards) 

Pressure 

(lb./in.*) 

Portobello H.P. . 


31-27 

0-506 

1 350 

Stourport “B,” L.P. . 


30-78 

0-453 

1 250 

Littlebrook “B” 


30-39 

0-753 

1 235 

Dunston “B,” H 


29-89 

0-722 

600 R 

Bromborough 


29-23 

1-320 

900 

Skelton Grange . 

North Tees “C” . 


28-99 

1-428 

900 


28-98 

1-181 

900 

Brunswick Wharf 


28-71 

1-060 

900 

Uskmouth 


28-57 

1-161 

900 

Poole 


28-50 

1-292 

900 

Brighton “B” 


. 28-37 

0-700 

900 

Braehead . 


28-37 

1-250 

900 

Littlebrook “O" 


28-20 

0-700 

900 

Carrington 


.1 27-98 

0-557 

900 

Keadby 


.' 27-87 

1-104 

900 

Barking “C” 


27-84 

0-617 

900 

Huncoat . 


27-75 

0-428 

600 

Battersea “B" 


27-71 

1-004 

1 350 

Carmarthen Ba\ 


27-70 

0-758 

900 

Agecroft H.P. 


27-00 

0-028 

600 

All stations 


23-72 

06-308 

. 



The different ways in which the losses occur are shown diagram - 
matically in Fig. 1* and in tabular form in Table VI; the data are 
for the optimum working of the Battersea plant. 

Hence the overall efficiency at economical load and no losses is 
(3 394/11 500) X 100 = 29*5%. At 95% operating efficiency, the 
overall efficiency is 0-95 X 29*5 == 28*0%. 


* The author wishes to acknowledge gratefully the use of the figure and 
table from Hutchinson’s Technical and Scientific Encyclopaedia , pages 797 
and 799, First Edition. 
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Fig. 1. Diagrammatic Heat Balance or Modern 
Power Station 

(Hutchinson't Technical and Scientific Encyclopaedia) 


TABLE VI 

Heat Balance per lb. or Coal at Economical Load 


Coal 

Flue gases . 


11 500B.Th.TJ. as fired, 4*3% H it 8% 0„ 10% 
moisture. 

Exit temperature 250° F., 14% CO t . 


Air .... 60° F. 

Circulating water 60° F. 

Heat of evaporation 
from feed water at 

350° F. . .1 120*3 B.Th.U. per lb. 
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BoUer House Heat Balance 



B.Th.U. 


B.Th.U. 

Heat in fuel 

. 11 500 

To dry flue gases 

570 



,, moisture m gases . 

560 



„ ash and un burnt carbon 

115 



„ radiation and leakage 

290 



„ unknown losses 

290 



Balance to steam 

9 676 

Total . 

. 11500 

Total .... 

11 500 


Evaporation per lb. fuel 

Steam Cycle Heat Balance 

9675 8 (Wftlh 

= 1 120-3 = 8-636 lb - 



B.Th.U. 

B.Th.U. 

Received from fuel 

9 675 

Rejected to circ. water 

6 177 

Received in feed water 

2 504 

Returned to feed water 

2 504 



Balance to mechanical energy 




at coupling 

3 498 

Total . 

. 12 179 

Total .... 

12 179 

Alternator Heat Balance 


B.Th.U. 

| B.Th.U. 

Received from turbine 

3 498 

Stator iron loss . 

60 



Stator copper loss 

10 



Windage and friction . 

20 



Excitation loss . 

14 



Balance to electrical output 

3 394 

Total . 

3 498 

Total .... 

3 498 




■ 


Coal consumption at economical load and 95% operating effi¬ 
ciency is 


3 412 

11 500 x 0*28 


1*06 lb. per kWh. 


The losses may thus be summarized as follows— 


Boiler house losses . 

15-87 

Rejected to condenser 

53-73 

Alternator losses 

0-9 

Output .... 

29-5 

Total 

. 100*00 
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The main loss, it is seen, is that due to the heat rejected to the 
condenser and is unavoidable for thermodynamic reasons, viz. that 
heat cannot be converted into mechanical energy without a drop 
in temperature, and the steam in the condenser is at the lowest 
temperature. 

Fig. 2 shows a block schematic of the flow of power and supply 


AIR 
PRE B 
HEATER] 


50MW. 




63MW. 


'^3MW 


i 74MW 


\bo/lek'\\ 


’.! 286MM 


j f yLjbmw! 

lasses 'I 
I7MW. ; 


TURBINE 


VEED WATER 
HEATER 


74 MW. 


| CONDENSER 


5*70 s gaJ. per hour 


Air, 6O 0 f Coal Feed Water(make-up)60*F. Coding Water.SOY. 
f y | 75000 lb per hour 
475 tons per hour 
(f-06 lb. pep kWh. , 

71500B. ml/.per lb.) | 

' 340MW 


| Z04MW 


GENERATOR 


J .^Losses 
4 MW 


4 MW 


♦ f 

Ash (8 tons per hour) 


IOOMW. 


182 MW. j 
Warm Cooling Water. 72°E 


flue Gas 
205-250° F 

Fig. 2. Schematic of Heat Balance of a 100 MW. Station 
(Battbbsea, 1934) 


of materials for the Battersea plant delivering a power of 

100 MW. 

There are three controllable factors in the steam turbine cycle, 
the pressure (Pj) and absolute temperature (T x ) of the input steam 
and the pressure (P 2 ) in the condenser. The Rankine cycle 
corresponding to the action is shown in Fig. 3, which is the 
temperature-entropy or T-</> diagram. At a the water in the 
condenser is at temperature T 2 , and at pressure P f . The water 
is heated in the boilers to the boiling point (T # ) corresponding to 
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the pressure P a (path ab) and is then evaporated into steam (path 6c). 
The steam is then superheated to the temperature Tj (path cd), when 
it is admitted to the turbine. It expands adiabatically (in the ideal 

case) along the path de, and then 
condenses in the condensers along 
path ea. 

The ideal or standard efficiency is 
found as follows. Let E x and E* 
be the total energies at P lf T t and 
T, respectively. The available 
energy (per pound of steam) is 
E x — Eg. The heat supplied is 
E x — Hg, where H* is the sensible 
heat at T 2 . The ideal efficiency is 



Fig. 3. T-^ Diagram or Rankine 
Cycle 


thus 


V ideal = (El — E a )/(Ei — H a ). 


E* and E 2 are given on the steam chart (Mollier diagram), and H a is 
given in steam tables. 

Example. Find the ideal efficiency of an engine using steam at 180 lb./in.* 
abs. and 480° F., the condenser exhausting at 3 lb./in. 8 abs. 


The Mollier diagram gives E 1 = 1 264 B.Th.U. and E 2 = 964 
B.Th.U. The value of E 2 is found by drawing a line, from the point 
corresponding to 180 lb./in. 2 and 480° F., perpendicular to the axis 
of <f> until it meets the 3 lb./in. 2 line. Steam tables give H 2 = 109, so 
that 

1 264 - 964 


*1 ideal 


1 264 - 109 


= 26*8%. 


Lowering the pressure, P 2 , in the condenser decreases E 2 and has 
a very marked effect in increasing the efficiency. A usual value of 
P a is about 0*6 lb. per in. 2 

Increasing P x and T x also increases the efficiency, although an 
increase of T t has much less effect than an increase of P 1 ; in fact, 
the ideal efficiency is determined more by the saturation temperature 
T # than by T v For this reason high pressures are used, 900 lb. 
per in. 2 being quite usual and 1 350 lb. per in. 2 being also in actual 
use. On the Continent still higher pressures are now used. The 
increase in efficiency due to superheating is not the reason for the 
high degree of superheating employed. The advantages are the 
reduced quantity of steam required for a given output of energy, 
the highly desirable dryness of the turbine blades with the conse¬ 
quent decrease of mechanical resistance and absence of corrosion, 
and the decreased loss of heat from the steam pipes. 
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It may be mentioned that as the critical temperature of steam is 
705° F., any steam above this temperature is superheated. 

Reheating the steam between turbine stages increases the effi¬ 
ciency, but is somewhat inconvenient. Bleeding the steam, which 
will be described later, also raises the efficiency slightly. 

Successful attempts have been made to use mercury vapour (and 
other fluids) instead of steam, as much higher ideal (and actual) 
thermal efficiencies are obtainable with lower pressures because of 
the thermal properties of mercury vapour. The cost is, however, 
prohibitive, and the poisonous nature of the vapour is a most 
undesirable feature. 

Choice of Site. In order to keep the costs of distribution as low 
as possible it is best to have the station near the centre of its district 
of supply. This is especially the case when the transmission is by 
direct current and voltage transformations are not possible. If the 
transmission is by alternating current it is not so necessary for 
the site to be in the midst of the district served, as the energy can 
be led easily at high voltage into the district and then transformed 
down for use at a number of convenient points. 

The advent of the Grid has an important effect on the site and 
size of plant. Attention is focused on the facilities for generation 
rather than on distribution, although the latter cannot be disre¬ 
garded. The site is chosen so that an abundant supply of cooling 
water for the condenser is available, and there is a low cost 
for the transport of fuel. The basic idea is that energy should be 
collected at places where it is cheap, fed into the high voltage 
network or grid and then drawn off at various tapping points. 

The price of land, the precautions necessary to keep the atmo¬ 
sphere in populated districts unpolluted by fumes and by the residue 
from pulverized fuel, and the reservation of land for future develop¬ 
ments all tend to shift the site away from towns. Alter having paid 
consideration to these points, that site which is nearest the centre 
of the load is chosen. It is clear that the site must be suitable for 
supporting a large building with heavy machinery; frequently the 
cost of foundations is a main item and must be carefully considered. 

A 25 MW. station occupies about 10 000 square yards and a 
100 MW. station about 36 000 square yards; with natural cooling 
20 000 and 80 000 gal. per min. of cooling water are required respec¬ 
tively, whereas with towers the figures are 4 500 and 15 000; at 
40 per cent load factor the coal per day is 160 tons and 530 tons. 
These figures allow a preliminary estimate to be made of the size 
of the site, the quantity of cooling water needed, and the required 
transport facilities; but a very liberal allowance must be made 
for future extensions. 

Prime Movers. The prime movers in large steam power plants 
are turbines, although in small plants the reciprocating steam engine 
is still used. The turbines are of the impulse and reaction types. 
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If the steam were used up in driving a single-blade ring, the rotor 
speed would be about 30 000 r.p.m., which is much too high for 
practical purposes. The speed is lowered to 3 000 or 1 500 r.p.m. 
by letting the steam act on a series of rotors connected in tandem 
to the same shaft. Types of turbines differ in the ways that the 
pressure and velocity of the steam are controlled by the moving 
and fixed blades (or nozzles). In the impulse turbine the steam 
is expanded in the nozzles (or fixed blades) only, the pressure over 
the moving blades remaining constant; examples are the De Laval 
(single-blade wheel), the Curtis, Rateau and Zoelly. In the reaction 



Fio. 4. Diagram or Arrangements for Bleeding a Turbine 
( Thermodynamic* Applied to Heat Engines (Lewitt)) 

type, developed by Parsons, the pressure drops continuously over 
the fixed and moving blades; the blade velocity is relatively low. 

An increase in efficiency is obtained by bleeding, which is the 
process of draining a small quantity of steam from the turbine at 
certain points and circulating this around the feed water pipe leading 
from the hot-well to the boiler. Fig. 4 shows diagrammatically 
how this is done. 

Arrangement of Plant. Most large power stations are situated by 
a river so that they can receive water-borne coal, and some can 
receive both by water and rail, such as Battersea and Brimsdown 
“B.” If the coal is brought by barge or ship, grab cranes take the 
coal and put it on belt conveyers, which run the coal to the weighing 
machines. After the coal is weighed and samples taken for analysis, 
it is carried by conveyer belts straight to the boiler house bunkers 
or to the store, which is generally a large pit; belt conveyers run 
also from the store to the bunkers. Rail-borne coal is weighed and 
then tipped from the wagons and conveyed by belt to the store or 
bunkers. Fig. 5 gives the general layout plan and Fig. 6 the west 
elevation of the Battersea Power Station. Most of the coal is 
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brought by sea in the company’s colliers, which axe unloaded at the 
jetty on to conveyer belts which deliver the coal to the control 
tower where it is weighed. Some of the coal is brought by rail, 
passes through the weighbridge, and is discharged at the wagon 
tippler house. 

Fig. 7 shows the pulverized-fuel-fired boiler of Hams Hall, Birming¬ 
ham, and Fig. 8 a cross-section of the boiler-house at Battersea. 

The disposition of the boilers and turbines is determined by the 
sizes of the turbines and the available boiler units. Smaller turbines 
have one boiler each, but the larger have two or more. The disposi¬ 
tion in the Battersea station of 1937 is shown in Fig. 5. The 
three turbines have maximum continuous ratings of 69, 69, and 
105 MW. respectively. The former two have an economical load 
of 52*8 MW.; each has three cylinders, the low pressure cylinder 
being double flow. There are 19 impulse stages in the high pressure 
cylinder, 22 in the intermediate, and 6 in each half of the low 
pressure cylinder, making a total of 47 stages in the expansion. 
The maximum load is obtained by by-passing the first 9 high- 
pressure stages. In the largest turbine the high pressure cylinder 
contains a velocity compounded stage followed by 16 impulse 
stages. For loads up to 60 per cent of the maximum continuous 
rating, viz. 63 MW., steam is admitted before the velocity stage; 
for loads up to 80 per cent it is admitted after the velocity stage; 
whilst to attain the maximum continuous rating of 105 MW. the 
steam is admitted after the eighth impulse stage so that it by-passes 
the velocity stage and the first impulse stages. 

There are six boilers, two being spares, each with a maximum 
continuous evaporation of 312 000 lb. per hr.; the pressure and 
temperature in the superheater are 650 lb. per in. 2 and 875-900° F. 
respectively. The boilers are each fired by a 20-retort Taylor 
stoker. The grit and soot are removed before the gas is passed into 
the washing chambers, which remove more than 90 per cent of 
the oxides of sulphur. The liquid from the washing chambers 
contains a large percentage of sulphuric acid, which is removed 
by filtering and aeration before the water is returned to the river. 
Four forced and four induced draught fans are provided for each 
boiler, the speeds being regulated by hydraulic couplings. 

The steam piping is standardized by the universal use of 9 in. 
diameter pipes, the main turbine steam supply being fed through 
four such pipes in parallel. 

The two condensers have a total surface of 60 000 ft. 2 and use 
nearly 3 million gallons of circulating water per hour. The vacuum 
at economical rating is 29*1 in. mercury (30 in. barometer); there 
are four circulating pumps, each with a capacity of 2 million gallons 
per hour against a head of 30 ft. The condensed water leaves the 
drain cooler and passes through five feed-water heaters supplied 
by five bleed points, 
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Recently another turbo-alternator set of 100 MW. has been 
installed, working at 950° F. and 1 350 lb. per in. 2 

The turbines are each coupled to the main generator, house 
service generator, and exciter group; the first is rated at 80 000 kVA. 
at 0*8 power factor and 11 kV., three-phase, 50 cycles; the second 
at 6 250 kVA., 0-8 p.f., 3 300 volts. (It may be mentioned that an 
alternator at Brimsdown “B” is generating at 33 kV., and Messrs. 
Parsons are investigating generation at 66 kV.; the machine at 
Brimsdown has given excellent service for some years.) There is 
a transformer, 11 kV*. : 66 kV., for each generator, with one spare 
unit; the connections are delta on the generator side and star on 
the 66 kV. side. There are four transformers for distribution of 
20 000 kVA. each, ratio 66 kV. : 22 kV., delta connected on the 
66 kV. side and star on the other. The bus-bar reactances are 
single-phase, oil-immersed type; three sets of these are installed 
in chambers near the main transformers. The main switchgear is 
placed on three floors; the tie bus-bars are on the lowest floor and 
are connected to the transformer on the ground floor; the main 
and transfer bus-bars are on the middle floor in fire-proof chambers; 
and the circuit-breakers are on the top floor which is divided into 
three compartments by steel partitions and rolling shutters. Each 
generator transformer has duplicate oil circuit-breakers. Bus-bars 
and connections are of tubular copper insulated by condenser 
bushings; all ends, joints, and tees are in oil-filled chambers. 

In Drakelow “A,” near Burton-on-Trent, there are four 60 MW. 
sets, the turbo-alternators being hydrogen-cooled. The steam is at 
1 050° F. and 1 500 lb./in. 2 and the condenser is at a vacuum of 
28*75 in. Hg. The alternators generate at 11*8 kV. The main 
building is 575 ft. X 340 ft. with two 360 ft. chimneys. 

Recently the English Electric Company has made a turbo¬ 
generator for 200 MW., working at 2 450 lb./in. 2 and 1 060° F. 

Operating Costs of a Steam Power Station. There are three kinds 
of costs, a fixed cost which is independent of the maximum output 
or the energy output, a semi-fixed cost which depends upon the 
maximum demand but is independent of the total energy 
output, and a cost which is proportional to the output. If we 
call these costs £A per annum, £B per kW. maximum demand 
per annum, and £C per kWh., respectively, the annual cost of the 
station is 

£(A + B x kW. + C X kWh.). 

A station of 10 000 kW. maximum may possess the formula 
£(10 000 + 0*8 X kW. + 0*0015 kWh.), 

whilst a 100 000 kW. station may have the formula 

£(70 000 + 0*5 X kW. f 0*00060 kWh.), 
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The fixed cost represented by A is due to the cost of the central 
organization, salaries of the higher officials, capital cost of land 
(especially if some land is held for future developments and is not 
being used for present kilowatt demand), etc. The semi-fixed charge 
represented by B is due to the salaries of the charge engineers and 
maintenance staff, the cost of the buildings and equipment including 
spares, and normal running losses and costs. The charge C is mainly 
on account of fuel, water, etc. 

It is difficult to separate the charges A and B, and for a given 
station they may be lumped together to form a charge D x kW. 
Thus for the smaller station given above the formula £(10 000 + 0*8 
X kW.) can be replaced by £(1*8 x kW.), and for the larger 
£(70 000 + 0-5 x kW.) by £(1*2 x kW.). 

The pre-war cost of installation of a large steam power station was 
£12 to £14 per kW., and was divided approximately as follows— 


Buildings .... 

. 35% 

Fuel handling, boilers, etc. 

■ 20% 

Turbines, generators 

• 25% 

Switchgear .... 

• io% 

Transformers, cables, sundries 

• 10% 


Interest has to be allowed at about 4 per cent, and a sinking fund 
provided to replace the installation at the end of its useful life, which 
is estimated at about twenty years. If the interest rate is r (= 0*04 
for 4 per cent), the interest per kW. is £(12 x r) per annum and the 
sinking fund is 

£> j + f ^o r _ l J P® r annum P er kW - 

At 4 per cent, the interest is £0-48 and the sinking fund £0*40 
per kW. per annum, at 5 per cent the figures are £0*60 and £0*36, 
the totals being £0*88 and £0*96 respectively. The sinking fund 
charge has been calculated on the assumption that at the end of 
twenty years the cost of replacement is the full value; it may be 
less if the apparatus has some market value, or more if it has none 
and requires disposal. 

The advantage of a high load factor can be easily seen by con¬ 
sidering the case of the larger steam power station, whose annual 
running cost is 

£(1*2 X kW. + 0*00060 kWh.). 

The fixed annual charge is £120 000 and must be shared by the 
units generated. By definition the units are proportional to the 
load factor, so that the fixed charges contribute a cost per unit 
that is inversely proportional to the load factor. Thus at a load 
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factor of 100 per oent the units generated are 100 000 X 8 760 
= 876 million kWh., and the fixed charges represent 

1kTO - - °' 0328d - kWh - 

If the load factor is 50 per cent, there are half as many units to 
share the cost and each therefore carries 00656d. The variable or 
running cost per unit is £0 00060 = 0*144d. The total cost per unit 
at 50 per cent load factor is thus 0-2096d. 

The cost per unit in Great Britain in 1938, 1948, and 1954 is as 
follows— 



Fuel 

Freightage 

Fuel Handling 

Repairs 

Salaries, 

etc. 

Total Cost 

1938 

0108 

0-037 

0-009 

0-024 

0-022 

0-200 

1948 

0-322 

0-074 

0-022 

0-045 

| 0 033 

0-496 

1954 

0-4H2 

0-024 


0-036 

0 565 


HYDRO-ELECTRIC STATIONS 


It has already been stated that water power has been harnessed 
reliably by the use of the electrical transmission of energy. Countries 
such as Sweden, Norway, and Switzerland have been developing 
large hydro-electric stations for the past forty years because they 
have not a sufficient supply of coal, especially in times of emergency 
such as war. The tendency nowadays, even for countries that have 
large coal resources, such as Great Britain and the U.S.A., is to 
utilize their water power in order to conserve their resources of coal; 
in the latter country the use of large reservoirs derives added 
importance for flood control and navigation purposes, whilst the 
social benefits of large public works in times of wide unemployment 
are also important. Hydro-electric plants have become economic 
competitors with steam power plants in some places, and in the 
future they will acquire more economic advantage as the price of 
coal and oil rises steadily. 

The energy available theoretically when a pound of water is at 
a height or head of h ft. is h ft.-lb. A rate of flow of 1 ft. 3 per sec., 
called 1 cusec , carries 62-3 lb. of water per sec. so that the 
available power is 62-3 h ft.-lb. per sec. 


62-3 h 
550 


h.p. 


8-83 


h.p. 


h 

11-8 


kW. 


Thus the theoretical kilowatts available are 

cusecs x head in feet -r 11*8. 
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Assuming an 80 per cent efficiency in the mechanipal part of the 
installation, when there is a direct drive from the waterwheel to the 
generator, and 75 per cent if the drive is indirect, and a 95 per cent 
generator efficiency, the available power in kilowatts is 

(cusecs X head in feet) 

= (cusecs X head in feet) -f- 15-5 for direct drive 
and (cusecs X head in feet) — 10-5 for indirect drive. 

A catchment area is the area, bounded by watersheds, which drains 
into a river so that the water flows past a given point; a point on 
the river nearer the sea has a larger catchment area. When esti¬ 
mating the water in an area it is useful to remember that one acre 
is 43 560 ft. 2 and one square mile is 27*9 million ft. 2 

Also 1 cusec = 31-5 million ft. 8 per year 
= 1*13 sq. mile-ft. per year. 

Evaporation losses would raise the requirement to 40 million ft. a 
per year for 1 cusec. 

Example. The catchment area is 10 sq. miles, the available head 100 ft., 
the rainfall 60 in. per annum, and 70 per cent of the total rainfall can be 
used. Find the available electrical power. 

The available flow is 

10 X j 2 x Jqo S Q* mile-ft. per year 

1A 60 70 1 

==10X l2 X l00 X n3 CU9eC8 
= 31 cusecs. 

For direct drive the available electrical power is thus 

X 100 kW. = 200 kW., 

whilst for indirect drive the power is 

nr? X 100 = 188 kW. 
io-5 - . 

Example. Find the available electrical energy stored by a million ft. of 
water at a head of 1 ft., assuming direct drive. 

The potential energy available is 62*3 million ft.-lb., of which the 
plant delivers 

62*3 X 0*8 x 0*95 million ft.-lb. 


/ 1 80 95 \ 

\ 11*8 X 100 X 100 / 
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as electrical energy. This is 

62-3 X 0-8 X 0-95 X 1 000 000 X 746. . 

660 X 3 600 X 1 000 W ‘ 

= 17-9 kWh. 

The amount of rain falling in a catchment area that is available 
for use depends largely upon the nature of the country; in flat 



Fio. 9. Peiton Wheel 
(Hydraulics (Lewitt)) 


regions covered with vegetation much of tne rain is absorbed, whilst 
in steep and rocky places most of it is available for use. 

Choice of Site. The site of a hydro-electric plant is determined 
by natural conditions. The water must be available at a usable 
head and in sufficient quantity. If the flow is not regular enough 
for continuous supply, there must be convenient accommodation 
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for a reservoir or dam at a reasonable cost; the lower ffche head the 
larger must be the reservoir. Other considerations may help in the 
fixing of the site; for instance, the erratic flow of the Colorado River 
has created dangerous conditions resulting in damage to life and 
property, so that the building of the Boulder Dam was welcome for 
flood control as well as for the construction of the hydro-electric 
station. If water is stored by a dam and reservoir, it must be 
carefully arranged that the heavy flows during peak loads do not 
cause floods downstream. 

Prime Movers. Low heads up to 150 ft. use the vertical shaft 
Francis turbine in which the action is similar to that in the reaction 
type steam turbine; the water glides over the blades with a small 
and fairly constant velocity, and exerts a pressure which varies 
from a maximum at the top to a small value near the bottom. 

Modified forms of the Francis turbine are used for medium heads 
up to 500 or 600 ft., the shaft being horizontal for the larger heads. 

High heads, above 500 ft., use the Pelton wheel in which the 
action is similar to that in the de Laval or impulse type steam 
turbine. The water is allowed to run down from the head or height 
and attains a considerable velocity. It is then directed on to the 
blades, or buckets, which absorb the kinetic energy of the moving 
water. Fig. 9 shows a Pelton wheel; the bucket is of the Doble 
form, in which a part is cut away to allow the jet access to the 
place where it can act most efficiently. The theoretical velocity of 
the jet is \/(2gh) ft. per sec., where g = 32*2 and h is the net head 
in feet, viz. the actual head less the head lost by friction in the 
pipes. The loss in head due to the pipes is given by 

4mZt^/2gpD, 

where v is the velocity in ft. per sec., I the length of the pipe in 
ft., D = diameter in ft., and m is a coefficient depending upon the 
diameter and inner surface of the pipe. Some values of m are 
as follows— 


Diameter (in.) 

Clean Pipes 

Slightly Pitted Pipes 

Foul Pipes 

6 

0-0067 

0-0077 

00110 

18 

0-0062 

0-0062 

0-0073 

36 

0-0042 

0*0049 

0-0055 


On a 1 000 ft. head the actual issuing velocity is roughly 240 ft. 
per sec. The peripheral speed of the Pelton wheel is a little less 
than half the water velocity. 

In the reaction type of wheel the speed can be varied within wide 
limits by design of the blades, as in the Kaplan and propeller 
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turbines. The propeller type runner is designed to maintain axial 
flow as nearly as possible, whereas in the Francis turbine there is 
considerable loss at part loads due to the rotary motion of the water. 
This kind of wheel has a peaked efficiency curve, so that the efficiency 
on part load is very low. This drawback is avoided in the Kaplan 
turbine, in which the inclination of the blades is adjusted by a 
governor. Thus in a propeller type the efficiency drops from 92 per 
cent at full load to 65 per cent at half load, while the Kaplan turbine 
maintains a uniform efficiency of about 90 per cent. 

In the case of low heads it is necessary to achieve as high an 
angular speed of the wheel as possible, in order to avoid gearing to 
the generator or to reduce the size of the latter. The angular 
velocity can be increased by reducing the diameter of the wheel, 
and several wheels can be used to produce a desired output. The 
term specific speed has been introduced so as to enable a comparison 
to be made between different sizes of machines as regards angular 
velocity. The specific speed is the number of revolutions per minute 
that a geometrically similar machine would make if it were to deliver 
1 h.p. under a head of 1 ft. It can be shown that the specific speed 
is given by 

n,= (Nx \/h-P-)/A 6/4 , 
where n a — specific speed; 

N = revolutions per min.; 
h.p. = output in horse-power, 
and h = head in ft. 

With a given head the velocity is constant; the water flow is 
proportional to the square of the diameter of the wheel, as also is 
h.p., whereas the speed N is inversely proportional to the diameter 
and thus is inversely proportional to y'h.p. The value of n„ given 
above is in British units; the metric unit is given by expressing h 
in metres and h.p. in metric horse-power (= 0*986 British h.p.) ; 
thus metric specific speed = 4*38 X British specific speed. 

With the same head the specific speed of a Kaplan or propeller 
turbine is twice or three times that of a Francis turbine. The 
advantage can be used to increase the diameter of the wheels and 
decrease their number for a given output of energy, or to avoid or 
decrease the gearing, or to decrease the size of the generator. 

In a certain case, Kaplan and Francis turbines give the same 
output under the same head, the former driving direct at 125 r.p.m. 
while the latter runs at 41*7 r.p.m. and requires gearing. 

Approximate values of the specific speed for water turbines are 
20 to 120 for the Francis type, 120 to 200 for the propeller type, 
and 10 to 20 for the impulse type. 

Arrangement of Hydro-electric Installation. The layout depends 
upon geographical conditions and the head. 
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When the head is very low, say 8 ft., a dam is constructed which 
raises the level and provides storage. The water passes through 
sluices to the penstock and thence into the head race. Then the 
water flows through racks into the forebay, then through the 
turbines, which are of the “open” construction, the flow being 
controlled and regulated by gates. The turbines discharge into the 
tail race downstream. The Linton Lock station has a maximum head 
of 11 ft. and an average of 8-8; the output is 750 kW., and there 
are three Francis turbines, two of 430 h.p. and one of 330 h.p. 
Special precautions were taken in the shape of the retaining walls, 
etc., to protect the river bank from floods. 

Another interesting example of a plant using a very low head, 
average less than 7 ft., is at Chester; the output is 635 kW. and 
the installation has proved decidedly profitable. 

With a medium head of 100 to 500 ft. the arrangement is quite 
different, since the flow for a given output of energy is much lower. 
The Grampian Electricity Supply Co. have recently constructed 
hydro-electric installations at Loch Rannoch (head 465 ft. maxi¬ 
mum) and on the River Tummel (160 ft.). Fig. 10 shows the 
geography of the scheme. The two stations act in parallel, Loch 
Ericht acting as the reservoir for the whole watershed. “The 
guiding principle was that in times of flood the Tummel station would 
take the base load, and storage would be effected at Loch Ericht; 
and vice versa during low water periods.”* 

Fig. 11 shows the Civil Engineering Works of the Rannoch plant. 
A concrete-lined tunnel, 18ft. in diameter, runs 14080 ft. to the 
valve house; the tunnel crosses the River Ericht, at which it is in 
the form of a riveted steel pipe-line, 11 ft. 10 in. diameter. There 
are two vertically arranged Francis turbines enclosed in a spiral 
casing. Fig. 12 shows a cross-section of the Rannoch power station. 
The capacity of this station is 32 000 kW. and of Tummel 34 000 kW. 

The hydro-electric plant in Scotland is 600 MW., 350 MW. having 
been installed since 1943 by the North of Scotland Hydro-electric 
Board at a cost of £114 per kW. The output in 1955 is T62 milliard, 
or equivalent to 900 000 tons of coal. Plans are in hand for a further 
400 MW., and it is hoped to achieve a pumped storage of 2 000 MW. 
between 1901 and 1975. 

The Boulder Dam power station in California is the largest in the 
world. The reservoir created by the dam is 227 sq. miles and has a 
capacity of 30 million acre-feet ; the top 9-5 million is allocated to 
flood control, the bottom 5 million for storage of silt, and the middle 
16 million is active storage for the regulation of flow to suit irrigation 
and power production. There will be available a firm continuous 
output of 663 000 h.p. The power plant is designed for an ultimate 

* “ Hydro-electric development in Great Britain, . . .” by A. S. Valentine 
and E. M. Bergstrom, Journal of the IJ8.E., Vol. 76, page 125, describee the 
Grampian Electricity Supply Co.'s schemes in full. 

2—(T.34) 
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installation of 15 generating units of 82 500 kVA. each. Fig. 13 
shows the general scheme. There is a spillway on each side of the 
river; each is an open channel 650 ft. long, 150ft. wide, and 
120 ft. deep, lined with concrete with an ogee-shaped crest on the 
river side. The turbines are of the vertical-shaft single-runner 
Francis type with spiral casings of cast steel. The generators have 
each a capacity of 82 500 kVA., 180r.p.m., 60 cycles, 16*5 kV.; 
they have a very large moment of inertia, so that the short-circuit 
ratio is the very low figure of 2*74. The power is transmitted 266 



Fio. 13. Boulder Dam 
( Eltctrician ) 


miles to Los Angeles at a voltage of 275 kV., the conductors being 
hollow copper tubes. 

Several schemes have been put forward for the utilization of the 
water power in tides. For this purpose it is necessary that conditions 
be favourable for the construction of an enormous reservoir. One of 
the most widely discussed projects is that of the Severn barrage, 
which was estimated to be capable of producing 500 000 h.p. during 
a 10-hour day with a peak load capacity of 1 000 000 h.p. In order 
to overcome the disadvantage of ebb and flow there were to be two 
reservoirs, and the effects of uneven flow were to be avoided by 
pumping water up to an elevated reservoir during high level periods. 
The large cost of the necessary constructional work has prevented 
as yet the exploitation of the scheme. 

Operating Costs of a Hydro-electric Station. The main charac¬ 
teristics of a hydro-electric installation are the high capital cost and 
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the very low running costs. The installation cost may vary up to 
£200 per kW., and running costs may be as low as 0 # ld. per kWh. 
If we assume an interest rate of 5 per cent on a capital cost of £200 
per kW., the annual cost is 

£(10 0 X kW. + 0 0004 x kWh.), 
which compares with 

£(5-0 X kW. + 0*0020 x kWh.) 

the cost of a large steam power station. The importance of a high 
load factor is greater for the hydro-electric plant than for the steam 
power station. Values of load factor and cost in pence per unit for 
the steam station and the hydro-electric plant are given below. 


Load Factor (%) 

20 

40 

60 

80 

100 

Steam station . 

115 

0-82 

0-71 

0-65 

0-62 

Hydro-electrio . 

1-47 

| 0-78 

•__ 

056 

0-44 

o:*7 


It is seen how important it is to keep the plant running at as 
high a load factor as possible. To raise the load factor, arrangements 
have been made in the Pyrenees district for electro-chemical firms to 
buy blocks of surplus power at certain seasons and at a few hours’ 
notioe at very low rates. In some countries domestic consumers 
are encouraged to buy power for hot water storage at times of low 
load, the supply being controlled by a time-clock. One way to obtain 
a high load factor is to use a hydro-electric station for the base load, 
which is continuous, and to supply the peak loads by steam or 
internal combustion engine stations. 

NUCLEAR POWER STATIONS 

The physical principles involved in the production of heat by 
nuclear fission are described in Appendix VIII. Briefly the facts 
are as follows. Natural uranium consists of 99*3 per cent of 2S8 U 
and 0*7 per cent (1 part in 140) ^U. 236 U can absorb fast or slow 
(thermal) neutrons; in doing so it becomes unstable, splits in about 
10~ 14 sec. into two approximately equal fragments with large 
kinetic energy and with an emission of 2 or 3 neutrons with an 
energy of about 2 MeV. 238 U requires neutrons with energy greater 
than 1*1 MeV. for fission, but absorbs neutrons with less energy 
without splitting: in the latter case it is converted after several 
transformations to plutonium, 239 Pu. 236 U has a very large capture 
cross-section for thermal neutrons, i.e. it h&s a great attraction 
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for slow neutrons, so that even though 238 U is present as 1 part in 140 
in natural uranium the thermal neutrons are more likely to be 
captured by the 236 U than by the 238 U. 

The action of a thermal (i.e. slow) reactor is thus as follows. 
Natural uranium is used. An atom of 236 U absorbs a neutron, 
splits and produces 2 or 3 neutrons : the kinetic energy of the 
fragments produces heat. The emitted neutrons would be slowed 
down below 1*1 MeV. by collisions and then absorbed without 
fission by 238 U, because of its abundance: the action would then 
stop. It is necessary to ensure that at least one of the 2 or 3 neutrons 
will be absorbed by 236 U, and this is achieved by a moderator. A 
moderator is an element of small atomic number, e.g. hydrogen, 
carbon, beryllium, which slows down neutrons by collision without 
absorbing them: heavy water and pure graphite are the most 
commonly used moderators. By arranging the uranium rods and 
the moderator, pure graphite say, in a suitable configuration, the 
fast neutrons are quickly slowed down to thermal velocity of the 
order of 1 eV. before they can be absorbed by 238 U. At this low 
speed of neutrons, the preference of 235 TJ for neutrons overrides the 
abundance of 238 U, and at least one of the neutrons is absorbed by 
the 235 U with a consequent fission. The process thus continues. 

In order that the production of heat shall proceed at a desired 
rate, it is necessary that exactly one neutron shall be absorbed by 
236 U from each earlier fission. To do this the configuration is 
designed to give rather more neutrons than are necessary, and to 
absorb the excess in control rods: these are usually made of cadmium 
or boron carbide, since cadmium and boron have a great absorptive 
capacity for neutrons. The control rods can then be moved in or out 
of the reactor to decrease or increase the rate of fission and heat. 
Finally, the time constant of the control required is rendered 
practicable by the production of delayed neutrons . The neutrons are 
produced by the fission in about 10 _14 see., and therefore are too 
rapid to control. Fortunately there is another source of neutron 
production, viz. by the disintegration of the fission fragments, and 
these are produced up to a minute or so later than the fission. The 
time constant of the control can then be of the order of minutes, 
and this is practicable. 

Calder Hall power station has reactors of the sort described above, 
one of the main purposes being the production of plutonium from 
the 238 U. This Pu can be separated chemically from the 238 U and 
used later to enrich the material of a reactor. The amount of Pu 
produced can exceed the 235 U consumed. 

If the proportion of 236 U is increased, to, say, 25 per cent, or if 
Pu is added, then even fast neutrons will cause fission because there 
is so much more chance of their being absorbed by 236 U or Pu. Such 
a system is called a fast reactor : note that the control time constant 
is still determined by delayed neutrons. The advantage of a fast 
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reactor is that it can be made much smaller than a thermal 
reactor. 

The conversion of 238 U to Pu is called breeding , and is an important 
process as it leads to the consumption of the whole of the natural 
uranium for the production of energy. 

Fig. 14 shows a reactor and associated equipment of the Calder 
Hall station: there are two reactors, which are stated to give over 
50 MW., but will probably give nearer 100 MW. The reactors are 
enclosed in a pressure drum 37 ft. diameter and about 70 ft. high 
of 2 in. steel. The fuel elements are 1 in. diameter rods of uranium 
sheathed in an aluminium alloy, and are placed in vertical channels 
in the graphite bricks: control rods hang in other vertical channels. 
The cooled gas C0 2 from the heat exchanger passes up through the 
graphite core at 100 p.s.i. and receives a temperature rise of 200° C.; 
and then passes via four 54 in. ducts to the heat exchanger. The 
reactor is shielded by 6 in. mild steel plates and a concrete screen 
7 ft. thick. 

Each reactor produces steam to drive two 23 MW. turbo-alterna¬ 
tors; at rated load the steam supplies are 185 p.s.i. at 590° F. and 
40 p.s.i. at 340° F. which enters at the fifteenth stage of the turbine. 

Four such stations are being built and they should be contributing 
about 300 MW. to the grid by 1960; by 1965 the C.E.A. are to build 
twelve nuclear power stations to develop 2 000 MW., and thereafter 
the annual construction is hoped to be at the rate of 2 000 MW. 
The costs of a graphite-moderated, gas-cooled reactor power station 
for 150 MW. is estimated as follows— 


Capital Costs 

I 

Capital Cost 
(£ million) 

Annual Cost 
(£ million) 

Cost (d./kWh.) 
at 80 per cent 
load factor 

Reactor plant . 

Other plant 

Fuel at £20 000 per ton 
uranium 

t 

7-5 

11*3 

; 50 

0-68 

0-69 

0-20 

1 

1 

i 

l 

Total . 

! 

23-8 

1-57 

0-36 

Operating Costs 




Site operating . 

i 

| 

0-2ti 


Cartridge replacements 

i i 

1-72 

; 

0-40 

| 0-76 


From this cost of 0*76d./kWh. has to be deducted the value of 
the plutonium produced. If the Pu is credited at £5/g. there is an 
annual allowance of £0-17 million, or 0*17d./kWh., so that the net 
cost is 0*59d./kWh.; if the Pu is credited at £10/g., the allowance 
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is 0*33d./kWh., and the net cost is 0*42d./kWh. It is seen that these 
figures are comparable with the figure of 0*565d./kWh. for the 
C.E.A. stations in 1954. 

THE CENTRAL ELECTRICITY AUTHORITY AND THE GRID 

The partial failure of Ferranti in 1890 to supply high voltage a.c. 
from Deptford to London had the effect of concentrating the 
attention of supply engineers upon d.o. Distribution was at 110 volts 
d.c. and could be used only in small densely populated areas. The 
generation and supply was in the hands of private companies or 
municipalities who had a monopoly for their district. Moreover, the 
generation was local and unco-ordinated, so that each station 
required a large amount of spare plant. Tariffs varied widely in 
neighbouring districts. The Coal Conservation Committee reported 
during the war that a great development of electricity supply was 
required to conserve coal supplies and to maintain the manu¬ 
facturing position of the country. 

The Weir Committee, formed in 1921, issued its report in 1926 
which was a favourable political year for its proposals. It recom¬ 
mended that there be constructed a Grid of high voltage trans¬ 
mission lines interconnecting selected large generating stations. The 
principal advantages of the interconnection are the use of the most 
economical stations situated where fuel is cheap and the site is 
convenient, the relegation of the less efficient stations to peak load 
and stand-by use, and the reduction of spare plant. 

Interconnection, however, is not enough; there must also be 
control by a central organization which will specify the load to be 
dispatched by each station. It was expected that in this way 
electric supply would be made available throughout the country at 
a greatly reduced cost. The Electricity (Supply) Act of 1926 
embodied these suggestions and established the Central Electricity 
Board to supply electricity to authorized undertakers, but not to 
generate (except with a special Order from the Electricity 
Commissioners). 

After the war it was decided to nationalize the generation as well 
as the supply of electricity, and the British Electricity Authority was 
set up on 1st April, 1948, to operate the nationalized industry. It 
runs fourteen Area Electricity Boards in Great Britain. A slight 
reorganization took place in 1955, and the name was changed to 
Central Electricity Authority on 1st April, 1955. This body has 
issued a report “Seven Year Record—1948 to 1955,” reviewing the 
outstanding developments of electricity supply, of which the 
following are some points of interest. 

The grid, operating at 132 kV., was completed in 1936, and had 
the effect of reducing excess plant from 80 to 20 per cent. Average 
generating costs have been progressively reduced and much coal 
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saved. Since before the Second World War the grid has been 
successfully operated as a solidly interlinked system. 

Generator units are larger (up to 200 MW.) and operate up to 
2 350 lb./in. 2 and 1 050° F. The average overall thermal efficiency 
of operation of all power stations has been increased from 20*87 per 
cent in 1947-8 to 23*85 per cent in 1954-5. A supergrid at 275 kV. 
has been installed to transmit power in bulk over the country and 
feed the 132 kV. grid. The C.E.A. is now planning nuclear power 
stations. It is also planning a cross-Channel 132 kV. cable link to 
carry 100 MW.; it expects that it will thus be able to import 
“spill-over” power from the vast French hydro-electric developments. 
By 1965 some sixteen stations using oil will be installed, at a cost 
equivalent of 10 million tons per year. 

EXAMPLES I 

1. A power station bums about 1*8 lb. of coal per kWh. generated. Assum¬ 
ing the coal to have an average calorific value of 13 500 B.Th.U. per lb. find 
the overall efficiency, and state approximately how the losses would be dis¬ 
tributed between the boilers, engines and electrical generators. 

( Lond . Univ.y 1927.) 

2. Find the ideal efficiency of an engine using steam (Kankine cycle) at 
875° F. and 650 lb. per in. 2 , the condenser exhausting at 0-5 lb. per in. 2 Find 

the ideal efficiency if (a) the condenser ex¬ 
hausts at 1 lb. per in. 2 , (6) the temperature is 
750° F. 

3. The estimated total annual operating 
costs and capital charges for two proposed 
power stations are given by the following 
expressions— 

Annual cost for station A 
= £(6 000 -f 0-3 x kW. + 0*0015 x kWh.). 

Annual cost for station B 
= £(9 000 4- 0*5 x kW. + 0*0014 x kWh.) 

where kW. represents the capacity of tho station and kWh. represents its 
total annual energy output. 

The stations are to be used to supply a load having a “load duration” 
curve as shown in Fig. 15. The ordinate of a point on this curve represents 
a certain load on the station and its abscissa represents the number of hours 
per year during which the load is equal to or exceeds this amount. Which 
station should be used to supply the peak load, what should be its installed 
capacity and for how many hours per year should it be in operation to give 
the minimum total cost per unit generated ? Calculate the total cost per unit 
generated under these conditions. {Lond. Univ. y 1932.) 

4. Explain the principle and applications of the water storage system for 
improving the load factor of a generating station. 

A load having a maximum peak of 100 000 kW. and a load factor of 30% 
is to be supplied by one of the following schemes— 

(o) a steam power station capable of supplying the whole load; 

(6) a steam power station in conjunction with a water storage station, 

the latter supplying 100 X 10 # kWh. per annum with maximum output of 

40 000 kW. 
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The costs are as follows— 

Capital cost of steam station . 

Capital cost of storage station 

Operating cost of steam station 

Operating cost of storage station 

Efficiency of storage station . 

Interest on capital cost . 

Assume no spare plant required. 

Calculate the average overall generating cost per unit in the two cases. 

( Lond . Univ., 1933.) 

5. A 30 000 kW. turbo-alternator has an overall efficiency of 24-1 per cent. 

If the coal burned has a calorific value of 12 500 B.Th.U. per lb. find the 
coal consumption per kWh. and per day of 24 hours if the load factor is 
27%. (Faraday House Diploma, March, 1935.) 

6. A Diesel generator is found on test to have a specific fuel consumption 

of 0*56 lb. per kWh., the oil having a calorific value of 19 200 B.Th.U. per lb. 
If the generator has an efficiency of 95% find the overall efficiency of the 
engine. What would you expect the thermal and the mechanical efficiency 
to be? (Faraday House Diploma , July, 1935.) 

7. A proposed hydro-electric station has an available head of 100 ft., a 
catchment area of 20 sq. miles, the rainfall for which is 48 in. per annum. 
If 70% of the total rainfall can be collected, calculate the power that could 
be generated. Suggest a suitable size for the machines. Assume the following 
efficiencies: penstock 95%, turbine 80%, generator 85%. (Nat. Cert., 1935.) 

8. Explain carefully the various factors which govern the relative amounts 
of load which should be supplied by the steam and hydro-electric stations 
respectively in order to secure the most economical operation of a system 
supplied by both types of station. 

Under what circumstances is a pumped-water-storage system likely to 
prove an economic proposition when used in conjunction with a power 
system? (Lond. Univ., 1934.) 

9. An undertaking owns a steam driven station equipped with three 

5 000 kW. generating sets. It is estimated that the maximum load will reach 
14 000 kW. in two years’ time. To meet this with a spare set, the under¬ 
taking can either install a further 5 000 kW. set in the station at a cost of 
£16 per kW. or purchase a bulk supply from the C.E.B. at a two-part tariff 
of £3 15s. per annum per kW\ of maximum demand plus 0*18d. per unit. 
The present generating costs of the steam-driven station are £3 10s. per 
annum per kW. of maximum load plus 0-30d. per unit. Annual charges on 
new plant may be taken as 15% on capital cost and the total station output 
in two years at 50 million units. Which alternative should the undertaking 
adopt? (Nat. Cert.. 1934.) 

10. Give a brief account of the influence of diversity factor and of load 
factor upon the total cost of supply of electric energy. 

From the following data, estimate the generating cost per unit delivered 
at the station: capacity of the generating plant installed, 50 000 kW.; annual 
load factor, 40%; capital costs, £600 000; annual cost of fuel, oil, taxation, 
wages and salaries, £80 000: rate of interest, 5%; rate of depreciation, 5% 
of initial value (Lond. Univ., 1932.) 

11. Enumerate the principal auxiliary plant (excluding boiler and coal¬ 
handling plant) required for a large turbo-alternator in a generating station. 
Discuss the type of drive which would be employed for these auxiliaries, 
giving reasons for the choice. Discuss also the system of power supply to any 
electrically-driven units in order to ensure continuity of service under all 
operating conditions. . 

An electrically-driven boiler-feed pump delivers 300 000 lb. of water per 
hour at a pressure of 500 lb. per in. 1 Calculate the current input to the 3 000 V., 
3-phase driving motor assuming the efficiencies of pump and motor to be 85%, 


£20 per kW. installed. 
£14 per kW. installed., 
0* Id. per kWTi. 

. 0*01d. per kWh. 

. 60% 

. 16 % 
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and 92% respectively, the power factor 0-93, and the weight of 1 ft. 8 of hot 
water 59 lb. ( Lond . Univ., 1947.) 

12. Discuss the factors which influence the choice of site for a steam 
generating station. 

A supply is required for a new projeot having a maximum demand of 
50 000 kW. and an estimated load factor of 50%. The energy can be supplied 
by either 

(a) a steam power station having a capital cost of £50 per kW. and a 
maintenance cost of 0*5d. per kWh., using coal of calorific value 11 000 
B.Th.U. per lb. The overall thermal efficiency of the station is estimated 
at 25% (1 kWh. is equivalent to 3 409 B.Th.U.); or 

(b) a hydro-electrio station having a capital cost, including transmission 
lines, etc., of £210 per kW. and a running cost of 0*ld. per kWh. 

Allow 12% for the steam station, and 10% for the hydro-electric station, 
for interest and depreciation. Calculate the price of coal above which the steam 
station is uneconomical. (Lond. Univ., 1950.) 

13. Explain why a closed-circuit system of circulating the cooling air or gas 
is advisable for a large turbo-alternator. Sketch the general arrangement of 
such a system and explain how the temperature rise of the machine is main¬ 
tained within the specified limits. State the advantages of hydrogen, compared 
with air, as a cooling agent and mention some of the difficulties of its application 
to turbo-alternators. 

Calculate the volume of air required per minute at full load for a 50 MVA., 
0*8 power factor, turbo-alternator assuming that 85% of the total losses is 
dissipated by the internally circulating air, the inlet and outlet temperatures 
of which are 40° C. and 70° C. respectively, and that the full load efficiency is 
97-5%. Assume specific heat of air = 0-24: weight of 1 cubic foot of air 
- (1/13) lb. (Lond. Univ., 1947.) 



CHAPTER II 

TRANSMISSION OF ELECTRICAL ENERGY 


Tr ansmis sion by Low Voltage Direct Current, The Radial System, 

The early supply of electrical energy was by means of low voltage 
direct current, and a number of such systems still exist. A popu¬ 
lated area is served by one power station, and the system is 
as shown in Fig. 16. Feeder mains , F, which are cables of large 
current-carrying capacity, carry the current in bulk to feeding points y 
where distributors , Z), tap off the current to the service mains , S ; the 
latter are small cables which lead the current to the consumers' 
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Fig. 16. Early Distribution Scheme, Radial System 


premises. Such a system is called a radial system , as the feeders, 
distributors, and service mains radiate outwards from the generator. 
The size of the feeders is determined mainly by the current to be 
transmitted, as the volt-drop along them can be allowed for by 
regulation or compounding. The size of the distributors, however, 
is determined by the fact that the voltage fluctuation at the con¬ 
sumers' terminals must not exceed the Regulation limit of ± 6 per 
cent. The disadvantage of the radial system is that the consumer 
is dependent on a single feeder, so that a fault on any feeder or 
distributor cuts off the supply from all consumers who are on the 
side of the fault away from the station. 

The Ring System. This disadvantage is removed by the ring 
system , in which each consumer is supplied via two feeders. A simple 
example of the ring system is shown in Fig. 17; for simplicity the 
two (or three) wires of the supply lines are represented by a single 
line. If there is a fault on a feeder at a point A, the section between 
B and C can be switched out without interrupting the supply to 
any consumers. 
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When the ring main is employed, the electrical energy can be 
supplied by two or more generators at the same or different points 

_. J3 4 C 



D JD 

Fig. 17. Ring Main System 


of the feeders. Fig. 18 shows a simple case of an interconnected 
network linking up three stations. 

Three-wire System. If the electrical energy to be supplied is 
great, the current must be large and the feeders and distributors 



Fig. 18. Simple Interconnected System 

must have a large cross-section. A considerable economy is effected 
by the use of a 3-wire system, which is shown in Fig. 19. One 
generator supplies current via the wires 1 and N, and the other 
via N and 2; iST is the neutral and is earthed. If the generators 
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supply equal loads, the currents I t and I t are equal and the neutral 
carries no current. In practice, I t and I 2 are not quite equal and 
the neutral carries a current which is small compared with either. 
The neutral wire cannot be made of very small cross-section or the 
unbalance current I x — / 2 will cause a large voltage drop between 
different points and vary the potential from the earth value. It is 
usual for the neutral to have a cross-section equal to half that of 
the outer wires. The saving in copper is found in the following way. 
Let V be the voltage between the wires in the 2-wire case and 
between the outers and the neutral in the 3-wire case, P the power 
to be transmitted, P x the resistance per cm. per wire in the former 
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case, and R 2 the resistance per cm. per outer wire in the latter; the 
resistance of the neutral is 2P 2 per cm., as it has half the cross- 
section of the outers. We have to find the relation between R l 
and so that there are the same PR losses in both cases. In the 
2-wire case the current per wire is P/F, and the losses per cm. for 
the two wires are 

2(P/F) 2 P 1 . 

In the 3-wire case, if we assume balanced loads, the current in 
the outers is (P/2F) and zero in the neutral. The losses per cm. are 

2 (P/2F) 2 P 2 . 

We get therefore 

2(P/V) 2 R 1 = 2(P/2F) 2 Pg, 
or Pj = 4 R v 


The cross-section of the outer is thus one-fourth of that in the 
2-wire case, so that the copper ratio is 


3-w. _ (2 X i) + (i X i) _ S _ 

2-wire 2x1 16 r 


If (he neutral has the same cross-section as the outer, the ratio is 
3-wire = (2 x j) + (1 X j) = 3 
2-wire 2x1 8 


37-5 per cent. 



34 


ELECTRICAL POWER 


If the currents in the outers are not equal, the main consideration 
is that there shall not be an excessive voltage drop along the neutral 
due to the unbalance. In this case the 3-wire system must be made 
of larger gauge cable and the saving is much reduced. It is there¬ 
fore essential that the loads be balanced as far as possible. 

Balancers* The 3-wire system shown in Fig. 19 has two generators 
which can be regulated independently, so that unbalanced loads 
can be allowed for. It is more usual to connect a single generator 
across the outers with a great saving in cost. In this case a balancer 
must be used to deal with the imbalance in the loads. The balancer 
consists of two shunt-wound dynamos coupled mechanically, the fields 


I, 



and armatures of which are connected in series across the outers, 
whilst the middle wire is connected to the junction of the armatures, 
as shown in Fig. 20. If the loads are balanced the balancer dynamos 
run as unloaded motors and take merely their no-load currents. 
Suppose now the load on the upper half is greater than that on the 
lower, so that l x is greater than / 2 . The voltage across dynamo 1 
drops and that across dynamo 2 rises, with the result that the latter 
acts as a motor and drives the former which then generates and 
tends to equalize the voltages between the outers and the neutral. 

If the armature resistances were zero and the windage and friction 
losses negligible, the balancing action would be perfect. For then 
the voltages across the machines would be equal to their e.m.f.’s, 
which are the same since the fields are the same and the machines 
run at the same speed (as they are coupled mechanically). Moreover, 
one-half of the unbalance current, \{I\— / 2 ), goes up through one 
machine and down through the other as shown in Fig. 20; this 
follows from the fact that the dynamo 1 acts as a generator with 
an output equal to its e.m.f. times its current, whilst the dynamo 2 
acts as a motor to drive it and must therefore receive this same 
value of current. 

If the armature resistance and losses are not negligible, the 
balancing action is not perfect and may be calculated as follows. 
Let us consider the case when I x is greater than J t , suppose that 
dynamo 1 gives a current i t upwards and dynamo 2 i 2 downwards 
as in Fig. 21. Then 

ii 4- it = /j I k . . . . • (i) 
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Let the e.m.f.’s of the dynamos be e (equal, since they have the 
same field and speed). The voltages across the machines, which are 
the voltages between the outers and neutral, are 

E x = e — ri x and E % = e + rtf . . . (ii) 

where r is the resistance of each armature. Let w be the windage 
and friction losses. Then 

w = eij — ei x = e(t, — i x ) . . . . (iii) 



Equations (i), (ii), and (iii) are sufficient to determine E v E t , 
i x and t*. Eliminating e from equations (ii) we get the voltage 
unbalance as 

E t — E x = r(it + h) *= r(I t - /*). 

To find i x and we proceed as follows. Adding equations (ii) we get 
E x + E t = 2E = 2e + r(i, — i x ). 

Substituting from this equation in (iii) for e we get 
w = (h - h) ~ ~ h)L 


which is a quadratic equation for 4 — the solution of which is 
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With the help of equation (i) we get 
h = i(A — ^2) — 

i t = £(/i ~ A) + 


It is clear that the .terms — represent the current drawn from 

Zej 

the mains of voltage 2E to provide the friction and windage losses w . 

The voltage unbalance E 2 — E 1 can be reduced by using cross- 
connected field windings for the balance dynamos, as shown in 



Fig. 22 . Cross-connected Fig. 23 . Rheostatic Control 

Fields for Balancers and Cross-connected Fields 


Fig. 22. It can be shown in the same way as used above, that if 
the dynamo fields have a linear characteristic the voltage unbalance 
with this system is 

ir(h-h) 

instead of r(I x — / 2 ) for the straight through fields. Since E 2 is 
greater than E v the field of dynamo 1 is increased and that of 
dynamo 2 is decreased, so that the e.m.f. of dynamo 1 is increased 
and that of dynamo 2 is decreased. 

Hand regulation of the balancer may be employed in addition 
to the cross-connecting of the fields, as shown in Fig. 23. If the 
rheostat is set to give equal voltages E x and E 2 on half the maximum 
unbalance current, the unbalance voltage from zero to maximum 
unbalance current is then about ± MA — ^ 2 )* 

Boosters. These are generators inserted into a circuit to com¬ 
pensate for a variable voltage drop. For instance, if the current in 
a feeder varies, the voltage supplied to the distributors may vary 
more than the legal amount. This difficulty may be overcome by 
using very large gauge feeders, but this is costly. A more economical 
method is to insert a feeder booster in the feeder. This booster is a 
series generator in which the e.m.f. is proportional to the field 
current, which is here the feeder current. By proper choice of the 
constants of the booster, the e.m.f. can exactly neutralize the voltage 
drop in the feeder. Fig. 24 shows the method adopted in practice. 
The booster is clearly a low-voltage, heavy current machine. 

The effect of voltage drop in the feeders can be overcome by 
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using compound d.c. generators, but the use of boosters is more 
convenient when there are feeders of different lengths. 

In a tramway system it may be desirable to raise the voltage of 
the line at a distant point. This can be achieved by r unning a 
feeder from the generator to the point 
and inserting a booster in series with 
the feeder. 

Negative Boosters subtract from 
the voltage, and are used in earth 
return systems in order to keep the 
potential of all points of the return rail 
within the Board of Trade regulation Fig. 24 . Feeder Booster 
limit of 4*2 volts (to avoid the troubles 

of electrolysis). Fig. 25 shows how the negative booster is used; in 
this case a known fraction of the feeder current, which is shunted by 
R y is used for the field winding. 

If a d.c. system is subjected to violent fluctuations of load, e.g. a 
traction system, it is usual to “float ” a battery between the bus-bars, 
as shown in Fig. 26. If the resistance of the battery were zero, its 



+Feeder 


Trolley Wire 



potential difference would be constant and equal to its e.m.f., which 
would then be the voltage between the bus-bars. In times of small 
load the generator will send charge into the battery as well as into 
the line; but when the load is heavy the voltage across the generator 
terminals will drop, the battery will cease to receive current and 
will send it out on to the line. But the battery has an appreciable 
resistance, r; if its e.m.f. is E t its voltage on charge is E + rl and 
on discharge it is E — r/. The voltage fluctuation is thus 2r/, which 
may be neutralized by means of a battery booster as shown in Fig. 27. 
There is an additional voltage fluctuation due to the fact that E 
varies on charge and discharge. There are various boosters, e.g. the 
Entz booster, which attempt to allow for this. 
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Advantage of High Voltage. It was shown in the last section that 
the use of a 3-wire system causes a saving in the amount of copper 
required, the reason being that the voltage of transmission is 
effectively doubled. 

It can be seen that if the voltage of transmission is multiplied 
m times, the copper in the conductors can be reduced 1/m* times to 
transmit the same power with the same ohmic loss. For if the 
voltage is increased m times, the current is 1/m times the previous 
value for the same transmitted power. The ohmic loss is equal to 
the resistance multiplied by the square of the current, so that for 
the same loss the resistance can be m 2 times the previous value 
and thus the copper in the conductors need be only 1/m 2 as much 
as before. 

It can be seen that if the criterion is that the voltage drop be the 
same percentage in both cases, the conductors can be made 1/m 2 of 




Fig. 27 

Floating Battery and Booster 


the previous section as above. For the voltage drop is equal to 
the product of resistance and current; if the voltage is increased 
m times and the power is the same, the current is reduced to 1/m, 
and the voltage drop can be m times the previous value. The 
resistance can therefore be increased m 2 times. 

Transmission by Alternating Current. It has been shown that it 
is economical to transmit large blocks of electrical energy at high 
voltage. The maximum voltage in d.c. transmission was limited 
by the voltage that was considered safe for the consumer, about 
200 volts; the 3-wire system was a method of doubling the effective 
voltage of transmission. As there were no convenient means of 
transforming d.c. from one voltage to another, the main trend in 
the last forty years has been in the direction of high voltage, 
alternating current transmission. 

For transmission and primary distribution the three-phase, 3-wire 
system of high voltage has been universally adopted. For secondary 
distribution the three-phase, 4-wire system has been standardized, 
as it gives 400 volts three-phase for large motors and 230 volts 
single-phase (between one line and the neutral) for small consumers. 
Radial and ring mains are used. There is still a fair amount of 
d.c. 3-wire distribution, and a main obstacle to the conversion to 
the three-phase, 4-wire system is that new 4-core cables would be 
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required. A single-phase 3-wire system 460/230 volts could easily 
be supplied, but is not welcome because of the comparatively poor 
working of single-phase motors. 
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Zcw Voltage Distribution 
Fia. 28. Typical A.C. System 


A typioal alternating current system of transmission and distribu¬ 
tion is shown in Fig. 28. The generator produces electrical power 
at 6*6 or 11 kV., in some cases as high as 33 kV., the transformer 
steps the voltage up to 132 or 110 kV. at which the long distance 
transmission takes place. The receiving station steps the voltage 
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down to 33 kV. and feeds the substations, which step the voltage 
down to 3*3 kV. (3 300 volts) and radiate out in a system of high 
voltage distribution mains. There are transformer stations at various 
populated places, where the voltage is stepped down to 400/230 volts 
(400 volts between phases and 230 volts between phase and earth), 
at which voltage the consumers draw their loads. A large consumer 
will have his own transformer station, so that he is fed at 3 300 volts. 

There is now, however, an important swing towards very high 
voltage d.c. transmission, which will be described later. 

Alternating Current Systems. There are various ways in which 
alternating currents can be transmitted. 

Single-phase, Two- and Three-wire Systems. The generator 
may produce an alternating e.m.f., which is called a single-phase 



0) Stngle - phase. (it)Single -phase, (Hi)Single-phase, 

2- wire, one wire 2- wire , mid - point 3 - wire 

earthed earthed 

Fig. 29. Single-phase Systems 

voltage. The transmission may take place along two wires one of 
which is earthed; or the wires may possess equal and opposite 
voltages to earth, in which case the mid-point is earthed. These 
cases are shown in Fig. 29; the earthing may be done on the 
secondary of a transformer, as shown in the figure, or it may be 
done on the generator winding itself. There may, however, be three 
wires, as in the case of d.c. transmission, the mid-wire being the 
neutral and earthed; this method also is shown in the figure. 
Single-phase 3-wire transmission has the same advantage over 
single-phase 2-wire with one wire earthed, as 3-wire d.c. has 
over 2-wire d.c. 

Two-phase, Three- and Four-wire Systems. The generator 
may have two windings spaced 90° apart electrically, so that their 
e.m.f.’s are in quadrature. There are then said to be two phases . 
There are two important types of transmission using two phases; 
and these are shown in Fig. 30 and are called two-phase 3-wire and 
two-phase 4-wire systems. The generator windings are placed at 
right angles to indicate that their e.m.f.’s are in quadrature. 

In the case of the two-phase 4-wire system, the mid-points of the 
phases are joined. 

Three-phase, Three- and Four-wire Systems. The most 










TBANSMISSION OF ELECTRICAL ENERGY 


41 


common method of alternating current transmission is by the 
three-phase system. In this case the generator has three windings 
spaced 120° apart electrically, so that the e.m.f.’s are equal in 
magnitude but 120° apart in phase. 

Fig. 31 shows the three-phase 3-wire systems that are used in 
practice. They are called the star or X an d the delta or A conneo- 


Two-phase, 3-wire Two-phase, 4-wire 

Fig. 30. Two -phase Systems 

tions. The common point in the star connection is the 
point 0 and is generally earthed, either directly or through 
tance or an inductance coil (Petersen coil). 

In the star system the line currents are equal to the 
but the voltages between lines are \/Z times the phase 
lag behind them by 90°. In the delta system the line 




Fig. 31. Three-phase Systems 

equal to the phase voltages, but the line currents are \/3 times the 
phase currents and lag behind them by 90°. 

In both the star and delta arrangements the power supplied is 
given by E P I P cos <f> per phase, where E' is the r.m.s. phase 
voltage, the r.m.s. phase current, and <fc the phase difference 
between them; the total power is ZE P I P cos cf> if the loads are equal. 
It is seen that in both cases the power is equal to {y/Z)E l , I l t cos </>, 
where E t ' and // are the r.m.s. values of the line voltages and 
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currents. For in the star system = I{ and (^/Z)E P = E{ t whilst 
in the delta system (y/Z)I P ‘ = Ij and E p = E x \ Thus the power is 
P = 3£ p 'iy cos cf> = ( y/ZjEjI % ' cos 

In low-voltage distribution a neutral wire is used, so that house¬ 
hold loads can be taken between one line and neutral. We have 
thus a three-phase, 4-wire system. 

Copper Efficiencies. The cost of the copper is one of the most 
important charges in a system, and it is interesting to compare the 
cost in the various systems described in the previous section. The 
method adopted is to compare the quantity of copper in any system 
with that in a simple d.c. 2-wire system, it being assumed that the 
same total power is transmitted with the same loss and with the same 
maximum voltage to earth or the same maximum voltage between 
conductors. 

Both of the last conditions are important, the maximum voltage 
to earth being the quantity of importance in overhead lines and 
in single core cables, the maximum voltage between conductors 
being important in multi-core cables. 

Table VII gives the ratio of copper in any system compared with 
that in the corresponding d.c. 2-wire system; cos </> is the power 
factor in an a.c. system. 

TABLE VII 
Copper Efficiencies 


System 

Same Maximum Voltage 
to Earth 

Same Maximum Voltage 
between Conductors 

D.C. 2-wire . 

1 

i 


0-25 

1 

D.C. 3-wire 

Neutral — \ x outer 

0-3125 

1-25 

D.C. 3-wire 

Neutral == outer . 

0-375 

1-5 

Single-phase, 2-wire 

2/cos 2 <£ 

2/cos 2 ^ 

Single-phase, 2-wire 
Mid-point earthed . 

0-5/co8 2 <£ 

2/ooeV 

Single-phase, 3-wire 
Neutral = J x outer 

0-025/cos^ 

2-5/cos *<f> 


0-5/cos 2 ^ 

2-0/cos 9 <j> 

Two-phase, 3-wire 

1-46/cos 2 ^ 

2-91/cos a ^ 


0-5/cos 2 <f> 

1-5/cosV 

p ip ei f^iMM 

0-67/cos*^ 

2/cos *4 


Two of the cases of the d.c. 3-wire system have been worked out 
on page 33, and two cases of three-phase systems will be discussed 
to show the method. 
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To compare the copper required in a d.c. 2-wire ^system and a 
three-phase , 2-wire system having the same maximum voltage to earth . 

Let E be the voltage between conductors in the d.c. system and 
I the current. The power is El and the loss is 2RI 2 , R being the 
resistance of each wire per unit length. 

We shall consider a star-connected, three-phase system. The 
maximum phase voltage is E and the r.m.s. voltage is E/\/2. If /' 
is the r.m.s. value of the line currents, the power is (3 l\/2)EI f cos ^ 
and the loss is 3R'I' 2 , where R' is the resistance per wire. We have 
therefore 

El = (3 jy/2)Er cos <f> 
and 2RP = 3RT 2 , 

so that R = i?'/3 cos 2 </>. 

Each wire in the three-phase system has thus a cross-section 
1/3 cos 2 </> of that in the d.c. system. As there are two conductors 
in the d.c. system and three in the a.c., the d.c. requires 

(3/2) x (1/3 cos 2 <f>) = 0-5/cos 2 <f> 

as much copper. The delta system will require the same amount 
of copper as the star system, since the power and loss are the same 
in both systems. 

To compare the copper required in the d.c. 2-wire system and a 
three-phase , 4 -wire system having the same maximum voltage between 
lines and a neutral equal to the outers. 

We consider again a star-connected system. If E is the maximum 
voltage between lines, the maximum phase voltage is Ef\/ 3 and 
the r.m.s. is E/\/6. If the line current is the power is (3 \/\/6)Er 
cos <f> and the loss is 3R'I' 2 . Therefore 

El = (3/V6 )EI' cos <f> 
and 2RI 2 = 3f?'/' 2 , 

so that R = 7?'/cos 2 <f>. 

The cross-section in the a.c. system is l/cos (f> times that in the 
d.c. system, and as there are two conductors in the latter and four 
in the former, the copper ratio is (4/cos 2 <f>) ~ 2 = 2/cos 2 <f>. 

The effect of raising the voltage has already been discussed. 
Multiplying the voltage m times reduces the copper to 1/m 2 of its 
previous value. 

High Voltage, Direct Current. There are several considerable 
advantages to be gained by the use of high voltage, direct current 
transmission. If we consider overhead lines or single-core cables, 
which alone are used with extra high voltage so that the maximum 
voltage to earth is the criterion, the ratio of copper in the d.c., 
2-wire system with earthed mid-point and the three-phase, 3-wire 
system is (0*25) (0-5/cos 2 <f>) = 0*5 cos 8 <f>. Thus if the power 
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factor is 0*85, the d.c. system requires only 0*36 as much copper 
as the a.c. system. Furthermore in a.c. systems the charging cur¬ 
rents contribute to a continuous loss even when there is no load, 
whilst the d.c. system will have losses only when the load is on. It 
is held that the losses due to the charging current are a determining 
factor in the economics of long distance transmission. 

Furthermore the transmission of a.c. for great distances is 
attended with instability, i.e. a synchronous machine will not be 
pulled back into phase if it departs from its correct position; and 
it is necessary to inject reactive power at intervals of about 100 miles 
to limit the reactive drop which is the cause of instability. D.C. 
transmission is not affected by instability and the lines may have 
any length. 

Insulation difficulties are much greater with a.c. than with d.c., 
and the adoption of d.c. will raise the permissible transmission 
voltage without extra cost or trouble. Thus the current-carrying 
capacity of buried cables used for very high voltages (100 kV. and 
above) is determined partly by thermal instability due to the rise 
of the power factor of the dielectric with temperature. As there 
are no appreciable dielectric losses with d.c. the current-carrying 
capacity can be increased considerably. 

Until recently there was no adequate method of transforming 
electrical energy from low voltage a.c. or d.c. to high voltage d.c., 
and from the latter to the former. The only method of utilizing 
high voltage d.c. was the Thury method. In this system series-wound 
generators are connected in series, the current is kept constant and 
the power is varied by varying the voltage of transmission. This 
is done by varying the speed of the generators or by inserting more 
generators into the circuit. The Thury system between Moutiers 
and Lyons, 112 miles apart, has a constant line current of 75 amperes 
and a maximum voltage of 60 000 volts, so that the maximum output 
is 4 500 kW. The generators have to be insulated from earth for 
the maximum voltage. 

Power is taken from the circuit by motor-generators, the motors 
being series-wound and connected in series with the main circuit. 
The generators driven by them can give d.c. or a.c. at any desired 
voltage. The motors have to be insulated from earth for the maxi¬ 
mum voltage, and are short-circuited when they are not required. 

The main disadvantages of the Thury system are the facts that 
the line losses are constant at all loads so that the efficiency at low 
loads is very poor, and an increase of power of the system necessitates 
fresh insulation of the line for higher voltage since the current 
is constant. 

There are now available various rectifiers, of the mercury vapour 
and atmospheric arc types, which can handle 30 000 kW. at 400 kV. 
Energy can be transformed from a.c. to d.c. and from d.c. to a.c. 
with a very high efficiency and at reasonable cost. 
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EXAMPLES II 

1. Discuss the advantages, possibilities and difficulties of transmitting 
large amounts of power over long distances by means of high-voltage direct 
current as compared with the usual three-phase system of transmission. 

(Lewd. Univ. f 1932.) 

2. Discuss the advantages of a 3-wire system as compared with a 2-wire 
system for a d.c. distribution network and explain carefully how you would 
maintain approximately equal voltages across the two sides of a 3-wire 
system at the end of a long radial feeder with a heavily unbalanced load. 

(Lond. Univ. f 1934.) 

3. A power of 150 000 kW. is to be transmitted over a distance of 200 

miles. Discuss the relative advantages of (a) three-phase and (b) direct cur¬ 
rent, transmission. Explain why, at the present time, nearly all transmission 
systems are three-phase. (Nat. Cert., 1935.) 



CHAPTER III 

OVERHEAD LINES: MECHANICAL DESIGN 

Introduction. Transmission by overhead lines is very much cheaper 
than by cables. In fact, it is held that the determining factor in 
the Grid scheme is their cheapness compared with that of cables. 
In thinly populated rural areas the cost of distribution can be 
kept reasonably low only by the use of overhead lines. 

The advantages of overhead lines are cheapness, the comparative 
ease with which the highest voltages can be employed, and the 
accessibility for extensions and repairs. The disadvantages are 
exposure, especially to lightning, smoke, ice, and the opposition 
to their presence in the country-side. (The necessity of overhead 
lines for long distance, high voltage transmission is such that way- 
leave is now legally obligatory.) Another disadvantage is the inter¬ 
ference with communication circuits, and the Post Office must be 
consulted whenever an overhead line is proposed. 

Regulations. There are regulations for securing the safety of the 
public, and these have to be observed in the design. A brief summary 
will be given of those regulations which affect the design directly. 
All line conductors must comply as regards elongation, breaking 
load and elasticity with the specification of the British Standards 
Institution. The minimum permissible size for copper and other 
lines (other than service lines) must be such as to have an actual 
breaking load of not less than 1 237 lb., the minimum cross-sectional 
area for copper being 0-0201 in. 2 (No. 8 S.W.G.) and the weight per 
mile 409 lb. For service lines the minimum values are 816 lb., 
0-0129 in. 2 (No. 10 S.W.G.) and 262 lb. per mile. The lines must be 
inaccessible except by a ladder or other special appliance. The line 
conductors must be attached to suitable insulators carried on 
supports of wood, iron, steel, or reinforced concrete. 

All wooden supports, other than oak or hard-wood cross-arms 
must, unless otherwise specified by the Electricity Commissioners, 
be of red fir impregnated with creosote. Special precautions must 
be taken to prevent the corrosion of all metal work at or below the 
surface of the ground. The supports must withstand the loads due 
to ice and wind pressure specified without damage or movement 
in the ground. The strength of a support in the direction of the 
overhead line must never be less than one-quarter the required 
strength in the transverse direction. The factor of safety must be 
2*5 for iron or steel and 3-5 for wood or reinforced concrete, and is 
calculated on the assumption that all line conductors, cables, and 
wires carried by the supports are at 22° F., have a covering of ice 
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to a radial thickness of ^ in. for voltages not exceeding650 volts d.c. 
or 325 volts a.c. or f in. for higher voltages, and a wind pressure of 
8 lb. per ft. 2 calculated on the whole of the projected area. 

Service lines may be connected to line conductors at a point of 
support only and must be fixed to insulators on consumers' premises. 

The factor of safety of line conductors must be 2, and based on 
the breaking load under the conditions of temperature, ice, and 
wind given above. The minimum heights of conductors are given 
in Table VIII; the temperature is taken as 122° F. 

TABLE VIII 

Minimum Heights of Conductors 


Voltage 

Minimum Height 
(feet) 

Remarks 

Less than 650 V., d.c. 

19 

Across public road 

or 325 V., a.c. 

17 

Other positions 


15 

Inaccessible to vehicles 

Less than 66 kV. 

20 


Between 66 and 110 kV. . 

21 


Between 110 and 165 kV. . 

22 


Exceeding 165 kV. . 

23 



To prevent danger from a broken line conductor, an earthed 
conductor must be carried on wooden pole supports below the line 
conductors so that a broken conductor will be earthed immediately. 
When the support is of metal, the earthed conductor is usually 
above the line conductors in order to protect them from lightning, 
and then the metal support must be efficiently earthed; for this 
purpose a continuous earth wire must be provided and connected 
with earth at four points in every mile, or the metal work must be 
connected to an efficient earthing device at each individual support. 
In this last case, the design and construction of the system of earth 
connections must be such that when a line conductor makes contact 
with an earthed metal, the leakage current must be not less than 
twice the leakage current required to operate the protective devices 
which make the line dead. When lines of voltage exceeding 650 volts, 
d.c., or 325 volts, a.c., run along or across public roads or canals, 
duplicate insulators must be used to support the conductors and 
a device must be included to prevent a live wire from falling to 
the ground; when the high voltage line crosses telephone wires, 
the Post Office requires that a cradle guard shall protect the 
telephone wires. 
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Stranded Conductors. Conductors for overhead lines are usually 
stranded, unless the section is small, for the continuous swinging 
and vibration would produce mechanical fatigue and finally fracture 
at the point of connection of a large solid wire to an insulator. 
Trolley wires are solid and are specially suspended so as to avoid 
fracture, and some very high voltage wires are made in the form 
of hollow tubes in order to avoid corona losses (see page 94). 

Stranded conductors usually have a central wire around which are 
successive layers of 6, 12, 18, . . . wires. If there are n layers, the 
number of strands is 3 n(n + 1) + 1. If the diameter of each strand 
is d , the diameter of the cable or stranded conductor is (2 n + l)d. 
Adjacent layers are spiralled in opposite directions with the result 
that the layers are bound to one another; the binding is rendered 
more effective by spiralling the conductors before they are applied 
to their respective layers. The axial length of a spiral of a wire in 
a layer is called the lay , and is often expressed as a multiple of the 
mean diameter of the layer containing the wire. The lays in a 
three-layer conductor may be 20, 17£, 15. If the lay ratio is r, the 
length of a wire is y/[l + (77/r) 2 ] times its axial length. For if a 
complete spiral is unwound it will form a line rd along the axis and 
ird perpendicular to the axis, so that its length is 

Vl(rd ) 2 + (rrd) 2 ] = rdy/[ 1 + (7r/r) 2 l. 

If r is 15 or 20, the factor y/[l + ( 77 /r) 2 ] is 1*0217 or 1*01227. In 
practice it is assumed that stranding causes a 2 per cent increase 
in the resistance, which corresponds to a lay of 15|; it is assumed 
that the current flows through the strands along their spirals and 
does not flow axially from strand to strand because of dirt and 
oxide films on the strand surfaces. 

Conductor Materials. The most important material is copper 
because of its high conductivity and great tensile strength. Alumi¬ 
nium is used to a large extent, especially with a steel core, for high 
voltage lines. Among the other materials used are coppcrweld, 
cadmium copper, phosphor bronze, and galvanized steel. The choice 
of material depends upon the cost, the required electrical and 
mechanical properties, and on local conditions. The conductivities 
of copper and aluminium are decreased greatly by very small 
quantities of impurities: their alloys, with the exception of 
cadmium copper, have too low a conductivity to be of use. For 
this reason composite conductors are used, which consist of pure 
copper or aluminium with a galvanized steel core for mechanical 
strength. 

Copper. Hard-drawn copper has a high conductivity and a great 
tensile strength; cold working decreases the conductivity slightly 
but increases the strength considerably. Within the range of 20 to 30 
tons per in. 2 tensile strength, the conductivity is lowered by T/10 per 
cent where T is the tensile strength in tons per in. 2 ; thus at 20 tons 
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the conductivity is 98 per cent, at 30 it is 97 per cent* The following 
list gives the properties of copper. 


Coefficient of linear expansion 
Specific gravity .... 
Weight of 1 ft.* (60° F.) . 

Modulus of elasticity 

Resistivity of annealed copper at 60° F. 

Temperature coefficient of resistivity 


10-6 X 10 “ • per ° C. 

8*890 

554*98 lb. 

18 x 10* lb. per in. 1 
1*694 fjiCl. per cm. cube 
0*00400 per ° C. 


The resistance of a solid conductor of annealed copper at 60° F., 
1 000 yd. long and 1 in. 2 cross-section is 0*024008 ohms. Hard- 
drawn copper at 20 tons per in. 2 has 98 per cent conductivity and 
has a resistance of 0*024498 ohms. The temperature coefficient for 
hard-drawn copper must be multiplied by the conductivity ratio; 
thus 96 per cent conductivity copper has a temperature coefficient 
of 0*002133 per ° F. as compared with 0 002222 per ° F. for annealed 
copper. 

Table IX gives the properties of standard copper conductors, 
conductivity 97 per cent. 


TABLE IX 

Standard Copper Conductors 


Equivalent 
Cross-section 
of Solid 
Conductor 
(in. 1 ) 

Resistance 

(O./mile) 

Strands 

and 

Diameter 

(in.) 

Overall 

Diameter 

(in.) 

Ultimate 

Strength 

(lb./in.*) 

Calculated 
Strength 
of Strand 
(lb.) 

Weight 

per 

Mile 

(lb.) 

0*025 

1-74 

3/104 

0-220 

64 700 

1 520 

529 

•05 

0-870 

3/147 

•317 

62 250 

2 910 

1 057 

*075 

•580 

3/-180 

•388 

60 500 

4 250 

1 585 

•100 

•434 

7/136 

•408 

62 750 

5 870 

2 105 

•125 

•348 

7/152 

•456 

61 750 

7 240 

2 629 

•160 

•291 

7/166 

•498 

61 250 

8 520 

3 136 

•175 

•248 

7/-180 

•540 

60 500 

9 920 

3 687 

•200 

•215 

7/193 

•579 

59 750 

11 270 

4 239 

•25 

•174 

7/-215 

•645 

59 000 

13 800 

5 260 

•30 

•143 

19/144 

•720 

62 500 

17 380 

6416 

•40 

•108 

19/166 

•830 

61 250 

22 680 

8 526 


Cadmium Copper. An addition of about 1 per cent of cadmium 
increases the tensile strength 50 per cent and reduces the con¬ 
ductivity by 15 per cent only. The effects of cold working are the 
same as for pure copper. Thus 0*9 per cent cadmium produces an 
alloy of tensile strength 45 tons per in. 2 , 85 per cent conduc¬ 
tivity, with the same modulus of elasticity and coefficient of 
linear expansion as for copper. Cadmium copper is relatively 
expensive, and is most useful for long spans with a line of small 
cross-section. 
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Alumeottm. The effects of cold working are as for copper. The 
properties are as follows. 

Coefficient of linear expansion 
Specific gravity ..... 

Weight of 1 ft. 8 (normal purity) . 

Modulus of elasticity ..... 

Tensile strength (min.) (for hard drawn) 

Standard resistivity at 20° C. (for hard drawn) 

Temperature coefficient of resistivity 

As the resistivity of 95 per cent conductivity copper is 1*7585 
and the specific gravity is 8*89, an aluminium conductor of the same 
resistance per unit length has a cross-section 2*87/1*76 = 1*63 times 
that of a copper conductor, but the weight is (1*63 X 2*7)/8*89 
= 0*496 that of the copper. The tensile strength is about one-third 
that of copper, but as the cross-section is 1*63 times that of the 
equivalent copper conductor, the aluminium conductor has about 
0*6 of the ultimate strength; since the weight of the aluminium 
conductor is only half of the copper conductor, there is a slight 
balance in favour of the former. This small advantage is more than 
neutralized by the increased loading due to wind and ice, so that 
copper is definitely superior to aluminium. 

Steel-cored Aluminium. Steel-cored aluminium conductors 
have a core of galvanized steel strands and a layer or layers of 
aluminium wires outside. Usually the aluminium and steel wires 
are of the same diameter. There may be one wire of steel surrounded 
by six wires of aluminium, or seven of steel by twelve or thirty of 
aluminium. There are many types of such composite conductors. 

The conductivity of the steel-cored aluminium conductor is taken 
as that of the aluminium portion alone, since the steel wires have 
a high resistance to alternating currents. 

The strength is taken as 85 per cent of the sum of the steel wires 
plus 95 per cent of the sum of the strengths of the aluminium wires. 
The factors 85 per cent and 95 per cent allow for the stranding. 
The strength of aluminium varies from 23 000 lb. per in. 2 (for large 
wires) to 28 000 (for small), and of steel from 179 000 to 200 000. 
The total strength of a steel-cored aluminium conductor is normally 
50 per cent greater than that of the equivalent copper conductor, 
and the weight only three-quarters as much (one-half due to 
aluminium and a quarter to steel). It is claimed that the result 
is a conductor with a smaller ratio of loading to strength than 
any other conductor, even allowing for the increased wind and ice 
loads due to the increased diameter as compared with that of the 
equivalent copper conductor. The sag is therefore the least so 
that the supporting towers may be shorter, or the span length 
greater for a given sag, than for any other conductor. The larger 
diameter is useful in very high voltage lines, as the corona losses 
are then less. 


23 X 10 “ • per 0 C. 

2*71 

169*18 lb. 

9*9 X 10* lb. per in. 8 
9 tons per in. 8 
2*8735 per cm. cube 
0*00407 per 0 C. 
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The virtual modulus of elasticity is given by 


_ 9-9m + 28 
~ m 1 


X 10® lb. per in. 2 , 


/ 


where m is the ratio of aluminium section to steel section, 
virtual coefficient of linear expansion is 


12-78 m + 18a 
m + 2-83 X 


10” 6 per ° F. 


The 


The weight per ft. per in. 2 of total section is 

. l-21m + 3*31 „ 

o =- — r~l - lb - 

ra -f- 1 

Example. Find the virtual modulus of elasticity, the coefficient of linear 
expansion, and the weight per ft. per in.* of total section of a steel-cored 
aluminium conductor having one steel and six aluminium wires of equal 
diameter. 


Here m = 6, so that 

E = — ^ X 10 6 lb. per in. 2 = 12-49 X 10® lb. per in. 2 , 


6 + 1 
(12*78 X 6 ) + 18-1 


6 + 2-83 

J - (1 ' 21 ^>, + 3 ' 31 - 1-51 lb 
b + 1 — 


X 10- 6 = 10-74 x 10-« per ° F., 


Steel-cored Copper. This is made in the same way as steel-cored 
aluminium, but there is an insulating tape over the steel wires to 
prevent corrosion of the copper. The mechanical characteristics 
are given by 


18m + 28 

m + 1 


X 10 6 lb. per in. 2 , 


a 


9-21m + 9-95 
m + 1-55 


X 10~ 6 per 0 F., 


and 


^ l-21m + 3-97 
~~~ m + 1 


Steel-cored copper has a smaller diameter than steel-cored alumi¬ 
nium for the same resistance per foot. For the same ultimate 
strength it requires less steel, since copper has a much higher 
strength than aluminium, so that it weighs less. It will probably 
be a strong competitor to steel-cored aluminium in the near future. 

Copperweld. Copper is welded on to steel rods and the composite 
bars are rolled to form copperweld wires, which are stranded into 
conductors. It is well suited for very long spans. The conductivity 
is 30 or 40 per cent of that of a copper conductor with equal 
diameter. 
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Phosphor Bronze. When an exceptionally long span is required 
and the atmosphere contains harmful gases such as ammonia, 
phosphor bronze is a useful material for an overhead line conductor. 
The 132 kV. overhead crossing of the River Thames is 3 0G0 ft. 
wide, and the towers are 487 ft. high. The conductor, which weighs 
just over 2 lb. per ft., consists of a core of seven cadmium-copper 



Fig. 32 . Thames Crossing 
( Callender ’# Cable dt Comtrudion Co.) 


strands, to raise the conductivity, and 84 strands of phosphor 
bronze; thus there are four layers of the latter. The overall diameter 
is 0*942 in. and the breaking strength is 57 600 lb. The equivalent 
copper section is 0*12 in. 2 Aluminium bronze is liable to chemical 
attack under high stress and on prolonged exposure to ammonia 
present in the atmosphere. Fig. 32 shows a picture of the crossing. 

Galvanized Steel and Iron. These have been used on very 
long spans, but are most useful in rural areas where cheapness is 
the main consideration. Owing to the magnetic properties of iron 
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and steel the resistance and inductance are very high, and the 
voltage drop is equally high. 

Calculation of Sag. Let a line of weight w per unit length be 
suspended from the points A and B, and let 0 be the lowest point, 
i.e. where the curve is horizontal. (See Fig. 33.) We choose for the 
x-axis the horizontal line through 0 and for the y -axis the vertical. 
Let the point P have co-ordinates x and y, the length of the curve 
from 0 to P be a, and let ^ be the angle that the tangent at P makes 
with the horizontal. The forces which act on the portion OP are 
the horizontal tension H 


at 0 , the tensions T x and 
T„ at P, and the weight 
ws vertically downwards 
through the centre of 
gravity of OP. (See Fig. 
33.) Equating horizontal 
and vertical components 
we get 

H = T„ 

T v = W8. 



ws 


The first equation shows Fig. 33. Sagging Overhead Line 
that the horizontal com¬ 
ponent of the tension is constant throughout the length of the line. 
The resultant of T z and T v must be along the tangent at P, so that 

TJT* = tan «J/. 

But tan = dy/dx , so that 

dy/dx = T„/T x == ws/H (1) 


It is seen from the elementary piece PP' of the line that 
d8 = \/(dx 2 + dy 2 ), 

so that ds/dx = \/[l + (dy/dx) 2 ] = y/[l + (u> 2 s 2 /H 2 )] 


or 


dx = 


ds 

V[1 + K* 2 /H 2 )] 


Integrating both sides we get 

a: + C= (H/u>) sinh ~ 1 (w$/H), 

where C is the constant of integration. As we have chosen the 
origin at 0, x = 0 when s = 0, so that (7 = 0. We get therefore 

8 = (H /w) sinh (wx/ H) . . . (2) 

Substituting from this equation in (1) we get 
dy/dx = sinh (wx/ H) 


so that 



= (H /w) oosh (ivx/H.) + D. 


3—(T. 54 ) 
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where D is another constant of integration. At 0, y = 0 when x = 0, 
so that 

0 = (H fw) cosh 0 + D = (H/to) + D, 
so that D = — (H/w). 

The equation of the line is thus 

y = (H/w) [cosh (uht/H) — 1] . . . . (3) 

(3) is the equation of the curve, which is called the catenary . The 
function cosh is the hyperbolic cosine and is such that 

cosh z = \(e z + e ~ z ) 

~2 ~4 ~6 

= 1 + 2! + 4! + 6!+. (4) 

The tension T at the point P is given by 

T 2 = T* 2 + T v 2 = H 2 + wH 2 
= H 2 + H 2 sinh 2 (wxj H) 

= H 2 cosh 2 (wx/H), 

so that T = H cosh (wx/H) ..... (5) 

If the line is supported between points A and B at the same level 
and half the span length is Z, then at the supports x = i Z, and 

T = H cosh (wZ/H) ..... (6) 

The sag d is the value of y at A or B and is given by 

d = (H /w) [cosh (wl/ H) — 1] . (7) 

The length of the line in a half span is 

8 = ( K/w) sinh (wlfH.) .... (8) 

A table of the hyperbolic cosine is given in Appendix J. 

Example. Calculate the maximum sag of a conductor 650 ft. span, 0*48 lb. 
weight per ft., the maximum tension allowable being 3 000 lb. 


Here l = 325 ft. and w = 0-48. Equation (6) gives the maximum 
tension so that 


o nnn it t 325 X 0*48 „ , 

3 000 = H cosh-g-= H cosh 


156 

H 


H can be found by trial and error from the table of cosh z . A 
quicker method is obtained by observing that H is very nearly equal 
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to T and is very much greater than wl. Expanding equation (6) 
we obtain 


T 

H 


. id , tffl 1 
— cosh H — i + 2 JJ 2 + 


1 + 


uW 

2H 2 


vH* 

24H« + • • • 


(9) 


since terms higher than the inverse square power are very small. 
This gives a quadratic equation for H, viz. 

H 2 - HT + \wW --- 0, 
so that H = tfT + Wi T 2 - (4u> 2 Z 2 / 2 )] 

= £T[1 + V(1 - 2w*P/T 2 )] 

« JT[1 + 1 - U«VT»] 

= T - w 2 iy2T. 

In this case 

H = 3 000 - - = 3 000 - 4 05 = 2 995-95. 

2 x 3 000 

A check is obtained by seeing whether equation (6) is satisfied. 

1RA 1RA 

T = H cosh -= T = 2 995-95 cosh — — = 2 995-95 cosh 0-052 

h z yyo-yo 

= 2 995-95 x 1-00136 = 2 999-9. 


The sag is given by 
2 QQfi 

d = ~ (1-00136 - 1) = 8^64 ft. = 8 ft. 8 in. 

Approximate Formulae. If (w 2 Z 2 /2H 2 ) is small compared with 
unity, T is very nearly equal to H. Equation (3) of the catenary 
can be expanded as 


- 5 ( 

w\ 


w 2 x 2 ntx* 
1 + 2g 2 + 24 H 2 




The sag is thus 
The aro length 


- wx 2 /2K - 

d = wl 2 / 2T. 

H . . wx 
s = — smh 
w H 


wx 2 / 2T. 


H (wx 


w*x* 

w \ H + 6H 3 + 


■■■) 


X + 


utx* 

6T 2 ’ 


so that the cable length in half the span is 

t = l + utPfi T* 
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Thus the tension T = H, 

the curve is the parabola y = wx 2 j2 T, 
the sag is d = wl 2 /2 T 

and the half-span length is s = l + w 2 l 2 /6 T 2 . . 

These formulae are sufficiently accurate in most practical cases, 
in which the sag is less than 10 per cent of the span. 

Example. Calculate the sag in the previous problem by means of the 
approximate formula. 


The sag is 
d = 


wl 2 0*48 x 325 2 
2T ” 2 x 3 000 


= 8-45 ft. = 8 ft. 5 in.; 


which is 3 in. less than the value given by the exact method. The 
error is only 2*2%. 

Effects of Wind and Ice. When the temperature drops to about 
22° F., conditions are favourable for the formation of sleet on the 
wire, and appreciable thicknesses of ice can be formed. The Regula¬ 
tions insist that the effect of a thickness of § in. for high voltage 
and ^ in. for low voltage lines be considered. In addition there 
may be a high wind which acts on the increased surface; a 50 m.p.h. 
wind is considered to exert a pressure of 8 lb. per ft. 2 of projected 
area, and this must be allowed for in the calculation of sag. If the 
weight of the ice is per ft., the total weight of the conductor is 
w + w it It is assumed that the wind pressure, w Wf acts horizontally. 
The total force on 1 ft. of conductor is 

W = y/[(w + WiY + MV*] . . . (II) 

and acts at an angle to the vertical. The conductor sets itself in a 
plane at this angle to the vertical, but keeps the shape of a catenary 
with the constant W in place of w. 

If the overall diameter of the conductor is D in. and the radial 
thickness of ice is R in., the weight of ice per foot is 

w 4 = 57 X 77 [(JD + R) 2 - (iD) 2 ] -f- 144 lb. 

= 1-25 R(D + R) lb., 

since 1 ft. 8 of ice weighs 57 lb. The maximum wind pressure per foot 
run is 

u>„ = 8 x (D + 2R) ~ 12 = f (D + 2R) lb. 


Example. A line conductor has an effective diameter of 0*77 in. and weighs 
571 lb. per 1 000 ft. Find the additional loading due to ice of J in. radial 
thickness and a horizontal wind pressure of 8 lb. per ft. 1 ; find also the total 
load per foot run. 

D = 0*77, R = 0-5. 

w i = 1-25 (0-5) (T27) = 0*794. 

*\r = $(0*77 + 10) = 118. 
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The total load is 

W = V[(<>571 + 0-794)* + (1-18)*] 

= Vtl-365* + 1-18*] 

= 1-804 lb. per ft. 


Example. In the transmission lines of The National Grid Scheme the line 
conductor has an effective diameter of 0-77 in., weighs 571 lb. per 1 000 ft., 
and has an ultimate strength of 17 722 lb. Calculate the height above ground 
at which a conductor with a span of 900 ft. must be supported in order that 
the total tension shall not exceed half the ultimate strength with a J in. 
radial coating of ice and a horizontal wind pressure of 8 lb. per ft. 2 of 
projected area. The ground clearance required is 22 ft. Weight of 1 ft.* of 
ice *= 57 lb. ( B.Sc . Lond . Univ. 9 1932.) 


The total loading is W = 1*804 lb. per ft. 

The maximum permissible tension is T = J X 17 722 = 8 861 lb. 
Half the span length is l = 450 ft. 

The approximate formula gives a sag 



1*804 x 450 2 
17 722 


= 20*6 ft. = 20 ft. 7 in. 


The more exact method gives 


H = T - wH 2 l 2T = 8 861 - 37*3 = 8 824. 


W l 
H 


1*804 x 450 
8 824 


= 0*092. 


The sag is 

d = (H/W) [cosh (WZ/H) - 1] 

= (8 824/1*804) (cosh 0*092 - 1) 

= (8 824/1*804) x 0*00424 = 20-8 ft. = 20 ft. 10 in. 


The height of the supports must therefore be greater than 
42 ft. 10 in., say 43 ft. It has been assumed that the safety factor 

has the regulation value of 2. 

Tension and Sag at Erection. Since the line will never be erected 
under the conditions of ice and wind which are postulated by the 
regulations, it is necessary to calculate the tension and sag under 
the conditions occurring at the time of erection. In practice, the 
conductors are hung over pulleys or snatch-blocks, pulled up to the 
correct sag or tension, and then transferred to the insulators. 
Usually the sag is measured, as the friction in the snatch-blocks 
makes it difficult to measure the tension accurately. 

There are two factors which vary the sag and tension, viz. 
elasticity and temperature. The load at erection will be less than 
that of the regulation conditions; this removal of load will lessen 
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the tension so that the sag will be reduced because of elastic contrac¬ 
tion. An increase of temperature will cause the length of the 
conductor to increase, so that the sag will increase. If the tempera¬ 
ture increases sufficiently, the sag may reach the value corresponding 
to the regulation conditions for ice and wind at 22° F.; this high 
temperature is called the critical temperature and must be higher than 
122° F., which is considered a temperature that may occur in 
England in summer. 

The combined effect of elasticity and temperature is found in 
the following way, assuming that the approximate formulae of 
equations (10) are sufficiently accurate. Let w v f lt s v d x and 
be the load per unit length, the stress (i.e. tension per in. 2 ), the 
half-span, sag and temperature at the maximum load conditions; 
w 2 , f 2 y <$ 2 > k an d d 2 the values under stringing conditions; A the 
area of cross-section of the conductor, a the coefficient of linear 
expansion, and E the Young’s modulus. The length of half the 
span under any conditions is given by equations (10) as 

5 = Z + w 2 Z 3 /6T 2 = Z + w 2 Z 3 /6 A 2 / 2 = Z + 2<Z 2 /3Z. 

The half-span length at maximum load conditions is 

* = Z + u^P/e/i 2 A 2 - 


The temperature rise from 0 X to 0 2 causes an increase in the 
half-span length of (0 2 — Oi)as v which is practically equal to 
(0 2 — #i)aZ. The fall in stress from f x to f 2 causes a decrease in the 
length of 


fx-ft 
E 




fi ~~ k 1 
E 


The new length, which is s 2i is thus given by 

k-h 


Sn — S-i ' 


But 
so that 


^ i + (6,-e t yxi 

Si = l + w t 2 l 3 /Qf t 2 A 2 , 
fi -ft 


1 _l_ _ 7 _L W * 1 * 

+ 6/ 2 2 A 2 ~ + 6/j 2 A 2 


l + (0 t - e x )a l. 




[/.-/.+§s+<v 


0 x )aE 




6 A 2 


Cancelling l from both sides and rearranging we get 

w 2 l 2 E 

6 / x 2 A 2 

or fxVz- F] = G, 

where F = / x — w 1 2 i 2 E/6T 1 2 — ( 6 t — 6 

and G = w 2 l 2 E/6A 2 

The sag d t is then given by 

d % = w % l 2 ! 2T ? = w t l 2 /2f 9 A . 


x)«e| . 


( 12 ) 


(13) 
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A stringing chart can be drawn by calculating jf 2 and d* from 
equations (12) and (13) and plotting there against the temperature, 
0 V since 6 X is constant (22° F.). Fig. 34 shows a stringing chart 
calculated for the example on pages 56-7. 

It is possible to obtain a relation between the sag and temperature 
directly in the following way. 

A = Tj/A = wJ, 2 /2Ad L and J t = wJ, 2 /2Ad 2 . 



22 

21 


20 


16 


17 

16 


15 


Substituting for f x and / 2 in equation (12) and rearranging we get 
d 2 - d 2 = (3£ 4 /4AE) (wjd 2 - wjd x ) + $(0 t ~ 
or d 2 (d 2 2 — K) = L, ^ 

where K = d 2 + 0(0, - 0> l 2 - f K* 4 /4AErf x ) l (14) 

and L = 3^/4 AE. J 

It is possible to calculate / 2 from equation (12) and d 2 from 
equation (14) by a slide-rule manipulation. 

Fig. 35 shows the method of calculating f 2 . A is the fixed scale of 
squares and B the sliding scale; C and D are the sliding and fixed 
scales of ordinary numbers. The cursor is moved so that the hair¬ 
line is at G on scale A. The sliding scale is moved until the zero 
of the sliding scale indicates on D a number F in excess of that 
indicated by the hair-line on B . Then the number indicated on D 
is/ t . For if this is so, the zero of the sliding scale is opposite A 2 on 
the scale A, the number on B is f 2 — F, and the product f 2 {j 2 — F) 
is G, as is shown on scale A . 
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Fig. 36 shows the method of calculating d 2 . The cursor is moved 
so that the hair-line is opposite L on scale D . The sliding scale is 
moved until the hair-line meets scale C at a number which is K less 
than the number on scale A at the zero of the sliding scale. 



Fig. 35. Slide-rule Solution of Cubic Equations 



Fig. 36. Slide-rule Solution of Cubic Equations 


Example. Construct the stringing chart for the line in the example on 
page 57, assuming a wind pressure of 4 lb. per ft. 2 

We have already found that w ± = 1-804, T x = 8 861. 

Now A = (tt/ 4) (0-77) 2 -r 144 = 0-00324 ft. 2 , 
JjsTjtAs 2-74 x 10 6 lb. per ft. 2 , 

E = 18 X 10 6 lb. per in. 2 == 2-592 X 10 9 lb. per ft. 2 , 
a = 9-22 x 10" 6 per °F. 
w 2 = V(0*571 2 + 0-257 2 ) = 0-626, 

since the wind pressure is 0-257. 

Therefore 

w 2 2 l 2 E __ (0-626) 2 (450) 2 (2-592)10 9 
6 A 2 6(0-00324) 2 

- 3*26 x 10 18 , 
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F=A-^?- ( 0*-0x)«E 

_ o 71 L (1-804)* (460)* (2-692)10* 

-274 X 10 6 x 8861* 

- (0*- 8i) (0-22) (2-592) X 10* 
= - 0-89 X 10« - 2-39 X 10* (0, - 0J. 

0i is 22° F. and F is found for different values of 0 2 by simple 
substitution. The values of f 2 , T* and d 2 are then found and given 
in the following table. 



! 

22 

42 

62 

i 

i 

82 

102 

i 

122 

- F X 10. 

0-88 

1*359 

1*838 

2*314 

2*798 

3*277 

/.X 10- . 

1-245 

1 145 

1*060 

0*995 

0*936 

0*885 

T, (lb.) .... 

4 030 

3 700 

3 440 

3 220 

3 035 

2 870 

rf,(ft.) . . . . 

15*75 

17*15 

18*47 

19*74 

20*95 

22*17 


Fig. 34 shows the graphs of T 2 and d 2 against temperature, and is 
the stringing chart for this line. The maximum sag occurs at 122° F. 
and is 22*17 ft., so that the conductors must be supported from 
insulators which are at least 44*17 ft. above ground, say 45 ft. 

It is seen that F is negative in these calculations, but the slide-rule 
manipulation described in Fig: 35 still applies, the number opposite 



the hair-line on scale B being greater than that opposite the zero 
of the sliding scale on scale D. 

Spans in Hilly Country. Fig. 37 shows a line suspended at two 
points P x and P 2 at different levels, the vertical distance between 
the points being h. If the ground is not too steep there will be a 
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point 0 at which the line is horizontal. Then 0P 1 is a catenary of 
half-span x l and 0P 2 of half-span x 2 . Equations (6), (7), and (8) will 
apply to each part, so that 

d x = (H jw) [cosh (wxJH) — 1 ], 
d g = (H /w) [cosh (wxJH) — 1], 

T x = H cosh (uxrj H), and T 2 = H cosh (wxj H). 

It is clear that the maximum tension occurs at the higher support, 
P 2 in the figure, since x 2 is greater than x v 
The quantities that are given are w , h, and the horizontal distance 
between the supports, viz. x x + x 2 . Thus we have w given, 

d 2 — d x ~ (H /w) [cosh (wxJH) — cosh (wxJH)] = h ^ 
and x 2 + x x = m y say. > (15) 

Also T 2 = H cosh (wxJH) = maximum permissible valueJ 

These three equations are sufficient to determine the unknown 
quantities x l9 x 2i and H, from which the sag and tension can be 
found. The equations can be solved by the method of successive 
approximations, and it is useful to obtain an approximate solution 
by assuming that the curve is a parabola. The approximate solution 
is obtained as follows. 


d x — wx x 2 /2 T, d 2 = wx 2 2 /2T, T = H, 
d 2 — d x = h = (w/2T) (x 2 2 — xj) 

= (wf 2T) (x 2 + x x ) (x 2 - xj 
= (wm/2T) (x 2 — x x ), 
so that x 2 — x x = 2T h/ivm. 

But x 2 + x t = m, 

and therefore x 2 — \m J r T hjwm 

x x = — Th/urni. 

Having found x x and x 2i we can find d x and d 2 . 


Example. An overhead line at a river crossing is supported from two 
towers at heights of 150 ft. and 300 ft. above water level, the horizontal 
distance between the towers being 1 100 ft. If the maximum tension is 
4 260 lb. and the weight per foot run is 0*594 lb., find the clearance between 
the conductor and the water at a point mid-way between tho towers. 


First we find the approximate solution. 


I 100 

** = ~~ 2 ~ 


4 260 X 150 
0-594 x 1 100 


= 550 + 976 = 1 526, 


= 550 - 976 = - 426. 
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The negative sign of x 1 shows that P x lies on the same side of 
0 as P 2 , as shown in Fig. 38. The mid-point P has . a value of 
x — J(1 526 + 426) = 976, so that its height above 0 is given by 


wx 2 0-594 X 976 2 


d= 2T = 


2 X 4 260 


= 66-4 ft. 


The height of P a above 0 is given 


by 

_ wx£ __ 0*594 x 1 526 2 


2 X 4 260 


162 ft. 


The mid-point is thus 96 ft. below 
P 2 and is therefore 204 ft. above the 

water. As a check we find that 
d x = 12*6 ft., so that P x is 150 ft. 
below P 2 as it should be. 
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Fig. 38 

Span in Hilly Country 


In order to obtain the exact solution it is preferable to express 
the first of equations (15) in the form 

d i -d 1 = k = 5^cosh^~ cosh^ j 


_ S «„h w( \z x,) -k *■' . 

2x1 2x1 


w 


i.e. 


, 2H . , wm . , w(x~ - x x ) 

A = - smh 2H smh 2H^ • 


w 


(16) 


We now apply the method of successive approximations in the 
following way. Insert the value of x^ obtained by the approximate 
method in the third equation of equations (15) to obtain the first 
approximation for H. 


Thus 4 260 = H cosh 


0-594 x 1 526 
H 


= H cosh 


906 
H * 


This is of the 


form cosh z = 4-70 z, where z = 906/H, and from the tables of 
cosh x we see that z = 0-2175, so that H = 906 ~ 0-2175 = 4 170, 
which is the first approximation for H. We now insert this value 
of H in equation (16) so that 


sinh 



= sinh 


0*594(32 — 3j) 

2 x 4 170 


wh 


0-594 x 160 


2H sinh 


wm 


2H 

0-594 x 150 


2 x 4 170 x 0-0785 


2 x 4 170 X sinh 
= 0-1372. 


0-594 x 1 100 


2 x 4 170 
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Therefore 


w{x^ — x^/211 = 01368, 


* 2 - x i 


2 x 4 170 X 01368 
0-594 


1 923. 


But x 2 + = 1 100, 

so that x 2 = 1 512 is the second approximation for x 2 . We can now 
use this to obtain the second approximation for H, which is 4 160. 
The value of x 2 obtained with value of H is 1 510, which is so near 
the previous value as to indicate that the second approximations 
are as accurate as can be desired. We therefore take H = 4 160 and 
x 2 = 1 510. The mid-point P has x = 1 510 — \ X 1 100 = 860, 
and its depth below P 2 is 


H 

w 

2H 

w 


cosh 


1 510 w 


H 


, 860w\ 
cosh —g — 1 


sinh 


650 w 
2HT 


sinh 


2 31 Ow 
2H 


= 107-6. 


The clearance is thus 192 ft. It is seen that the approximate 
method over-estimates the clearance by 12 ft. 

Trolley Wires. These must possess a very small sag since the 
collectors should run at high speeds without much oscillation. To 



Fig. 39. Trolley Wire Suspension 


achieve very small sags the trolley wire is suspended from a mes¬ 
senger wire by means of droppers. The trolley wire can be tensioned 
by counterweights or fixed rigidly at the ends. (See Fig. 39.) 

Poles and Towers. Small fines for rural supply at low voltage use 
wood or steel poles and have short spans, i.e. less than 250 ft. 
Creosoted wood poles have been found more suitable in this country. 
Pin-type insulators are used, because they are cheap for low voltages. 
Fig. 40 shows an “A”-type wood pole. Copper is used for the 
conductor. 

A pole which acts as a terminal, or carries switchgear or a trans¬ 
former, or is used at a tapping point, may be of the “H”-type 
shown in Fig. 41. 

In the case of single unguyed poles, it is found satisfactory to 
set the pole in the earth for one-fifth of its overall length, provided 
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the soil is firm. If the soil is not firm, it is necessary to provide 
baulks, as shown in Fig. 42. 

A pole cap of zinc, aluminium or cement is usually fitted on wood 
poles to prevent exposure of the end grain. The cross-arms are 
generally of steel, and two arrangements are shown in Fig. 43 (note 
end caps). 

Reinforced-concrete poles are used in large numbers on the 
Continent. (See Fig. 44.) 

Steel towers are invariably used for long spans, the steel being 
galvanized or painted. The initial cost is higher than that of wood 

x 



poles in small and medium sizes, but for tall supports and long 
spans they are more economical. Fig. 45 shows a narrow-base, 
lattice-type support; the insulators are the suspension type. When 
the span is very great, it is better to have a broad base tower, as 
shown in Fig. 46, as it is then much easier to make an adequate 
foundation. Notice the cradle guard in the figure. 

Fig. 47 shows a standard double-circuit tower used in the Grid 
scheme. The clearance of the lowest line conductor to earth at 
50° C. is 22 ft., over buildings the minimum clearance is 12 ft., the 
vertical distance between conductors is 12 ft., and the projected 




Fig. 41 Fig. 42 Fig. 43 

’’-type Wood Pole Baulk Foundation for Pole Cross-arm Formations 
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horizontal distance is 3 ft. The minimum normal clearance between 
live metal and the tower steelwork is 3 ft. 6 in. under the worst 
conditions of line displacement. The foundations are excavated 
earth, concrete ball or ordinary concrete, depending on the soil 
and the cost. In the second method a cylindrical hole is drilled for 
each tower leg, and the lower end of the hole is expanded to a 
spherical shape by exploding a charge 
of dynamite in it. The tower leg stubs 
are fitted into position by templets, 
and the cavities are filled with concrete. 

Poll on Supports. The supports 
must stand the normal load, which is 
transverse and subject to the conditions 
of ice and wind specified above, with a 
factor of safety of 2-5 (steel) or 3-5 
(wood or reinforced concrete). If one 
or more conductors break there is m 
addition a longitudinal pull on the 
supports. If the supports are flexible 
they bend away from the broken con¬ 
ductor or conductors, so that the sags 
in the undamaged spans are increased. 

This results in a decrease in the pull 
After three or four spans the longitudinal 
pull is very small. The practice is to 
have rigid anchoring towers at intervals 
of a mile or so, these towers being 
strong enough to withstand the breaking 
of one wire in three on one side. The 
narrow-base mast of Figf45 is designed 
with the decrease of pull due to 
flexibility in view. 

Light flexible supports are not 
favoured for long spans, because of the 
twisting action which takes place when 
conductors on one side of the mast 
break. The British Regulations therefore specify that the strength 
of a support in the longitudinal direction shall not be less than 
one-quarter of the strength in the transverse direction. For very 
long spans and large-size conductors, the broad-base towers of 
Figs. 46 and 47 are employed. 

Insulators* These are made of hard porcelain which contains 
two parts of kaolin (china clay), one of quartz, and one of felspar. 
Fig. 48 shows a pin-type insulator; the conductor passes through 
the groove, which is on the upper end of the insulator and is bound 
by annealed wire of the same material as the conductor. Overhead 
line conditions in Great Britain are particularly severe because of 




Fia. 44. Concrete Pole 



Fio 45 Narrow-base, Lattice-type Mast 
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fog, and the atmospheric pollution caused by the intense indus¬ 
trialization, whilst in Wales and the West of England the westerly 
winds bring a great deal of brine which is deposited on the insulators. 
Design has therefore taken place along the lines of producing an 
insulator with long sheds with surfaces easily washable by rain. 



Fio. 47 

Standard Double-circuit 
Tower of Grid Scheme 
(I.E.E. Journal) 


An insulator is most easily washed by rain when the axis is not 
vertical. 

At high voltages (above 33 kV.) it is convenient to make the 
insulators in units which can be connected in series. Fig. 49 shows 
a suspension-type insulator, of the cap and pin type, of nine units 
with grading ring and arcing horns. Fig. 50 shows the Hewlett 



Fio 49 Suspension-type Insulator with Grading 
R rNGs and Arctno Horns 
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disc insulator. When the insulator is to stand a very latrge tension, 
two strings are put in parallel, as shown in Fig. 51. 

Pin-type insulators are tested for transverse strength. The 
insulator is mounted on its spindle, the shank being held in a metal 



Fig. 52. Overhead Joint 
(Overhead Lines (Painton)) 


bracket on the testing machine. A flexible wire rope loop is placed 
round the neck to apply a load transverse to the axis of the insulator, 
and the load is increased to the specified test value, which is 2\ times 



the specified maximum working load. The period of application 
is 1 min. 

Suspension-type insulators are tested in pure tension, since they 
cannot and do not maintain a transverse load. 

Joints and Clamps. Whenever possible joints are made at anchor 
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supports, so that the joint need have no mechanical strength and 
may be constructed as shown in Fig. 52. In this method the con¬ 
ductors terminate through strain clamps, which take the stress, and 
are bolted in a metal clamp which ensures good electrical conduc¬ 
tivity. It is important to prevent the entrance of water into the 
clamp by painting it with a thick insulating compound. If the 



Fig. 54. Cone-type Joint 
(Overhead Lines (Painton)) 


conductors are of copper they may simply be soldered together and 
then painted to avoid chemical action at the joint of dissimilar 
metals. 

If the joint is in a span it must take the full tension, and soldering 
is avoided. The McIntyre joint , Fig. 53, is suitable for copper and 
aluminium conductors. The conductors are inserted into an oval 



metal sleeve, which is then given five or six complete twists. This 
type of joint has good mechanical and electrical properties. For 
steel-cored aluminium conductors, the metal sleeve is shaped like 
a figure of eight, into each part of which one conductor is inserted. 
Soft copper sleeves are used for copper conductors and aluminium 
sleeves for aluminium conductors. 

Fig. 54 shows a cone-type joint. A split and tapered cone has one 
wire through its centre whilst the cone is pushed in among the other 
wires. A connecting piece screws the two conductors together. 
Tension of the conductors wedges the cones more tightly among 
the strands. The Pairard clamp , shown in Fig. 55, is of the cone 
type and may be used to make a joint or to serve as a terminal 
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olamp. It is specially used with aluminium and steel-cored 
aluminium conductors. 

Different types of clamps are shown in Figs. 50, 51, 55, and 56. 
Fig. 56 shows a jumper loop on an 11 kV. line, and Fig. 57 a 
pulling-up clamp . 

Guards. When a high voltage line crosses a telephone wire an 
earthed cradle guard is used (see Fig. 46). At road crossings a 
simpler guard system is used, composed of a triangle of earthed wire 
surrounding the line conductors, so that if the latter break they 
will be earthed before'they reach the ground. 

When pin-type insulators are used, a source of trouble is arcing 



Fig. 57. Pulling-up Clamp 

caused by birds, which perch on the cross-arms and peck at the live 
conductors. Sometimes a tube of fibre or other insulator is slipped 
over the cross-arm, so that the bird can peck at the conductor only 
when it is standing on the insulator. The insulator may be over 
the conductor for a small distance on both sides of the insulator. 
Another remedy is to have sloping cross-arms, on which the birds 
do not prefer to perch. A satisfactory device consists of a stick of 
ebonite, which is placed near to the insulator and carries a perch. 
It is found that the bird prefers this insulated perch to the cross- 
arm, because it is narrow and round. 

Earthing. Either all the metal on each support must be con¬ 
nected to an earth plate, or a continuous earth wire is run from 
tower to tower and must be connected to an adequate earth four 
times per mile. 

On wood pole lines, the regulations are met by using stranded 
galvanized steel wire attached to each pole below the conductors, 
all metal work on the pole being bonded to the earth wire by a 
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single copper wire, usually No. 8 gauge. The earth wire is earthed 
four times per mile by running the bonding wire down the pole 
and connecting it to an earth plate. A good earth, i.e. one with a 
very low resistance, is of the utmost importance. The best practice 
is to bury a plate or pipe about 5 ft. below the surface, this being 
surrounded by about 6 in. of screened coke. The fear of corrosion 
has led to the use of copper earth plates. This is expensive and seems 
unnecessary as good results are obtained with galvanized cast-iron 
plates 2 to 3 ft. square and not less than \ in. thick. The bonding 
wire is best connected to the earth plate by a trarmoay bond . When¬ 
ever possible the earth pipe or plate should be buried well below the 
surface and connected by an insulated lead to the earth wire. This 
procedure diminishes considerably the potential gradient in the 
neighbourhood of the earth 
connection. Fig. 58 shows 
such an arrangement, which 
is, of course, applicable only 
when wood poles are used. 

On steel supports, and on 
wood poles where lightning 
storms are frequent, the earth 
wire is run above the line 
conductors. In the former 
case the earth wire is bonded 
to the mast at its point of 
support and a stout bonding 
wire runs from the base of the 
mast to the earthing plate, 
the steelwork being relied 
upon for good conductivity. The earth wire is of galvanized steel, 
and its size is chosen from considerations of mechanical factors and 
the span length, so that the maximum sag is not greater than that 
of the line conductors. Galvanized steel has a comparatively short 
life, so that the earth wire is sometimes made of the same material as 
the conductors. This involves extra expense and increased spacing, 
since the sag is greater than for a thick steel wire. Copper-clad steel 
offers an excellent compromise, as it has great strength and lasts long. 

Vibration and Dampers. There are three kinds of vibrations of 
overhead line conductors. There is firstly the simple swinging of 
the conductors in the wind *, this is harmless provided the clearance 
is sufficiently large so that the conductors do not approach within 
sparking distance of each other. 

Then there is a low frequency vibration, about one cycle per sec., 
that occurs during sleet storms with a strong wind. The amplitude 
is very large, about 20 ft. or more, and the conductors are said to 
“dance.” Operation is almost impossible for the conductors touch 
one another, since the “dancing” takes place horizontally and 
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vertically. It ia thought that the phenomenon is due to the fact 
that the line conductor receives an irregular coating of sleet. If we 
consider that the cross-section of the coating is an ellipse, the line 
will experience a drag; furthermore, if the major axis of the ellipse 
makes an angle of 45° to the wind, there will be a considerable 
aerodynamic lift (or downward thrust) such as is experienced by an 
aerofoil. The conductor will thus dance horizontally and vertically 
with a large amplitude, and in an irregular manner due to the 
irregular deposition of sleet. 

Penally there is a high frequency osoillation, 5 to 100 cycles per 
sec., of amplitude about 1 in. This vibration is due to the formation 
of eddies on the leeward side of the conductor. The frequency is 



Fig. 59. Stockbridge Damper 


determined by the wind velocity—which must be fairly steady and 
between 2 and 10 m.p.h. for the maintenance of the vibrations—and 
the diameter of the wire, and is given by 

frequenov = 3-26 X (V/d) cycles per see., 

where V is the wind velocity in miles per hour and d the diameter 
in inches. The line conductor will vibrate in a number of loops, 
depending on its length, mass per unit length, and tension. The 
harmful effects of this vibration take place at the clamps or supports, 
where the conductor suffers fatigue and breaks eventually. The 
conductors are protected by dampers, which prevent the vibration 
from reaching the conductors at the clamps or supports. The 
Stockbridge damper , shown in Fig. 59, consists of two weights attached 
to a piece of stranded cable one or two feet long, which is clamped 
to the line conductor. The energy of vibration is absorbed by the 
stranded cable, and the vibration is rapidly damped out. The 
Stockbridge damper is made in various sizes, which weigh from 
2 to 16 lb. Another successful damper consists of a box, which 
contains a weight resting on a spring. In this case the spring 
absorbs the energy of vibration. The fatigue may be lessened by 
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reinforcing the conductor for a few feet on either side of the clamp 
by binding metal rods or a length of the same conductor to the 
main conductor outside the clamp. 


EXAMPLES III 

1. State the relation between the conductivity of copper and the tempera¬ 
ture and tensile strength. Assuming that the resistance of 1 000 yd. of 
annealed copper of 1 in.* cross-section at 60° F. is 0 0240 D., find the resistance 
of 2 600 yd. of 0*16 in.* hard-drawn copper of tensile strength 27 tons per in.* 
at 76° F. (a = 0*002222 per ° F.). 

2. Find the tensile strength and Young’s modulus of a steel-cored aluminium 
conductor consisting of 7 strands steel and 64 strands aluminium of 0*105 in. 
dia. Calculate also the weight per foot. Assume tensile strengths of 26 000 lb. 
per in.* for aluminium and 190 000 for steel. 

3. Develop an expression for the sag of a transmission line conductor 
suspended between supports at equal heights, assuming the curve taken up 
by the conductor to be a parabola. 

A copper conductor is suspended between two points at the same height 
and is strung to a tension of 3 000 lb. The load on the conductor (including 
its weight) is 1*5 lb. per ft. and its cross-sectional area is 0*39 in. 2 If the 
load on the conductor is increased to 2 lb. per ft., calculate the tension in 
the conductor and the sag under these new conditions. The span is 600 ft., 
and the modulus of elasticity of copper is 18 X 10* lb. per in.* Use the 
approximate method, assuming the curve to be a parabola. 

( B.Sc ., Lond. Univ ., 1933.) 

4. Calculate the sag allowable for a 600 ft. span of copper wire 0*4 in. 
dia. under the following conditions. Ice f in. thick, wind pressure 8 lb. per 
ft.* of projected area. Ice weighs 57 lb. per ft.*, copper 655 lb. per ft.* Ten¬ 
sile strength of copper is 50 000 lb. per in.*, and the factor of safety is 2. 

If the conductor is supported by an insulator string 3 ft. long, calculate 
also (1) the height of the tower to the lowest cross-arm if the ground clearance 
is to be 25 ft., and (2) the length of the cross-arm if the width of the tower is 
2 ft. and the minimum conductor clearance is to be 18 in. 

(Nat. Cert ., 1934.) 

5. Determine accurately the maximum sag of a transmission line conductor 
having a span of 2 200 ft., the supports being on the same level, the total 
load on the conductor (under maximum ice and wind loads) being 2*0 lb. per 
foot run and the maximum allowable tension being 8 000 lb. Values of cosh x 
may be taken from the following table— 


X 

0*23 

0*24 

0*25 

0*26 

0*27 

cosh x 

1*0265 

1*0289 

1*0314 

1*0339 

1*0367 


Describe briefly how you would proceed to construct a stringing chart 
for the above conductor showing the tension to which it must be strung if 
erected under other conditions of loading and temperature. 

(B.Sc. Lond. Univ., 1932.) 

6. A transmission line conductor at a river crossing is supported from two 
towers at heights of 100 ft. and 300 ft. above water level. The horizontal 
distance between the towers is 900 ft. If the tension in the conductors is 
3 000 lb., find the clearance between the conductor and water at a point 
mid-way betwe^p the towers. Wt. of conductor per ft. run = 0*57 lb, 
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Explain the necessity for a stringing chart in erecting a transmission line 
and describe how you would proceed to construct such a chart. 

( B.Sc . Lond. Univ ., 1934.) 

7. Construct the stringing chart for the previous example. 

8. A 132 kV. grid line conductor has an effective diameter of 0*77 in., 
weighs 571 lb. per 1 000 ft., and is under a tension of 3 200 lb. If the span 
length is 950 ft. and the wind velocity is 6 m.p.h., calculate the frequency of 
the oscillation and the number of loops in the span. The formula connecting 
frequency, tension, mass, and length of loop is 

' f=mw(Tglw), 

where / == frequency in cycles per sec., 

/ = length of loop in ft., 

T = tension in lb., 
w = mass in lb. per ft., 
and g = 32-2. 

9. Explain how to determine the sag and stress of an overhead line and 

indicate how the effects of wind, ice loading, and temperature variation are 
taken into account. Show how to deal with any peculiarities which may 
occur with steel-cored aluminium conductors. (Lond. Univ., 1949.) 

10. Explain the meaning of the terms “virtual modulus of elasticity 0 and 
“virtual coefficient of expansion. 0 

Calculate the values of these quantities for a steel-cored aluminium con¬ 
ductor with 7 steel strands and 30 aluminium strands, all of the same diameter. 
The modulus of elasticity for steel is 30 X 10 8 lb. per in. 2 and for aluminium 
is 9*5 X 10® lb. per in. 2 , the coefficient of expansion for steel is 6-4 X 10~ 6 and 
for aluminium is 12*8 X 10 -6 per 0 F. 

Explain under what conditions the virtual values do not apply for a steel- 
cored aluminium conductor. (Lond. Univ., 1948.) 

11. A steel-cored aluminium overhead conductor has 7 steel and 30 alumin¬ 
ium strands each 0-11 in. dia. The modulus of elasticity for steel is 30 X 10® lb. 
per in. 2 and for aluminium 9-5 X 10® lb. per in. 2 and the temperature coefficient 
of linear expansion for steel is 6-4 x 10 6 and for aluminium 12*8 X 10~ 8 per 
°F. Determine the virtual modulus of elasticity and virtual coefficient of 
expansion for the composite conductor. 

Explain why it is possible to use these values and state under what condi¬ 
tions these values would not apply. (Lond. Univ., 1953.) 
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Resistance of Overhead Lines. The resistance of a conductor to 
direct current is given by the formula 

R = plj A, 

where p = the resistivity, l = the length, and A = the area of 
oross section. The values of resistivity of the various materials 
used are given in Chapter III, and also their temperature coefficients. 
There is a tendency for alternating currents to concentrate near 
the surface of a conductor. This phenomenon is called the skin effect 
and results in an increased resistance. At 50 cycles the effect is 
noticeable only with conductors of large diameter. Thus the resis¬ 
tance to alternating current at 50 cycles of a copper conductor of 
diameter 0-752 in., of 97 per cent conductivity, is only 1-02 times 
the d.c. resistance; for the same ratio of resistances to a.c. and d.c. 
a 61 per cent conductivity aluminium conductor can have a diameter 
of 0-948 in. The skin effect is thus of small importance in overhead 
lines. The skin effect of a stranded conductor is the same as for a 
solid conductor of the same cross-section, provided the stranded 
conductor has no core. If it has a core, the effect is the same as 
for a hollow conductor and is still very small. 

The effect of stranding is to increase the resistance in the way 
described in Chapter III. In practice it is taken that stranding 
increases the resistance by 2 per cent, which corresponds to a 
lay of 15£. 

The increase in length of a line due to sag is approximately 
(2d 2 /3l ). For a sag ratio, d/l , of 10 per cent this gives an extra length 
of only § per cent, so that it may be neglected. 

Inductance of an Overhead Line. A conductor which carries 
current is surrounded by a magnetic field, which reacts upon the 
currents in this and other conductors. A long straight conductor 
is surrounded by a field in which the lines of magnetic force are 
concentric circles with the axis of the conductor through their centre. 
Fig. 60 shows a plane section of the magnetic field surrounding a 
cylindrical conductor carrying a current of I e.m. units; the direc¬ 
tion of the lines is for the case of a current passing into the paper. 
At a point P distant x cm. from the centre O the force is 

H = 2I/x. 

The force at a point P r inside the conductor depends upon the 
ourrent distribution inside the conductor. In overhead lines it may 
be assumed without appreciable error that the current is uniformly 
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distributed. Then the force at P' is due only to the ourrents inside 
a circle through P* with 0 as centre, so that at P’ the magnetic 
force is 

H ' = (2 I/x) x (x^jr 2 ) = 2Ixjr 2 , 

where r = the radius of the conductor. 

If the currents can be considered as flowing along geometrical lines 
(i.e. of no thickness) it is sufficient to calculate the total flux and 
divide it by the current in order to get the inductance. But when 
the currents flow along wires of finite thickness it is necessary to 
calculate the linkages and divide by the square of the current, a 



Fig. 60. Magnetic Field Surrounding a Conductor 

linkage being the product of a current element and a flux. The 
linkages inside the conductor are for unit length along the axis 

£h' X f~dx = *££ Pdx = \P, 

since the flux H ' at P ' links only a current / X (x 2 /r 2 ). 

The linkages outside up to a distance R (considered large) are 

/ s r®] t> 

H x Idx = 2 P I Ux ■■ 2 P logh* y 

It is seen that the inductance per unit length of a long conductor 
is infinite, since R should be taken as infinite. In practice there is 
always a return conductor at a finite distance; at very great 
distances from both wires the flux due to this return wire neutralizes 

* logh (R/r) = natural or hyperbolic or napierian logarithm of (R/r), viz. 
to the base e *= 2*718°-8. 
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the flux due to the first wire, so that the linkages become finite. 
Fig. 61 shows the magnetic field due to the wire and its return 
conductor at a distanoe D from it. The linkages that conductor 1 
creates for itself between 0 and Q have been found to be 

\P + 2P logh (R Jr). 

The linkages created by conductor 2 round conductor 1 are 

'C {-%)“*--“’“*4 

so that the total linkages round conductor 1 are 

\P + 2 P logh (R/r) - 2 P logh (R/D) 

= \P + 2 P logh (D/r) 



Conductors 

which we see is independent of R and is finite. This gives for the 
inductance per unit length of conductor 1 

L i == i + 2 lo gh (D/r). 

The inductance of conductor 2 is the same. The inductance of 
the loop per unit length is 

Ei + L 2 = 1 + 4 logh (D/r) . . . (17) 

If the wires are magnetic and have a permeability /x t the induc¬ 
tance of the loop per cm. length is 

L x + Lj = fi + 4 logh (D/r) . . . (17a) 

The unit of inductance in equations (17) and (17a) is the electro¬ 
magnetic unit, which is 10 “ 9 henry. The inductance per mile of 
the loop is 

L = L x + Z* = [0*161 + 1*482 log* (D/r)] mH. (18) 
= [0-080 + 0*741 log (D/r)] mH. . . (18a) 

* Log (D/r) is the logarithm of (D/r) to the base 10. 


whilst 
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Stranded conductors have a slightly higher induotanoe, the 
constant term being somewhat higher. Thus the constant for 
3-strand is 0-125, 7-strand 0-103, 19-strand 0-089, 37-strand 0-086, 
61-strand 0-083, solid conductor 0-080. 


Example. Calculate the inductance per mile of a conductor 0-4 in. dia. 
at a spacing of 18 in. 


L x = [0 080 + 0-741 log (18/0-2)] mH. 
= (0-080 + 0-741 log 90) 

= 0-080 + 1-457 = 1-537 mH. 


Inductance of Three-phase Lines. Fig. 62 shows a cross-section 
of a three-phase system, consisting of three conductors A v A t , 




Cross-section of Three- 

PHASE SY8TEM 


Currents in Balanced, 
Three-phase System 


and A 3 of radius r and spacings D v D 2 , and I) 3 . The currents are 
I lt / 2 , and / 3 , which must satisfy the relation I x + I 2 + / 3 = 0. If 
the loads and voltages are balanced, the currents can be represented 
by the three vectors shown in Fig. 63. The real components of 
1 g and / 3 are I cos 120° = — whilst their imaginary components 
are I x sin (— 120) and I x sin (+ 120°), viz. — (£\/3)A and + (\V^v 
Thus 

A = A ) 

A = [- i - j(iV3)]A = All, say f . . (19) 

and A=[-*+j(h/3)]A = A 2 A, 

where j = — 1, and 

where we have put A = — | — j(£ \/3). 

It is easy to prove that A 2 = — £ + 3), 

and 1 + A + A* = 0. 


. ( 20 ) 


J 
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1, A, and A 2 are the cube roots of unity, for 1 

yl = 1* = (cos 0 + j sin 0)* = cos 0 + j sin 0 = 1 

or (cos 360 + j sin 360)* = cos 120 + j sin 120 =* A 2 , 

or (cos 720 + j sin 720)* = cos 240 + j sin 240 = A. 

This fact is also obvious from the vector diagram of Fig. 63. 

The flux linking conductor 1 up to some large distance R due to 
its own current is, as shown on page 82, 

[\ + 2 logh (R lr)]I x per cm. length. 

The flux linking conductor 1 up to the same distance due to 
current /* is, as shown on page 82, 

[2 logh (R/D 8 )]/ 8> 
whilst the flux due to / 3 is 

[2 logh (R/Dj)]/„. 

The total flux linking conductor A x is thus 
[1 + 2 logh (R/r)]/ x + [2 logh (R/D,)]/ t + [2 logh (R/D t )]/ 3 (21a) 

= [1 + 2 logh (l/r)]/ x + [2 logh (l/D 3 )]/ 2 + [2 logh (1/D 2 )]/ S 
+ (2 logh R) (7 X + / 2 + I 3 ) 

= [1 + 2 logh (l/r)]/j + [2 logh (l/D 3 )]/ 2 + [2 logh (l/D 2 )]/ 3 (216) 

since I 1 + I 2 + ^3 = 0, even when the system is not balanced. We 
see that this flux is independent of R and is thus finite, even when 
we take the flux up to infinity (at which R = 00 ). To find the 
inductance of conductor A x in the presence of A 2 and A 8 we must 
divide the preceding expression by I x and we get 

Li = 1 + 2 logh (1/r) + [2 logh (1ID 3 )](IJIi) + [2 logh (1/D„)] (IJIJ, 

which depends upon the currents if they are unbalanced. 

This means that we cannot represent the system by three simple 
inductances for unbalanced currents. It is necessary to include 
mutual inductances between pairs. If the currents are balanced 
so that equations (19) hold, we have 

L 1 = i + 2 logh (1/r) + 2A logh (1/D 3 ) + 2A 2 logh (1/D 2 ) 

= 1 + 2 logh + JV 3 logh g 

Similarly 

4 = 1 + 2 logh 3M1 +;V3 logh gi 
and 4 = 1 + 2 logh + jV 3 logh g?. 

A (T.s l) 
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The imaginary terms in L v L 2 , and L z represent the transfer of 
power between phases due to mutual inductance, and it is seen that 
they add up to zero. 

If the line is transposed along its length, i.e. the positions of the 
conductors are interchanged so that each occupies all three positions 
for an equal length, the inductance of each wire becomes the mean 
of the expressions in equations (22), so that 




Lj = L 2 = L a = * + i I 2 logh yflW + 2 logh v/(r>3Dl) 


VP 


or 


+ 2 logh 

0-080 + 0-741 log 


= i + 2 logh 


r r 

V (DiD 2 D 3 ) 


mH. per mile 


(23) 

(23a) 


If the spacings are equal to D, equations (21a) et seq. show that 
Lx = L 2 = L 3 = \ + 2 logh (D/r) ) 

or 0-080 + 0-741 log (D/r) mH. per mile ) ’ ^ 

even for unbalanced currents. ~~~~~~ 

Skin effect decreases the inductance but only by a very small 
amount. The fact that the current follows spiral paths in a stranded 
conductor causes a small increase of inductance, but the increase 
is negligible at normal supply frequencies for non-magnetic wires. 

Capacitance of Overhead Lines. When two cylindrical conductors 
have a potential difference F, they acquire charges + Q and — Q 
per cm. length, and we say that they have a capacitance C per 
cm. to each other of 

C — Q/V. 

The charges are not spread uniformly over the surfaces but are 
concentrated at the inner parts of the cylinders. The exact calcula¬ 
tion of the capacitance between two parallel, circular cylinders is 
known to give the value 

j e.s.u. per cm. length . (25) 

The e.s.u. (electrostatic unit) of capacitance is the centimetre 
and is 10/9 jujuF. 

It is interesting and important to find the error caused by assuming 
that the charges are distributed uniformly over the cylinders. Fig. 64 
shows a uniformly charged cylinder, + Q per cm. length. The 
electric force at every point P is radial and is the same at all points 
distant x from the axis. If a cylinder of radius x is drawn about 
the axis and has a length of 1 cm., the total electric flux crossing 


_ 1 _ 

4k8 h[ g + v gl=ia 
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the cylinder is F X the area of the curved part of tte cylinder, 
viz. F X 2i tx. But by Gauss's theorem this flux is 4n X charge 
= 4ttQ. 

F X 2nx = 4t tQ, 
or F = 2Qjx. 

Fig. 65 shows two cylinders of radius r spaced D cm. apart and 
having charges -f Q and — Q. At the point P the force is 

2Q/x + 2QI(D-x). 

The difference in potential between P x and P 2 is found by inte¬ 
grating this force between P l and P 2 : this should be the potential 




difference between the cylinders, but actually the cylinders will 
not be equipotentials for the two line charges. It is more usual to 
integrate from P x to the centre of the other cylinder, B, for the force 
2 Qfx, and from A to P 2 for the force 2Q/(D — x). Then 


This gives 




2 Q 

D — x 


dx 


= 2 Q logh (D/r) + 2 Q logh (D/r) 
= 4 Q logh (D/r). 


C = 



4 logh " (D/r ) ° m ~ per ° mlength 


(26) 


If D = 8r, the capacitance given by the exact formula of 
equation (25) is 

1/4 logh 7*87 = 0*1212 cm. per cm. length, 
whilst the approximate value given by equation (26) is 
1/4 logh 8 = 0*1203 cm. per cm. length. 

The error is thus only | per cent. In overhead lines the approxi¬ 
mate method may thus be used without much error. 
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The point 0 which is mid-way between the axes is at zero potential 
and is called the neutral . The potentials of the conductors are \V 
and — \ V with respect to 0, so that the capacitances C 0 to the 
neutral, are 2C. Thus 


2 logh (D/r 


cm. per cm. length 


0-0388 
log (D/r) 


juF. per mile 


Example. Find the capacitance to neutral of the conductors of the previous 
example. 

Here D = 18 in., r = 0-2 in. 


Therefore 

C " = 2lSih§0 ° m ' P " " 

10 X 2-54 X 12 x 5 280 
“ 2 x 2-303 x log 90 X 9 
= 0-0198 ^F. per mile. 


2 x 2-303 X log 90 
| //F. per mile 


cm. per cm. 


It may be noted that 

1 IV(LC) = IIV(LiCo) = 181 000, 

A p B which is the velocity of electro-mag- 

__ _/T\ netic waves along these conductors in 

'y -Q miles per sec. The quantity 

~*J \ V(L/C) = VVLJIC 0 ) = 2 V(L/C 0 ) 

A \ = 556 0, 

/ \ is the surge impedance of the line. 

Y ^ Effect of Earth. The effect of the 

%% X earth may be allowed for by the method 

/ V \\ of images. Fig. 66 shows a single phase 

h z +jcy\\ Ihie, conductors A and B carrying 

Jir J \ charges + Q and — Q per cm. length, 

I /and an eai ’tl 1 distance h below. Let A' 
I / \ and B' be the images of A and B in 

- jp - +q the earth. Then if conductor A' is con- 

g* sidered to have a charge — Q per cm. 

Fiq 66 and B\ + Q per cm., the potential at 

, any point on the earth is zero, as it 

should be. The electric field at any 
point above the earth may be considered as due to the conductors 
A, B , A', and B'; the field below the earth is, however, zero, since 
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the earth is considered to be a perfect conductor, the electric 
force at P, distance x from A , along AB is 

2 Q 2Q 2 Q cos a 2Q cos ft 

~x + D - x ~ V(^ 2 + z 2 ) ~ Vl*h 2 + (D-*) 2 ] 

== 2Q 2 Q 2 Qx 2 Q + (T>-x) 

x D — x 4Ji 2 -f x 2 4th 2 + (D — x) 2 ' 

The potential V is the integral of this force from A to B and is 

j/ii u T)2h - - , D 

~ ° gh rV(4A 2 + D 2 ) ~ logh r-v/(l + (D 2 /4A 2 )‘ 

The capacitance to neutral is thus 

C 0 = --—g-cm. per cm. length 

2 l0gh rV(l + D 2 /4P) 

00388 

or-g-/iF. per mile 

log rV(l+D 2 /4A 2 j 

Example. Find the capacitance to neutral of the conductors in the pre¬ 
vious example if they are 10 ft. above ground. 




0-0388 

1-959 


which is only J per cent less. 

Generally the effect of the earth on overhead lines is negligible. 
Capacitance of Three-phase Line. Suppose that the line is as 
shown in Fig. 62, and that voltages V v V 2 , V 3 are applied to the 
conductors with the result that the charges per cm. length are Qf, 
Q 2 , Qs' The electric force due to a charged cylinder is 2 Q/x> where 
Q is the charge per cm. length and x the distance from the axis. In 
order to calculate the potential of A, we imagine a unit charge 
brought from infinity, which is assumed at zero potential, up to A v 
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If the unit charge is brought from a large distance R to within a 
distance r of A v D 3 of A 2) and D 2 of A 3 , the work done is 

f (2 QJx) dx + f (2 QJx)dx + f (2 QJx)dx 
J f J D s J Dj 

= 2Qi logh (R/r) + 2Q 2 logh (R/D s ) + 2 Q 3 logh (R/D 2 ) 

= 2 Q, logh (l/r) + 2 Q 2 logh (1/D a ) + 2 Q a logh (1/D.) 

+ 2 (Q x + Q 2 + Qz) l°gb R- 

When R is infinite, this work is to be the potential F,. It follows 
that a necessary condition is Q x + Q 2 + Q 3 = 0. Also then 

V t = 2Q ± logh (l/r) + 2 Q 2 logh (1/D S ) + 2 Q z logh (1/D 2 )\ 
Similarly I 

V 2 = 2Q, logh (1/D 3 ) + 2 Q 2 logh (l/r) + 2 <? 3 logh (1/D,) J (28) 
and I 

F 3 - 2Q 1 logh (1/D 2 ) + 2 Q 2 logh (1/D,) + 2Q 3 logh (l/r)/ 


Q, can be found from the equations for F, and V 2 by replacing 
Qz by — (Qi + Qz) and solving. Then 

0 — A V _ logh (D,/r) (F 2 /F,) logh ( D 2 /D 3 ) _ (^Ha) 

1 1 1 logh (D 2 /r) logh (D,/r) - logh (D,/D 3 ) logh (D 2 /D 3 ) ^ 


There are similar expressions for Q 2 and Q 3 . The charging currents 
are 

/, = j(oQ}, I 2 — jo)Q 27 / 3 — jcoQ 3 . 


As the charge in equation (28a) contains a term (Fg/F,), it is clear 
that the currents in a line are determined by all the line voltages. 

The representation of the charging currents by capacitances is 
complicated except in certain cases. 

Equilateral Spacing. Here D, = D 2 = D 3 = D. Then Q x 

- F,/2 logh (D/r), Q 2 = VJ2 logh (D/r) and Q s = F 3 /2 logh (D/r), 
independent of the values of the voltages. Then QJV 1 = Q 2 /V 2 

— Q 3 /V 3 =1/2 logh (D/r), and this is called the capacitance of each 
line to neutral, i.e. 


C 0 = 1/2 logh (D/r) e.s.u. per cm. length 
or 0*0388/log (D/r) juF. per mile 


• (29) 


Transposed Line with Balanced Voltages. In this case 
F, = F, F 2 = AF, V 3 = A 2 F, where l = - \ (1 + jy/ 3). 

Also the conductors are transposed so as to occupy all three 
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positions for equal distances. It can then be shown that Q x = (7 0 F X , 
Q 2 = C 0 V 2 and Q z = O 0 F 3 , where 

C f 0 = P1 /2 logh iP-g P 3 -)! cm. per cm. length^ 

^ r ^ \ (30) 

or ^0-0388/log ^F. per mile J 

Here again we call C 0 the capacitance to neutral. 

The effect of the earth can be found by the method of images 
described above, but the effect is generally negligible. The effect 
of an earth wire is found by assuming an induced charge Q 0 on it. 
Then Q x + Q 2 + Qz + Qo = 0. Furthermore, by equating the poten¬ 
tial of the earth wire to zero we obtain another equation in addition 
to those obtained from the potentials of the lines. These equations 
are sufficient to solve the problem. The charging currents are 
increased by about 5 or 7 per cent in practical cases by the presence 
of the earth wire. 

Electric Stress. The electric force or stress in the single-phase 
system is 2(J/l + 2 « /( 

It is seen that this has a minimum value at x = JD and a 
maximum value for the smallest possible value of x , viz. r. The 
maximum stress is thus 

g = 2Qfr + 2Q/(D — r) ~ 2 Qjr. 

But F = 4 Q logh (D/r), so that 

_ F 
^ 2r logh (D/r)' 


If E 0 is the voltage to neutral, E 0 = |F, so that 

9 = r logh (D/r) • • • • ( 31 ) 

This formula holds for the symmetrically spaced three-phase 
system also. 

In an actual case the gradient at the surface of a conductor is a 
maximum at the inner point, and varies round the circumference. 
Thus if D/r = 20 and we represent the true maximum gradient by 
1, the surface gradient at the outer point is 0-81 and the approximate 
formula of equation (31) gives a value of 0*91. Thus the approximate 
formula gives a correct value for the average surface stress. For a 
value of D/r = 100 or more, the various gradients differ by less 
than 2 per cent. 

Stranding increases the maximum stress, but the effect is best 
included in the formula for the corona voltage. 

Corona Discharge. If the voltage is high the surfaoe stress may 
reach a value at which the air breaks down, and becomes a con¬ 
ductor. The conducting layer of air forms part of the conductor, 
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so that r increases and the maximum stress decreases. If the spacing 
is small enough, the corona may bridge the conductors and cause 
flash-over. Generally the spacing is large enough for the corona to 
cease spreading long before it bridges the conductors; values of r 
and g are reached such that the stress is insufficient to ionize any 
more air. 

The phenomenon of corona is accompanied by a faint glow and 
a hissing noise. There is also an energy loss. 

Disruptive Critical Voltage. The breakdown strength of air at 
76 cm. pressure and 25° C. is 30 kV. per cm. or 211 kV. (r.m.s.) 
per cm. This value is called g 0 . At a barometric pressure of 6 cm. 
of mercury and t° C., the breakdown strength is 6g 0f where 


_ 3-926 

d ~ 273 + r 


. (32) 


If E 0 is the voltage to neutral that causes this breakdown 
equation (31) gives 


E 0 = 8g 0 r logh (D/r). 


In practice it is necessary to allow for the condition of the surface 
of the wire, so that 

E 0 = mdg 0 r logh (D/r) 

= 21-lm<5r logh (D/r) kV. (r.m.s.) to neutral, 
where m — 1-0 for clean smooth wires; 

0-98 to 0-93 for roughened or weathered wires; 

0-87 to 0-80 for stranded wires. 

The value of E 0 given by equations (33) and (34) is the disruptive 
critical voltage. Bad atmospheric conditions, such as fog, rain, or 
sleet, may reduce E 0 to 0-8 of the value given above. 

Visual Critical Voltage. When the voltage of the line is the 
disruptive critical value, there is no visible corona. This is explained 
as being due to the fact that the charged ions in the air must be 
able to receive a finite energy before they can cause further ionization 
by collision, which is necessary for the corona discharge. Peek 
states that the disruptive critical voltage must be so exceeded that 
the stress is greater than the breakdown value up to a distance of 
0*3 \/(dr) cm. from the conductor. Thus visual corona will occur when 
the breakdown value is attained at the distance r + 0 -3^(dr) from 
the axis, instead of at the distance r. This requires that the voltage 
to neutral be (1 + 0-3/\/(dr) ) times the disruptive critical voltage. 
Thus the visual critical voltage is 

E v = 21*lm t .<5r ( 1 + “ kV. (r.m.s.) to neutral (35) 
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m v is a roughness factor, which is unity for smooth conductors. 
When the wire is stranded or rough, m v is less than unity. Peek 
states that m v may be taken as 0-72 for stranded wires, when corona 
is likely to occur in local places only; for decided corona along the 
length of the conductor he takes the value 0*82. 

Corona Power Loss. If the visual corona voltage is exceeded the 
power loss due to corona is given by 

P = (390/(5) (/ + 25) [ VMD)] (E - E 0 ) 2 10 - 6 kW. per mile 

per phase,.(3fi) 

where / = the frequency in cycles per sec., 
and E = voltage to neutral. 

High voltage lines are seldom designed to work with a decided 
visual corona: what corona there is is local, and the formula of 
equation (36) will not hold accurately. 


Example. Find the disruptive critical and visual corona voltages of a 
Grid line operating at 132 kV., the conductors being 37/0*11 in. diameter 
steel-cored aluminium at a minimum spacing of 12ft. 6 in. Temperature 
60° F. f barometer 29-0 in. 


Here D = 150 in. and r = 7 x O il in. -r 2 = 0-98 cm. 
r = 60° F. = 15-6° C.; b = 73-7 cm. 


<5 = 


3-92 x 73-7 
273 + 15-6 


= 100 . 


1 <=>0 

E 0 = 2Hm x 0-98 logh -~ 


= m x 21 1 x 098 X 2-303 X 2-60 
= 126m kV. (r.m.s.) to neutral. 


As the conductors are stranded, we take m = 0*83 for fine weather 
and m = 0-83 X 0-8 for rough weather. We then get 

f 104 kV. in fine weather 

~ 1 83 kV. in rough weather. 


1 + 


- 1 + Jjg- - j.30 
VW ~ + VO-98 ” 

E v = 1-30 x 126m,, 


= 164m„. 

For local visual corona m v = 0*72 
so that 2^ = 118 kV., 


whilst for decided corona m v = 0-82 
and E 9 = 134 kV. 
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The actual voltage to neutral is 132/^3 = 76 kV. Thus there is 
no corona under normal circumstances. 

Avoidance of .Corona. The critical voltage can be raised either 
by increasing the spacing or the diameter of the conductors. The 
spacing cannot be increased greatly or the cost of the supports will 
be very high. The diameter of the conductors can be increased by 
using hollow conductors with a hemp core. Steel-cored aluminium 
conductors have a large diameter for a given conductivity and 

weight, and are thus good from the 
point of view of corona. 

For very high voltages, such as the 
275 kV. of the Boulder Dam trans¬ 
mission scheme, it has been found 
economical to use the hollow conductor 
shown in section in Fig. 67. The con¬ 
ductor consists of tongued and grooved 
rectangular strips of copper, spiralled 
along the length of the conductor. 

A line is usually designed to work at 
a voltage just below the disruptive 
critical voltage for fair weather (taking 
5=1). It is economical to have a 
small corona loss in bad weather, 
rather than have larger conductors to 
avoid corona entirely. Moreover, corona 
acts as a safety valve for surges. 

Current Effects of Corona. Corona forms when the voltage of a 
conductor passes the disruptive critical voltage, and disappears when 
the voltage descends through the same value. This occurs on each 
conductor every half-cycle and contributes a triple harmonic to the 
charging current, since the effective capacitance of the conductor 
increases when the corona is present. The triple harmonic currents 
pass through the neutral to earth in an earthed system; in a non- 
earthed system the neutral has a voltage to earth of triple frequency. 

Insulators. Pin-type, suspension and strain insulators are shown 
in Figs. 48 and 49. Single-piece, pin-type insulators are used up to 
26 kV., and multi-part types up to 80 kV. Above 50 kV. it is more 
economical to use suspension-type insulators, as they are cheaper 
and lighter. Moreover, the insulation of the line can be co-ordinated 
by using insulators with more units at some points of the line where 
breakdown or flash-over is to be avoided, and less units at other 
points where flash-over can do no costly damage. If it is desired to 
raise the working voltage at some later date, suspension insulators 
are very useful, as extra units can be added at small cost. The 
insulators on the Boulder Dam line are cap- and pin-type suspension 
insulators and have 24 units. The suspension typo is preferable 
from the mechanical point of view, as it allows the conductor to 



Fig. 67. Hollow Conduc¬ 
tor for High Voltage 

( electrician) 
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take up a position in which the insulator experiences a pure tension 
only. Furthermore the earthed cross-arm is above the conductor 
and protects the line to some extent from lightning. 

If a flash-over creates an arc from the conductor to the earthed 
cross-arm, the porcelain is liable to be shattered. Fig. 49 shows 
arcing horns and ring, which draw the arc away from the insulator, 
lengthen the path and help to extinguish the arc. The device lowers 
the flash-over voltage of the insulator, but the protective value 
outweighs this slight disadvantage. 

Suspension-type Insulators. The voltage applied between the 
cross-arm and conductor is not shared equally between the units of 
a suspension-type insulator because 
of the earth capacitances of the 
units. In consequence the flash-over 
voltage of a string of insulators is less 
than the flash-over voltage of a unit 
multiplied by the number of units. 

The string efficiency is defined as 

(E/ne) x 100 per cent . (37) 

where E is the flash-over voltage of 
the string, e that of a unit, and n is 
the number of units. 

When the insulator is wet the 
direct capacitance between units 
is increased, whilst the earth capaci¬ 
tances are not increased (except for the unit nearest the cross-arm). 
The result is a more uniform distribution of potential than occurs 
when the unit is dry, and the string efficiency is higher. 

The string efficiency can be increased in several ways. One method 
is to design the units such that the direct capacitance between them 
is much greater than the capacitance to earth: a ratio of 6 to 10 can 
be achieved. Another method is to increase the capacitances between 
the lower units: this is very inconvenient and not used, as it is 
desirable that units be interchangeable. A third method is to use a 
grading ring placed near the lower units and connected to the line, 
as shown in Figs. 49 and 51 . This ring screens the lower units, thus 
decreasing their earth capacitances; and it introduces a number of 
capacitances between the line and the insulator caps, these capaci¬ 
tances being greater for the lower units and thus reducing the 
voltages across them. 

Example. Sketch the construction of a suspension-type insulator. Show 
how the voltage distribution over a string of insulators may be improved, and 
explain what is meant by “string efficiency.** 

A string of suspension insulators consists of three units. The capacitance 
between each link pin and earth is one-sixth of the self-capacitance of the 
unit. If the maximum peak voltage per unit is not to exceed 35 kV., determine 
the greatest working voltage and the string efficiency. 

( B.Sc. t Lond. Univ ., 1938.) 
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Fig. 68. String Efficiency 
of Suspension Insulator 
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Let the capacitances and potentials be as shown in Fig. 68 . The 
simplest method is to calculate the induced charges at the junctions 
P and Q , at which, since they are insulated, no net charge can gather. 
At P there are in effect three condenser plates joined together, their 
charges being Ce 3) C x e 3 , — Ce 2 . We have therefore 

Ce 2 4" O x e 2 — Ce 2 = 0 . 

If we put C x = kCy this reduces to 

•63 (1 -f - k) — e 2 — 0 . 

The equation for junction Q is 

Ce 2 4~ C x (e 2 4- e a) — Ce x = 0 
or ejc 4- e 2 (I 4- k) — = 0 . 

Finally e 2 e 2 e x = E 

Thus 

#2 ^3 _ 

T+Jc ” T ” k 4- (1 + k) 2 ~ (1 + jfc) 4- 1 4- k + (1 4" k) 2 
E 

~ (1 4- k) (3 + *) 


The greatest voltage is clearly e l9 which is equal to 


so that 


_ I 4 - %k 4 - k 2 
6l ~ *(l + k) (3 4-*)’ 


35 kV., 


(l+t)(3 + *) 
1 4 - 3 * 4 - k* 


X 35 kV. peak 


= (1*167) (3 167) x 35 = 84*5 kV. peak. 
1*528 


The string efficiency is 

(1 + k) (3 + k) 
3 (1 4- 3* 4- W) 


80*5 per cent. 


As a check we note that (84*5) -f (3 X 35) — 0*805. 

General Case. When there are many insulator units the method is 
laborious by simple methods, but a reasonable form of solution has 
been derived by the method of difference equations. Let the voltages 
across the units from the line upwards be e lf e 2 , . . . e m , . . . e n , 
there being n units. Then 

2 sinh [\\/k] cosh [(n — ra -)- |) 

Cm sinh ( ny/k) 


The largest voltage is 

~ 2 sinh [£\/^] cosh [ n — \)V^\ 
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bo that the string efficiency is 

E _ sinh (ny/k) 

ne 1 ~ 2n sinh (fay/k) cosh [{n — \)y/k\‘ 

Thus for the previous example, n = 3, y/k = 0-408, and the string 
efficiency is (l-555)/(6 x 0-205 x 1-568) = 80-5 per cent. 

EXAMPLES IV 

1. Four suspension-type insulators are connected in series on a 33-kV., 
3-phase overhead line. If the capacitance to earth is 20% of the capacitance 
of each unit, determine the voltage distribution across the four units under 
clean dry conditions. 

Explain how the voltage distribution might change under damp deposit 
conditions and describe one method of obtaining a more uniform distribution. 

(Lond. Univ., 1949.) 

2. Explain the factors which determine the formation of corona on overhead 
lines. A single-phase overhead line has two conductors 0*5 in. diameter with 
3 ft. spacing. Deduce expressions for the potential and potential gradient at 
any point on a line joining the centres of the two conductors if the r.m.s. 
voltage between them is 33 kV. Assuming the breakdown strength of air to be 
21 kV. (r.m.s.) per cm., calculate the voltage at which corona occurs. 

{Lond. Univ., 1953.) 

3. A three-phase transmission line 30 miles long has its conductors of 
0-5 cm. dia. spaced at the corners of an equilateral triangle of 120 cm. side 
at an average height from the ground of 1 000 cm. 

The line is fed from a star-connected transformer with neutral point earthed 
at 44 000 V. between lines, 50 eye. Find the charging current. 

{Lond. Univ., 1932.) 

4. A single overhead conductor 0-77 in. diameter is mounted 22 ft. above 
the ground. Deduce expressions for the inductance and capacitance and cal¬ 
culate the values of these per mile. 

State and discuss any assumptions made. {Lond. Univ., 1947.) 

5. A three-phase line has spacings 10, 12 and 14 in. The line is transposed, 
and the conductor diameter is 0*2 in. Find the capacitance and inductance to 
neutral. 

6. Explain the factors which determine the formation of corona on overhead 

lines. A single-phase overhead line has two conductors 0-5 in. diameter with a 
spacing of 3 ft. between them. Deduce expressions for the potential and 
potential gradient at any point between the conductors if the r.m.s. voltage 
between them is 33 kV. Assuming the breakdown strength of air at 76 cm. 
pressure and 25° C. is 21*1 kV. (r.m.s.) per cm., calculate the voltage on the 
above line at which corona occurs. (Lond. Univ., 1948.) 

7. The following figures give the percentage voltage distribution across the 

individual units of 3 identical strings of 4 insulators erected on the same tower 
(a) when clean and dry and (b) under deposit conditions at a certain instant 
with a humidity of 80%. In each caso unit number 1 is connected to the line. 
Unit number .... 1 2 3 4 

Each string, dry . . . 36 25 17 22 

String A wet .... 37 12 20 31 

,, B .. 17 33 15 35 

„ C .. 24 22 30 24 

Explain the reasons for the figures obtained and describe a method of 
improving the voltage distribution. {Lond. Univ., 1953.) 






CHAPTER V 

UNDERGROUND CABLES 

Introduction. In towns and densely populated areas overhead lines 
are clearly impossible.. In the very early days of distribution the 
principles of overhead lines were employed in underground work. 
One very successful system was devised by Crompton, who stretched 
bare conductors between glass insulators contained in, underground 
ducts or culverts; one such system was in use in 1926 after thirty 
years’ service. The method was successful for low voltage systems, 
except that explosions sometimes occurred due to pressure of gas 
produced by the metallic sodium which was formed by electrolysis, 
due to slow leakage at the insulators. The method is unsuitable for 
high voltages because of the flash-over of the insulators. It was 
found advisable to insulate the conductor before it was laid, and 
the combination of conductor and its insulation is called a cable* 

Vulcanized rubber-insulated cables were then used, and because 
of their failure vulcanized bitumen cables. The latter are still used 
for low-voltage distributors and in mines. 

One of the earliest attempts to make a high voltage, paper- 
insulated cable was due to Ferranti, who wrapped oil-impregnated 
paper round copper tubes and pushed the insulated conductor into 
lengths of wrought-iron pipes which he filled with compound. 

Types of Cable. There are many types of cable used at the present 
time; the type for a particular service is determined by the 
mechanical properties required and the voltage of transmission, 
mainly the latter. 

Low-tension Cables (below 1 000 volt). The insulating 
material may be impregnated paper, varnished cambric, vulcanized 
rubber, or vulcanized bitumen. 

Paper is the most important insulating material, and is made of 
wood pulp, manila fibre or rag. The impregnating compound is 
thin or thick oil, with or without resin. The resin is added to 
increase the viscosity at working temperatures so that drainage 
should not be excessive, whilst it does not increase the viscosity 
greatly at the temperature of impregnation. The thickness of di¬ 
electric at 660 volts is between 0 08 and 0-11 in. 

Varnished cambric is coated with petroleum jelly to provide 
lubrication between layers so that bending of the cable is possible 
without damage. An advantage is that there is no drainage from 
the ends of the cable. 

In vulcanized bitumen cables the refined bitumen is melted and 
sulphur and vegetable oils are added. On cooling, the bitumen 
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hardens and acts as the waterproof envelope of the cable. No 
elaborate sealing is required. A major disadvantage is that the 
bitumen becomes soft under the action of alkaline solutions, and 
the conductor becomes decentralized. Vulcanized bitumen cables 
were once favoured for shaft and roadway cables because they are 
easily jointed, do not require elaborate sealing, and are light com¬ 
pared with lead-covered, paper-insulated cables. They are not now 
made because of the softening and decentralization, and are 
being replaced by the paper cables, which are often cheaper and as 
suitable, and have a greater current-carrying capacity. 





Fig. 60. Five-core Trailing Cable 
( Henley*8 Telegraph \V<pks Co.) 

Lead-sheathed , rubber-insulated cables have a vast field of use in 
house wiring, large buildings, and ships. 

Cables in mines are subjected to specially rough handling and 
they are constructed accordingly. Trailing cables must be flexible 
and must be capable of being dragged along without being damaged. 
Fig. 69 shows a 5-core trailing cable, with a tough rubber central 
cradle, insulated pilot, tough rubber sheath, and braided wire screen. 
One of the conductors acts as the earth conductor, and all the five 
cores are rubber-insulated flexibles. The central cradle prevents a 
short circuit from occurring when a fall of coal or stone crushes the 
cable. The braided wire screen is of tinned copper and is embedded 
in the tough rubber sheathing; the screen is earthed but is not used 
as the earth conductor. The pilot wire serves for the remote control 
of coal cutter and other circuits. 

Shaft cables should be drained and not contain free compound, 
otherwise the compound will settle and force its way out at the 
lower termination. The installation of a shaft cable is best per¬ 
formed in the following way, in order that the cable may not suffer 
a large tension due to its weight. The cleats are first fixed. Then 
the cable is run from a winch over pulleys into the shaft, where a 
short length is allowed to swing free. It is fastened to a winch rope 
with a spun-yarn lashing and then lowered a short distance, say 
30 ft. It is lashed again, and lowered a further distance. This is 
repeated until the cable reaches the bottom of the shaft. The cable 
is then fastened to the cleats starting from the bottom. 

Fig. 70 shows various types of paper-insulated power cables. In 
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the concentric double-wire armoured cable the conductors are a 
solid (stranded) conductor and a -concentric layer of strands. The 
armouring consists of two insulated and concentric layers of 
steel wire. 

High-tension Cables (up to and including 11 kV.). These 
are usually paper-insulated, although some cambric cables are used 



Fig. 70. Pa per-insulated Power Cables 


for running up poles to overhead lines. The minimum thickness of 
paper dielectric for various voltages is given in the following table 
for 3-core cables of 0-4 in. 2 cross-section. 


Voltage (volts) 

3 300 

6 600 

11 000 

Thickness (in.) 

0-10- 0*12 

013- 0-16 

0-16- 0-22 


The smaller thicknesses are for centre point earthed, and are 
between conductors only. The larger thicknesses are for centre 
point not earthed, and are the minimum values between conductors 
and between a conductor and the sheath. 

In the 3-core belted-type cable, the conductors are each lapped 
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with paper and the cores are wormed together, the interstices being 
filled with packing to form the cable to a circular section; a further 
insulating belt of impregnated paper of the same nature surrounds 
the three cores. A lead sheath encloses the whole to prevent the 
ingress of moisture. If the cable is likely to experience mechanical 
forces, it has steel armouring which has an outer serving of hessian 
or jute dressed with preservative compound. 

In the case of the 11 kV. 3-core belted-type cable, the separate 
walls and the belt are each 0*15 in. thick, so that there is a dielectric 
thickness of 0*3 in. between conductors and between any conductor 
and the sheath. 



Fig. 7h “H”-tvpe Cable 
(Henley's Telegraph Works Co.) 

Super Tension Cable (22 and 33 kV.). The 22 kV. cable is of 
the 3-core belted type, the insulation thickness being 0*45 in. 
between conductors. A single-core cable has an insulation thickness 
of 0*24-0*28 in. 

At first the same construction was used for 33 kV. with a dielectric 
thickness of 0*6 in. Trouble was, however, experienced, and the 
cables broke down. It appeared that the tangential stresses caused 
deterioration. This difficulty was overcome in the “H”-type cable, 
shown in Fig. 71, and which is due to M. Hochstadter; in this 
cable each core is surrounded by a metallized and perforated paper 
which is kept at earth potential. There is thus no stress in the 
wormings; in fact the electrical condition is that of three single-core 
cables. In some cables, “S.L.” type, each core has its own lead 
sheath and a fourth lead sheath encloses the three cores. 

In the “H.S.L.” type there is a perforated screen, and a separate 
lead sheath for each core (see Fig. 72). Sometimes the metallized 
paper is replaced by a copper tape. 

Extra High Voltage Cables. For voltages above 66 kV., 3 -core 
cables are too large and single-core cables are preferred. The dis¬ 
advantages of single-core cables is that steel armouring causes 
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sheath losses equal to or greater than the copper losses; they are 
generally not armoured. Fig. 73 shows a 66 kV. “H”-type single¬ 
core cable, 0-25 in. 2 section. The conductor is 37/093 plain copper 
of diameter 0*651 in. There are 129 layers of paper of 5 mils 



Fig. 72. “H.S.L.”-type Cable 
(Siemens Brot.) 


thickness giving a dielectric thickness of 0*65 in. Then there is one 
layer of metallized paper of 7*5 mils, a 40 mil clearance, and then 
the sheath, which is of antimonial lead and 80 mils thick; the outside 
sheath diameter is 2*30 in. Then there are two layers of waterproof 
paper and two of hessian; the overall diameter is 2*50 in. The 
treatment is as follows: there is steam or electrical drying for 
120 hours at 240° F. at a pressure of 1 mm. of mercury or less, 
96 hours impregnation at 280° F., and 15 days cooling to 65° or 
70° F. to prevent the formation of cavities. 

It has been found that the effect of variation of load and the 
temperature of the cable is to cause the circular lead sheath to 
expand when warm and not to recover when cool. Successive cycles 
result in an increased distension of the sheath, the formation of 
voids in the dielectric and ultimate breakdown. In an attempt to 
avoid this phenomenon, cables have been made with an oval con¬ 
ductor and an approximately circular sheath, the core being a loose 
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fit in the sheath. The expansion of the oil can be taken up by an 
elastic deformation of the core, which contracts along the major 
axis and expands along the minor axis of the ellipse. 



Fig. 73. 66 kV. “H” -type* Single-core Cable 



Fig. 74. 220 kV. Single-core, Oil-filled Cable 
(Pirelli General) 

The solid-type cable described above is successful for voltages up 
to and including 66 kV., but becomes unreliable for higher voltages. 
If the ionization of voids could be prevented, the cable could be 
used at higher voltages. There are two ways in which ionization 
can be obviated. In one way the voids are prevented from forming 
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by using a very thin oil under pressure. In this type of cable, which 
is termed oil-filled cable , the conductor is hollow and is fed with 
oil from reservoirs placed at intervals along the line. Fig. 74 shows 
a single-core oil-filled cable for a working voltage of 220 kV. A 
0*30 in. 2 cable of this type has an overall diameter of 4-05 in. and 
weighs 60*2 lb. per yd. The conductor is of soft-drawn copper wires 
stranded in two layers around a helix of flat, bright steel strip 40 mils 
thick, -fjr in. wide, having a gap of 0-23 in. between each turn of 
spiral. The helix forms an oil duct of overall diameter 1*18 in. The 
insulation is impregnated graded paper of thickness 1 in. and is 
sheathed with pure lead. The lead is lapped with one impregnated 
10 mil cloth tape with a 28 per cent overlap. A plain brass tape, 
16 mils thick, 0*39 in. wide, with a lay of 0*6 in. is applied, and also 
one of impregnated 10 mil paper with edges overlapping, and one 
impregnated 10 mil cloth tape with 28 per cent overlap. It is 
sheathed with an alloy of 99£ per cent lead, f per cent antimony, 
and £ per cent cadmium, served with two impregnated 10 mil papers 
with edges overlapping and two compounded hessian tapes. Water¬ 
proof compound is applied over the lead and over each layer of 
tape, and finally the cable is waterproof compounded overall and 
whitewashed. 

In the pressure cable the ionization in the voids is prevented by the 
application of hydrostatic pressure. The cables are of the ordinary 
solid type, 3-core “H” type with a single sheath of triangular shape. 
The cable is inserted into a welded steel pipe which is gas-tight and 
filled with nitrogen at 180 to 200 lb. per in. 2 The effect of pressure 
is to keep the voids small by compression and also by making the 
lead contract when the oil cools; furthermore the pressure in the 
void has the effect of diminishing the ionization considerably. 

Recently there has appeared the gas cable , which has dry or oil- 
impregnated paper for insulation and has nitrogen under a pressure 
of 200 lb. per in. 2 inside the lead sheath to stop ionization. Here 
there is no question of void formation, and the cables work well 
at the highest voltages. 

Manufacture of Paper-insulated Cables. The operations in their 
natural sequence are the following: stranding the conductors, 
applying the dielectric, laying up the cores, drying and impregnating, 
lead sheathing, armouring, sealing and battening. 

The conductors consist of untinned and very pure stranded 
copper wires. The wires are pre-spiralled and formed into the correct 
conductor by a stranding machine. In the slow speed, cage type of 
stranding machine the bobbins of wire are mounted in carriages 
disposed around the inner circumference of the cage. The wires 
from the bobbins pass through a revolving die plate just before 
arriving at the point where the revolution of the cage causes them 
to be stranded. Successive cages revolve in opposite directions. To 
obtain a definite lay the speed of drawing off the strand must bear 






106 


ELECTRICAL POWER 


a certain relation to the speed of revolution of the cages. In the 
high-speed or tubular type of stranding machine the bobbins are 
mounted in tandem along the centre line of a steel tube Of compara¬ 
tively small diameter. Fig. 75 shows a high-speed machine for seven 



Fic 76 Three-armed Paper-lapping Head 
(Johnson & Phillips) 


strands. The seven bobbins are visible in the seven cut-away 
portions of the tube 

Fig. 76 shows a three-armed paper-lapping head applying paper 
tapes to a conductor. Laying up the cores is similar to stranding, 
but on a large scale. 

Drying and impregnation takes place in four stages, preliminary 
heating, drying under vacuum, impregnating with compound, and 
cooling. Heating may be carried out in the vacuum chamber, or 
in a preheating chamber so that the vacuum chamber can be used 
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with preheated cables. Extreme care in drying under vacuum is 
essential for high voltage cables. The cable is then immersed in 
hot oil for 24 hours or more and allowed to cool whilst still under 
oil. The cable then passes through the lead press, which extrudes 
a lead sheath on to the core (Fig. 77). 

Steel armouring cannot be applied directly to the lead sheath 
for it would bite into it, particularly when the cable is bent. A 
bedding of hessian tape or jute is applied to the lead, and then the 
armouring of steel wire or tape is applied. The lead and the hessian 



Fia. 77. Lead Press 


are usually compounded. The armouring is compounded, covered 
with hessian tapes, compounded again, and then whitewashed. 

Sealing may be effected by soldering a lead cap over the end of 
the sheath. If it is desired to test the cable before laying, the 
conductor must be insulated from the lead sheath at one end. A 
long lead cap filled with compound must be soldered on to the 
sheath. 

The cable is wound on to a large wooden or steel drum, and 
wooden battens or a steel cover enclose the cable round the 
circumference of the drum. 

Laying. There are three main methods of laying cables: direct 
laying, the draw-in system, and the solid system. 

In direct laying a trench is dug, in which the cable is laid and 
covered with soil. The cable may be protected by planks, bricks, tiles, 
or concrete slabs. It used to be the practice to armour such cables, 
but nowadays they are often laid with a bare sheath or with a serving 
of bituminized paper and hessian over the sheath. The former 
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method is the only safe one in places where subsidence of the soil 
is likely to occur; then the cable should have steel wire armour¬ 
ing, so as to take a considerable tension. If the ground contains 
harmful chemicals, the serving must be adequate to protect the 
cable from corrosion and electrolysis. Bituminized paper is effective. 
It is clear that direct laying is cheap, but an extension of load is 
possible only by a completely new excavation which costs as much 
as the original work. In most cases, digging and trenching are done 







Fig. 79. Cables in Trench Protected by Concrete Covers 


manually, but in places free from obstruction machine methods 
can be used. Fig. 78 shows a machine which dredges a trench 18 in. 
wide by 5 ft. deep, conveys the soil back along the top, and lays 
the cable. The trench is then filled and levelled. Fig. 79 shows a 
cable in a trench with concrete covers for protection. 

In the draw-in system a line of conduits, ducts, or tubes is laid 
in a trench. The conduits or ducts are of glazed stoneware, cement, 
or concrete (Fig. 80). The tubes are of stoneware, fibre, steel, or 
wrought iron. The ducts being laid, the cables are pulled into 
position from manholes or brick-pits. It is unnecessary to armour 
the oable, but a serving of hessian tape of jute protects the cable 
when drawing in. 

In the solid system the cable is laid in troughing in an open 
trench. 



(«) 



Fig 8U. Stonewaee Conduits 
( a) Multiple duct. ( b ) Multiple butt-ended stoneware coDduit. 

( Doulton ) 
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The troughing is of stoneware, cast iron, asphalt, or trfeated wood. 
After the cable is placed in position, the troughing is filled with a 
bituminous or asphaltic compound and covered over. The cable 
can be laid with a bare sheath, and is immune from electrolysis as 
the sheath is electrically insulated from earth. Fig. 81 shows a 
trough containing cables and covered with asphalt. 

Jomting. The most common way of jointing the conductors is 
to insert the ends into a ferrule, which is a slotted metal tube, and 
solder the whole solid. 

With oval cables the fer¬ 
rule is made in two halves 
which can be turned with 
respect to one another, 
in order that the cables 
need not be twisted to 
make their major axes 
parallel. Packing adap¬ 
tors are also being used. 

Fig. 82 shows a joint 
for a 66 kV., single-core, 

“H”-type cable with oval 
conductor. The following 
is a brief description of 
the procedure. The lead sheath is cut back 20f in. and the paper 2| in. 
The lead sleeve, lead flare and paper tube are passed back along the 
conductors. The ferrule is put on and the parts soldered together. 
The paper is pencilled back 1J in., and the metallized paper is cut 
back to within 1 £ in. of the lead. The paper tube is slipped into 
position and fixed by four narrow wedges, which are jammed in by 
layers of oiled silk tape. The paper tube is kept in a canted position 
by a kalanite spreader, which is made of two halves as shown in 
the cross-sectional diagram. This ensures that no air will be 
entrapped when the joint is filled with compound. Preshaped paper 
stress cones are lapped on, and oilproof (Kaleoilres) tape is wrapped 
over the end of the lead sheath to prevent oil from flowing from 
the joint into the cable. The lead flare is placed in position and 
£ in. diameter lead wire is wrapped on. The lead sleeve is put in 
position and plumbed at the ends and the middle. The bonding 
strands are fixed, and then the joint is filled with oil. It is seen that 
the upper part of the lead sleeve is shaped so that the sleeve cannot 
be filled completely with oil; the air dome is left to allow for the 
expansion of the oil. The black sectors shown in the figure represent 
steel reinforcing bands. 

Fig. 83 shows a joint for a 66 kV. oil-filled cable, single core. It 
is essential that no moisture or dust shall enter the jointing tent. 

Fig. 84 shows the recently designed styrene joint. The styrene 
is added as liquid and on being heated it polymerizes and sets into 



Fig. 81 . Asphalt Troughing 
Containing Cables 
(Howard ) 
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a very hard solid. The method is specially useful for 3-core cables, 
as the joint is mechanically rigid and displacement of the cores 
cannot occur. 

A recent type of joint, which is solid at working temperatures, 
employs a mixture of oil and finely-powdered and cleaned sand in 



Fig. 84. Styrene Joint 
(Standard Telephones and Cablet) 



place of the styrene. A small lead flare is used between the plumbed 
joint and the lead cylinder containing the compound. 

Insulation Resistance. Consider a single-core cable of conductor 
radius r and internal sheath radius \D. The resistance of a thin 
shell, between radii x and x + dx , and axial length 1 cm. is 

dR = pdx/27TX, 


where p is the resistivity or specific resistance of the dielectric, for 
the area of cross-section is 2rrx X 1 cm. 2 and the thickness is dx. 
The total resistance is thus 


R 


f. 


i,J ^ = JL logh ^ 

2ttx 2t r 8 2 r 


The insulation resistance of a length l is 
R l = (p!2ttI) logh (D/2r) 


• (39) 


. (39a) 


The value of p for impregnated paper is about 5 x 10 u ohms, and 
decreases exponentially with temperature, so that 

p t = p 0 e~ at : a is about 0-05. 


Example. Find the insulation resistance per mile of a cable of conductor 
diameter 0-4 in. and internal sheath diameter 0-7 in. p = 6 X 10 u . 

The resistance of 1 mile is 

p X 2-303 . D , 

2w x 5 280 X 12 x 2-54 ° g 2r ° hmS 
= 2-28 X 10~ 6 p log (D/2r) ohms 
= 2*28 X 10- 6 X 6 X 10 14 log (7/4) 

== 3*21 x 10 8 ohms = 321 Mil 

If the positive and negative wires of a 2-yire system have leakages 
to earth, the values of the insulation resistances can be found by a 
voltmeter method described in the following example. 
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Example. Deduce a formula for the insulation resistance to earth of the 
positive and negative mains of a 2-wire system in terms of V, V lt V t and r, 
where V is the voltage between the mains, and V l and V t are the respective 
readings on a voltmeter having a resistance r when connected between 
the positive main and earth and between the negative main and earth. 

Find the insulation resistance of each main to earth when V = 250, 
T, = 160 and V t — 30 V., the voltmeter resistance r being 10 000 Q. 

(Lond. Univ., 1932.) 

Let the mains have earth resistances R 1 and R 2 . It is clear that 
the resistance between the mains, R Zi does not affect the readings. 



When the voltmeter is across the positive main and earth, the system 
is as shown in Fig. 85. The following currents then flow to and from 
the earth: (1) VJr downwards, (ii) V 1 IR 1 downwards, and (iii) 
(V — V x )IR t upwards. 

Therefore 

(VJr) + (VJR,) = (F— V,)/R 2 , 
giving V, (1/r + 1 IR, + 1/1?,) = V/R 


Similarly in the other case 

F, (1/r + 1/*! + l/i* 2 ) = V/R,. 

Therefore, by division, 

VJV 2 = RJR.„ 


so that 


giving 


V/V t = R, (1/r + 1/R, + 1/1?,) 
— l?i/r + 1 + l?i/l ?2 
= RJr + 1 + VJV 2 , 



V- 

r- - 


Ft - Vr 


V t 


Similarly R t = r- 


V, 


V\ 
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In this case R 1 — 10 000 
and R 2 = 10 000 


( 

( 


260 — 150-30 
30 

250- 150- 30 
150 


23300 a 

4 660 £1 


Stress and Capacitance of Single-core Cable. Suppose that the 



cable of Fig. 86 has a dielectric of 
constant e, no losses, and a charge 
q per cm. of axial length. Apply¬ 
ing Gauss’s theorem to a circular 
cylinder of radius x , we get 

e82ux = 471(7, 
or 8 = 2 q/ex, 

where S is the electric stress at 
distance x from the axis. If E is 
the potential difference between 
the conductor and sheath 



so that the capacitance per cm. length is 



e 

2 logh (Dj2r) 


electrostatic units (cm.) 


£ 

2 logh (Dfd) 


cm. per cm. length 


where d = the conductor diameter. 


(40) 


Remembering that 

1 cm. = 10/9 jujuF. .(41) 

we find that 

G= ifipffi fiF ' per mile length ■ ■ (42) 


Substituting for q in terms of E we see that the stress is 


S = 


E 

x logh (D/d) 


The stress is a maximum at the conductor where it is 
E 2 E 


. ( 43 ) 
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For a given voltage E and internal, sheath diameter D, the stress 
S max has a minimum value for variation of d when the differential 
coefficient of S max with respect to d is zero. This occurs when 

logh (D/d) = 1* or D = 2-718d. 

In low voltage cables the insulation is thin and d is greater than 
D/2-718. In high voltage cables d may be less, and then it is advan¬ 
tageous to increase the diameter of the conductor to this value. 
There are two ways of doing this without using excessive copper; 
by making the conductor hollow or by building it up with a lead 
sheath. The latter method has the advantage of eliminating at 
the same time the increase of stress due to stranding which may be 
as high as 25 per cent. If d varies from D/2 to D/4, the maximum 
stress varies by only 6 per cent, so that no great care need be taken 
to fix the ratio D/d provided it is not too great. 

The stress at the lead sheath is 

2 E 

D logh (D/d)’ 

so that the stress varies from a maximum at the conductor to a 
minimum (of d/D times the maximum) at the sheath. In some 
high voltage cables the dielectric is graded for strength by having 
a dense paper at the conductor and a less dense elsewhere. This 
does not appreciably alter the stress and voltage distribution unless 
the dielectric constants of the paper differ, but by using a paper 
of high electric strength near the conductor the total thickness of 
insulation can be reduced. 

There are two main methods by which a more uniform distribu¬ 
tion of stress may be achieved, by the introduction of intersheaths 
and by the use of layers of insulating material with different di¬ 
electric constants. 

Effect of Intersheaths on Stress. Suppose that intersheaths of 
diameters d x and d^ are inserted into the dielectric and maintained 
at potentials E x and E % . The stress between any two metallic 
cylinders varies inversely as the distance from the axis; this is 
found by applying Gauss’s theorem as on page 116. Thus between 
the conductor and the first intersheath the stress at a point distant 
x from the conductor is 

= A-Jx , 

* For 

dd 


5-(T.54) 


2 E 

' [d logh (Did )J 
2 E 

' [d logh {D/d)] 
2E 

' [d logh (D/d)]' 


d[d\ogh(Dld)] 

6d 


r* [ logh ? + 

[ lo * h §- x ] 
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where A x is a constant which is found by integrating 8 X from the 
conductor to the intersheath as follows. 


E — E x 


J rM 

f £ 


S x dx = A l logh 


di 

d’ 



Fig. 87 

Effect of Intersheaths 
on Stress 


(E-E ,)/logh | 

Jg — E x 
x logh ^ 

The maximum stress is 

o _ Jtzil 

max — j * 

¥ logh | 

Similarly the maximum stress 
between the first and second inter¬ 
sheaths is 

_ E^-E, 

2mal ¥1 logh (djdj 

whilst the maximum stress between 
the second intersheath and the 
sheath is 

o __ _ ^2 _ 

8ma * id 2 \ogh (D/d 2 ) 

By choice of E x and E 2 the maxi¬ 
mum stresses can be made equal, 
and the stress distribution is like 
that shown by curve A of Fig. 87, 
instead of curve B which represents 
the stress without intersheaths. 

It is possible to choose d x and d 2 
so that the stress varies between 
the same maximum and minimum 
in the three layers, by taking 


so that A x — 
and S 1 = 


djd —— ^ 2/^1 — P/d 2 — oc, 


or the minimum stresses are the maximum stresses divided by a. 
Equating the maximum stresses we get 

E l F _ £(! + !/«) 

* 1 + 1/a + 1/a* 1 1 + 1/a + 1/a* 
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The maximum stress is then 

E — E , E E 

id logh « ~ (1 + a + a 2 )£d logh a — J(1 + a + a 2 )£d logh (D/d)’ 

since logh (D/d) = logh a 3 = 3 logh a. 

Without the use of intersheaths the maximum stress is 

E 

id logh (D/d)’ 

so that the maximum stress has been reduced in the ratio 

1 : i(l + a + a*). 

Example. A single-core 66 kV. cable has a conductor diameter of 2 cm. 
and a sheath of inside diameter 5*3 cm. Find the maximum stress. If two 
intersheaths are used, find the best positions, the maximum stress, and the 
voltages on the intersheaths. 

Here D[d = 5*3/2 = a 3 , so that a = 1*384. 

Thus d x = 2*77 cm. and <4 = 3*84 cm. are the diameters of the 

intersheaths. The peak voltage on the conductor is 66 x y/2 4- \/3 
= 53*8 kV., so that 

E t =- ^ -— = 23-9 kV. 

r 1-384 ^ 1-910 

and Ei=(l + T j 57 ) 2 3-9 = 41-lkV. 

It should be remembered that in practice the system will be 
three-phase at this voltage, and the r.m.s. neutral to voltage is 
(l/*y/3) times these values. The maximum stress without the 
intersheaths is 

53-8 0 , , 7 

--^— r - = 55*3 kV. per cm., 

1 X logh 2*65 —— ^ ’ 

and the minimum stress is 20*8 kV. per cm. With the intersheaths 
the maximum stress is 

55*3 55*3 oowlXT _ 

J(1 + 1-384 + 1-91) 1-43 “ kV ' per Cm " 

while the minimum stress is 27*9 kV, per cm. Fig. 87 shows the 
stress distribution in both cases. The maximum stress has been 
reduced by the ratio 1 : 1 * 43 . 



120 


ELECTRICAL POWER 


Example. Suppose that in the previous example the intersheaths are 
spaced at equal distances from each other, the conductor and the sheath. 
Find their voltages for the same maximum stresses in the layers, and find 
the maximum stress. 


D = 5*3 cm., d = 2 cm. J(D — d) = 1*1 cm., so that d x = 3*1 and 
d 2 = 4*2. 


S, 


E — E x 
logh 1*55 


2-28(E—E 1 ), 


and 


Simax 1-55 logh (4-2/3-1) 2 ' 12( - E i E t)< 

Ssmax = 2-1 logh (5-3/4-2) = 2 '° 6 ^ 2 ' 


Equating these we get E x — 45-2 kV. and E 2 = 23 0 kV. The 

maximum stress is 47*5 kV. per cm. It is seen that the positions 

and voltages of the intersheaths are not very 
critical. 

The use of intersheaths has not been gen¬ 
eral practice because of the complications 
involved. The sheaths must be supplied with 
the requisite potentials and must carry quite 
large charging currents. Jointing is made 
very difficult. Furthermore when there is a 
breakdown at one place, the stresses between 
the intersheaths containing healthy dielectric 
rise and breakdowns take place at other 
points of the cable, which is probably the 
greatest drawback. 

Capacitance Grading. Suppose that the dielectric consists of two 
layers with a dividing diameter d l9 the dielectric constants being 
e x and eg, as shown in Fig. 88. By Gauss’s theorem the stress in the 
inner layer is 

Si = 2qle 1 x, 



Graded Dielectric 


whilst in the outer layer it is 

S 2 = 2qle^c. 


Then 





1 


| k*f + iiogh£ 


so that 
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The maximum value of S x is 


and 



Example. Suppose that the cable of the last two examples has an inner 
layer 1 cm. thick of rubber of dielectric constant 4*5 and the rest impregnated 
paper of constant 3-6. Find the maximum stress in the rubber and in the 
paper. 


and S 9 


d = 2, d x = 4, D = 5-3, e l = 4-5, e* = 3*6. 

—_ 2 X 66 _ __ 0o j^y TOr cm 

~ 2(logh 2 + 1-25 logh 1 -325) « ‘ ^ * 

2 X 66 


4(0-8 logh 2 + logh 1-325) 


39-5 kV. per cm., 


both to be multiplied by \Z(2/3) of course. 

Thus the maximum stress has been reduced from 67-8 to 63. The 
reduction is hardly worth while, and in practice the only grading 
used is for strength, i.e. a better quality 
paper is put near the conductor than 
near the sheath. 

This method of grading is quite 
practicable. 

Power Factor of Single-core Cable. 

Suppose that the dielectric has a resis¬ 
tivity p which is independent of the 
stress and may be considered as constant 
throughout the cable. Then upon the 
application of an alternating voltage E 
of frequency co/2jr there will be an in- 
phase current of E/R per cm. length, 
where R is given by equation (39). 

The value of p from which G is to be calculated is generally very 
much less than that measured by direct current, and depends 
upon the frequency of the voltage. This is due to the fact that the 
losses with alternating currents are caused mainly by absorption 
phenomena. 

There will be also a charging current coCE, where C is given by 
equation (40), which leads the voltage by a right angle. Fig. 89 
shows the vector diagram for this case. The total current I is the 



Fig. 89 



122 ELECTRICAL POWER 

vector sum of EjR and coCE , and leads the voltage by an angle <f> 
where 

cot (f> = (EJR) -r coCI? = 1/ooCR. 

It is usual to denote the reciprocal of R by 0 , which is the 
conductance of the cable per cm. length, so that 



0 I_I_I_I_I_I_1_I 

0 20 40 60 60 100 120 140 

kVJcm 


Fig. 90. Variation of Power Factor 
with Stress 


The power factor of the cable is given by 


P.F. = 


Watts 

~~eT 


E 2 /R _ E/R 
El ~~ 1 


= COS (f). 



20 40 60 80 


Temperature , °C. 

Fig. 91. Variation of Power Factor 
with Temperature 


In well-made cables <f> is so near to 90° that cos <f> and cot <f> are 
small and very nearly equal to each other and to d, where d is 
(7i/2) — <f> and is in radians. 

We may thus put 


P.F. = <5 = Q/coC 
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The dielectric loss is 

E 2 /R = E 2 G = coCE 2 d .... (45) 

The power factor of impregnated paper varies with the electrical 
stress and the temperature. Fig. 90 shows how the power factor 
rises with the stress. At a stress of 60 kV. per cm. the power factor 
begins to rise, and above this stress it is said that the dielectric is 
ionizing. The term is unfortunate, as it implies that the gaseous 



Fig. 92. Power Factor versus Temperature and Stress 


voids are producing ions by collision and this may not be the case; 
for although ionization by collision will cause a rise of power factor, 
it is not true that a rise of power factor is necessarily caused by this 
phenomenon. The variation of power factor with temperature 
depends upon the paper and oil, and also upon the completeness of 
drying. It was once usual for the power factor-temperature curve 
to have a minimum at about 40° C., as shown in Fig. 91, curve A ; 
this is the V-curve. With better drying and impregnation, the 
power factor-temperature curve is nowadays more like that of 
curve By which is flat up to 50° C. or higher. Fig. 92 shows power 
factor-temperature curves for various stresses on high-grade impreg¬ 
nated paper insulation. The effect of resin is to make the power 
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factor rise steeply at high temperatures, and the tendenoy in high- 
voltage cables is to omit the resin. 

The existence of the V-curve can be explained by the presence 
of moisture or inhomogeneities in the dielectric. Thus if a dielectric 



Fig. 93 

Representations of Imperfect 
Dielectric 


Fig. 94 

Capacitances in Belted - 
type, Three-core Cable 


has a conducting path represented by R in Fig. 93 (a), a capacitance 
path C , and a mixed path R'C\ it can be shown that it is 
represented by the arrangement of Fig. 93 ( b ), where R x and R 2 are 
of the same character as R and R' and C x and C 2 are like C and C", 

i.e. they have the same tem¬ 
perature variations. The 
second arrangement is the 
well-known Maxwell model 
for dielectric absorption and 
will exhibit the V-curve. 

Capacitance of Three-core, 
Belted-type Cable. The three- 
core S.L. and H types are 
Fig - 95 equivalent, as far as capaci¬ 

tance and stress are con¬ 
cerned, to three separate single-core cables. In the belted-type 
cable the conductors have capacitance C c to each other and C t 
to the sheath, so that the system of capacitances is as shown in 
Fig. 94. The capacitances C c form a delta of capacitances and can 
be replaced by a Y of capacitances C x as shown in Fig. 95. For 
this to be so, the capacitances between any two conductors in these 
arrangements must be the same, so that C c + \C c = $C V or C 1 = 3 C c . 
The centre point of the Y is the neutral, and as the sheath 
is at zero potential, we can consider that these capacitanoes 
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act to the sheath, so that the neutral oapaoitanee of eaoh 
conductor is 

O 0 = C t + 3(7 C . 

It is very difficult to calculate the capacitance to neutral from 
the geometry of the table. The following empirical formula gives the 
capacitance with sufficient accuracy for design work. 

C 0 =-=- 7 ———— -^F. per mile (46) 

log [l + ^3 84— l-7oi + 0-52^j] 

where d = conductor diameter, 

T = thickness of conductor insulation, 
and t = thickness of belt insulation. 

The capacitances C c and C 8 are found best by measurement, and 
the neutral capacitance calculated in the following way. Let con¬ 



ductors 2 and 3 be connected to the sheath and the capacitance be 
measured between conductor 1 and the rest. The value is 

£« - C 8 + 2(7 C . 

Next let all the conductors be commoned and the capacitance, C bt 
be measured between them and the sheath. 

C b = 3(7,. 

Then (7, = $(7 b 

and Cc=K7 a -K7>. 

The capacitance to neutral is thus 

= ftf 0 -i(7 b . • • . (47) 

If C h is not known it may be taken as l *8(7 a , so that 

C 0 = l*5(7 a — 0*3(7 a = l*2(7 a 


. ( 48 ) 
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Example. The capacitance of a length of three-phase cable is measured 
and the capacitance between two cores (the third being connected to the 
lead sheath) is found to be 3 pF. Find the charging current per core if the 
cable is connected to an 11 kV., 50 eye., three-phase alternator. Prove each 
step. (Nat. Cert., 1934.) 

The capacitances are as shown in Fig. 96, so that the measured 
capacitance is 

G c +4(0. + c.) = i(3C c + C,), 

which is half the capacitance to neutral. The neutral capacitance 
is therefore 6 juF. and the charging current per core is 

mm 

(oCqE = 2n X 50 X 6 x 10- 6 x (11 000 -4- V 3 ) 

= 11-97 A. 

Stress in a Three-core Cable. Even when the dielectric is homo¬ 
geneous the problem cannot be solved with accuracy, and as the 
dielectric is never homogeneous, because of the fillers, there is no 
point in quoting or working from formulae. There is a rotating 
electric field in the 3-core cable, and the maximum stress occurs at 
the point nearest the centre on the conductor at maximum voltage. 
It is, however, almost certain that this stress is not the determining 
factor in the life of the cable, for it is normal to the paper and is 
more easily borne than the lower stresses which occur in and near 
the fillers and are tangential to the papers. It was found in the 
3-core 33 kV. cables that deterioration began in the fillers and 
wormings, and not at the point of maximum stress on the con¬ 
ductors; the H-type cable was designed to avoid these tangential 
stresses and solved at once the problem of the 3-core 33 kV. cable. 

Inductance o! Cables. The methods of calculating the inductance 
of overhead lines may be applied to underground cables, but the 
results will be in error because of the skin and proximity effects 
and the effect of the sheath. In low voltage cables the conductor 
spacings are small compared with the conductor diameters, so that 
the effects will not be negligible. It is then best to measure the 
inductances, if they are required, as calculation will be very laborious 
and inaccurate. 

In high voltage cables the skin and proximity effects are negligible 
because of the increased thickness of insulation. In such cables 
the separate cores are often sheathed, or surrounded by metallized 
(H) paper which is connected to the sheath. The sheaths have 
mutual inductance to the conductors and influence considerably the 
resistance and inductance of the cores to neutral; tho effects of 
the sheath will now be considered. 

Sheath Effects. The currents induced in the sheaths are of two 
kinds: sheath eddies , whose paths lie in the sheath of a single cable 
and which flow even when the sheaths are isolated from each other, 
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and sheath-circuit eddies , whose paths lie in the sheaths of separate 
cables and flow only when the sheaths are bonded. 

Fig. 97 shows the formation of sheath eddies in the case of two 
single-core cables with separate and insulated lead sheaths. The 



conductor currents I produce a flux downwards through the sheath 
section ABCD. When I and the flux increase there is a sheath 
eddy round ABCD from AtoBtoCtoDtoA. The sheath eddy 
at A' is outwards to B\ along the outside of the sheath into the 
paper and back again inside the sheath to A'. The loss due to sheath 



eddies is a maximum when the cores are as close as possible to one 
another, but in practical cases it is never more than a few per cent 
of the copper losses and can be neglected. A much more important 
effect is the voltage induced in the sheaths by the currents 1. 
Suppose that the sheaths are replaced by thin cylinders of radius \D 
and we consider a circuit ABCD shown in Fig. 98. The flux through 
ABCD is seen to be 

0*4/ logh (dj^D) per cm. length, 
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where d is the oonduotor spacing. The induced e.m.f. is thus 
4a>7 logh (d/^D) x 10 " 9 volts per cm. length. 

This is the e.m.f. along both sheaths and we may consider that 
each sheath has an induced e.m.f. of half this, viz. 

E gh = 2coI logh {d[\D) X 10 - 9 volts per cm. 

= IX m = Ia)M, .(49) 

where M is the mutual inductance between the core and sheath 
and is 

2 logh (d/^D) e.m. units per cm. 

or M = 0*741 log (dfyD) mH. per mile . . (50) 

by equation (18a) in Chapter IV. It is clear from the work in Chapter 
IV and the equation (24) given there that formulae (49) and (50) 
just given hold for a three-phase symmetrical system with spacing d. 

Example. Find the induced sheath voltage per mile of a symmetrical 
three-phase system with conductor spacing 15 cm. and sheath diameters 
5*5 cm. The current is 250 A. 

M = 0*741 log (15/2*75) = 0*545 mH. per mile. 

E Bh = 250 X 2n X 50 X 0*545 X 10’ 3 
= 42*8 V. per mile. 

If the sheaths are bonded at one end, the voltage between them 
at the other is 

\/3 X 42*8 = 74*3 V. per mile. 

Currents in Bonded Sheaths. It is seen from the preceding example 
that large voltages are induced in the sheaths if they are open- 
circuited, and it is very probable that arcing will occur between 
them. It is therefore standard practice to bond the sheaths at both 
ends so as to avoid the high voltages. The impedance of the sheath 
current path is due to the sheath resistance R g and the sheath 
self-inductance, which is equal to M. Thus if the sheaths are 
bonded the sheath current is 

T — 

“ vw + i.r Vw + 1. 1 ) • • ( ' 

The magnitude of the sheath current is independent of the 
distance between the bonds, for I w and R s are both proportional to 
the length. The sheath losses per phase are 

W = PXJRJW + X n >) . . (52) 

so that the effective resistance per phase is the conductor resistance 
plus 


X m *RJW + 


• ( 53 ) 
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The ratio of sheath losses to copper losses is 

PXJR, ^ _ XJR, 

R* + X m * ' 1M ~ R(R* + X m *) 


where R is the resistance of the conductor. With large conductors 
and close spacing this ratio is approximately equal to 

XJRJRR* = XJ/RR,, 


as E a 2 is large compared with 1 
larger, R and E a diminish whilst X 
the ratio increases rapidly. Thus 
6 in., the sheath losses exceed 
the conductor losses for conduc¬ 
tor sections above 0*85 in . 2 

The effect of the sheath on 
the inductance of the cable may 
be found in the following way. 
The conductor has resistance R 
and self-inductance L, where 

L — 2 logh (dir) 


l w 2 . If the conductor is made 
m remains fairly constant, so that 
for 66 kV. cables at a spacing of 



Fig. 99. Electrical Equivalent 
of Sheath Circuit 


from the work in Chapter IV. This inductance is coupled to the 
sheath circuit by a mutual inductance M , where 

iff = 2 logh (djlD). 


The sheath circuit itself has a resistance R a and self-inductance iff, 
so that the cable impedance is represented by the network of Fig. 99. 
By the well-known theorem of the equivalent network of the trans¬ 
former (see page 471) the arrangement can be replaced by that 
shown in Fig. 100 

L — iff = 2 logh (d/r) — logh (d/^D) 

= 2 logh (\Djr) = L c , 


which is the leakage inductance of the core to the sheath. The 
total impedance of the conductor is thus 


R +jojL c + 


R 8 . jcoM 
Rg + jcoM 


= R + jcoL c + 


R t . jcoM (Rg — jcoM) 


— + 


R s 2 + co 2 M 2 


Rg(o 2 M 2 
Rg 2 + co 2 iff 2 


] + >[ 


“ f* + *m*l +jco [ L ° + R,^+Xj\ 


4 + 
4 + 


MR* 


R* + c o*M\ 
MR, 


] 
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The resistance is thus 

R + R,X^!{R? + XJ) . . . . (64) 

which we have already found in equation (63), whilst the induc¬ 
tance is 

4 + MR*I(R* + XJ) = L-M + MR*/(R* + X m *) 

= L-MXJI(R* + X m *) . (56) 
The decrease in inductance due to the sheath is thus 
• MXJKR* + X m »). 

The resistivity of lead is 23*2 x 10 “ 6 ohms per cm. cube at 30° C. 
Given the thickness of the sheath and its diameter, R 8 can be cal¬ 
culated and thence the resistance and inductance of the cable. 

In order to avoid large sheath currents, which lower the current- 
carrying capacity of cables, sheaths are sometimes cross-bonded. 

R L-M 

R a 

Fig. 100. Electrical Equivalent of Sheath Circuit 

The sheath of conductor 1 is connected to that of conductor 2 and 
then to that of conductor 3 at equidistant points, and the induced 
sheath voltage is 

I^coM + ItfoM -f- I z o)M = (I x + / 2 + I 3 )(oJ\I = 0. 

(See Fig. 82.) 

There will be no sheath current and yet the sheath voltage will 
never be greater than IcoM at any point. A combination of cross¬ 
bonding—except at every third joint, which is solidly bonded—and 
of simple reactances reduces sheath losses and voltages and also 
prevents the generation of third harmonic currents. 

Example. Find the resistance, inductance and capacitance per mile of a 
3-core belted-type cable, in which the conductors are circular 37/0 093, con¬ 
ductor insulation is 0-20 in., belt thickness is 0-17 in., and the dielectric 
constant is 3-6. 

From tables it is found that the resistance is 0*09933 £2. per 
1 000 yd. at 60° F. The resistance per mile at 55° C., which is 
taken as a normal working temperature, being 40° C. above the 
average temperature of 15° C., is 

R = 0*09933 X 1*760 X [1 + 0 004 x 39*5] 

= 0*202 Q., 

stranding having been allowed for in the tables. 
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The formula for overhead lines is used in this case foi inductance, 
and no great accuracy can be claimed. 

L = 0*085 + 0*741 log ( d/r) mH. per mile. 

Here r = 0*325 in. and d = 2(0*325 + 0*20) = 1*05 in., so that 

L = 0*085 + 0*741 log (1*05/0*325) = 0*462 mH. per mile. 


The capacitance is given by equation 
c ^ 0*0486 




log 1 + -±- e 1 3-84 - 1-70^ + 0-52^ j] 


(iF. per mile 


where d here is the conductor diameter, not the spacing. 

0 048 X 3-6 


C = 


log 


n+( 

L 0-65 ( 


3-84- 1-70 X 0-85 + 


0-52 X 0-85 2 jJ 


0 048 X 3-6 
log 2*57 


= 0*420 /llF. per mile. 


Example. Find the resistance, inductance and capacitance of a three- 
phase symmetrical arrangement of 66 kV. single-core cables, 61/0-103 (nominal 
0-5 in. 2 ), insulation thickness 0-65 in., sheath thickness 0-15 in., serving thick¬ 
ness 015 in., dielectric constant 3-6 ; the cables are laid touching one another 
and the sheaths are bonded. 


From the tables the resistance is 0-04913 Q. per 1 000 yd. at 60° F., 
so that at 55° C. the resistance per mile per phase is 

R = 0-04913 X 1-760 X [1 + 0-004 x 39-5] 

= 0-1005 a 
0-0388e 


C = 


H F. per mile. 


Here 

and 


log {Did) 

d = 9 X 0-103 = 0-927 in., 

D = 0-927 + 2 X 0-65 = 2-227 in. 


0 = 


0-0388 x 3-6 


= 0-378 /iF. per mile. 


log 2-40 

We will assume a sheath temperature of 30° C. 

23-2 X 10- # X 5 280 X 12 X 2-54 


R,= 


ti[1-263* — 1-113 2 ] X 2-54* 
== 0-516 £i. per mile. 


U. per mile 
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The spacing is 2*227 + 4 x 015 = 2*827 in., so that 
M = 0*741 log. (2*827/1*115) 

= 0*297 mH. per mile 

X m = 2n X 50 X 0*297 x 10 -s = 0*0931 £2. per mile. 


The effective resistance per mile is therefore 

0*516 X 0*0931 2 
0 1005 + 0 . 5162 + 0 . 0931 2 

= 0*1005 + 0*0167 = 0*1172 ohms. 

The sheath loss is 0-0167 ~ 0-1005 = 16-6 per cent of the con¬ 
ductor loss. 



Time to Breakdown (hours) 


Fio. 101. V.T.B. Curves of Well and Badly Impregnated 

Paper 


The inductance is 

L € + MR*I(R* + XJ) = L- MXJKR* + XJ) 

= L — 0-031if 

~ L = 0-741 log 2-827/0-463 = 0-583 mH. per mile. 

Actually the inductance is slightly lower by 0-0092 mH. due to 
the sheath bonding, so that it is 0-574 mH. per mile. 

Breakdown Voltage and Mechanism of Breakdown. The voltage 
required to break down a certain insulation depends upon many 
factors such as time of application, shape of electrodes, temperature, 
pressure, the presence of moisture or gaseous spaces. The dependence 
of the voltage on time is very important, and tests are made to 
determine the curve relating the voltage and time of application; 
such a curve is called a V.T.B. curve, i.e. voltage-time-breakdown 
curve. Fig. 101, curve A, shows the V.T.B. curve of 1 mm. thickness 
of very well impregnated paper. The short-time breakdown voltage 
is about 45 kV. (stress 45 kV. per mm.), but the breakdown voltage 
reaches a steady value of 32 kV. in about 5 hours. If a voltage of 
31*5 kV. is applied the insulation never breaks down. It is of the 
greatest advantage if the asymptotic value (i.e. final value) is 
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reached in a short time, for then decisive tests may be short; 
presumably also the cable is stable and likely to give long service. 
Curve B shows the V.T.B. curve of badly impregnated paper which 
contains air spaces. The short-time breakdown voltage is not much 
less than for the good dielectric, but the asymptotic value is much 
lower and is not reached even in 100 hours. With slow deterioration 
of this kind it is difficult to say what voltage the dielectric can 
maintain indefinitely. 

Moisture has the same effect as gaseous voids on the V.T.B. curve. 

A carefully impregnated cable will initially contain no voids and 
so it will have a V.T.B. curve like curve A. When, however, this 
cable is subjected to fluctuating loads, the heating causes the oil 
to expand and the sheath is stretched; when the cable cools, the 
sheath does not recover and small voids are formed by cavitation. 
After a number of fluctuations the voids may be such that the 
V.T.B. curve is like curve B , and eventual failure will occur if the 
applied voltage is greater than the new asymptotic value. In order 
to ascertain whether the cable V.T.B. curve is stable, the cable is 
subjected to the working voltage or a higher voltage whilst the 
cable is alternately heated and allowed to cool. Such a test is called 
a stability test and is applied to all types of high voltage cables. 

The formation of voids is accompanied by ionization by collision 
and a rise of the power factor of the cable. 

The voids are eliminated in the oil-filled and pressure cables, 
whilst the gas cable prevents ionization by the application of 
hydrostatic pressure. All these cables have good V.T.B. curves. 

There are two ways in which breakdown of cables usually occurs. 
One way is by a progressive coring and tracking, which always starts 
from the conductor or sheath, and ultimately bridges the electrodes. 
Another way is by thermal instability; this occurs when the power 
factor increases so rapidly with rise of temperature, that a small 
rise of temperature increases the dielectric losses by a greater amount 
than can be conducted away. This method will be considered later 
in detail. A marked difference between the methods of breakdown 
is that coring, once it commences, will continue until the cable 
breaks down, although the time may be considerable for the com¬ 
plete action. In thermal instability, however, no damage is done 
until just before breakdown, so that if the load is released before 
breakdown the cable will not have suffered any permanent change. 
A very common occurrence is for coring to start and then introduce 
thermal instability at the centre of coring. 

Thermal Characteristics of Cables. Maximum Current Capacity. 
There are several reasons why cables should not be run too hot; 
differential expansion may create voids with resulting ionization; 
the expansion of the oil may burst the sheath; the oil may lose its 
viscosity and drain away from higher levels; thermal instability 
may arise due to the rapid increase of dielectrio losses with 
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temperature. The last phenomenon is not likely to occur in cables 
up to 33 kV., but it is being reached in cables above 66 kV. The 
calculation is difficult and will not be given. 

In order not to incur the other harmful effects, a maximum 
conductor temperature of 65° C. has been adopted for cables impreg¬ 
nated with viscous oils in this country. The maximum current that 
a cable can carry with a conductor temperature of 65° C. is found 
in the following way. 

Assume that the dielectric and sheath losses are negligible com¬ 
pared with the conductor losses, which are given by nRP , where R 
is the conductor resistance at 65° C., and n the number of phases. 
Let 8 be the thermal resistance of the cable, i.e. between the com¬ 
bined conductors and sheath, and 0 the thermal resistance from 
sheath to earth surface. The heat has to pass through the two 
thermal paths in series, so that the temperature difference between 
the conductors and ground is 

nRP{S + (?) = 65 - 0, . . . (56) 


where 0 is the ambient ground temperature. We may take 0 = 18, 
so that 


nRP(S + G) = 43, 

giving I = yT43/w J R(/S f + G)] . . (57) 


If the dielectric and sheath losses are not negligible, we can 
replace equation (56) by 

65-6 = nRP{8 + G) + W(S + G) + R 0 I 2 G> 


where W is the dielectric losses and is conservatively taken as 
occurring all at the conductor, and R 0 is an equivalent resistance 
due to sheath losses. Then the current capacity is 


I = 



65 - 6 - W(S + G) 
nR(S + G) + R 0 G 




. (58) 


Thermal Resistance. The unit is the thermal ohm and is that 
thermal resistance which requires a temperature difference of 1°C. 
to produce a heat flow of one watt (i.e. one joule per second). If 
the thermal resistivity of a cable dielectric is K , the thermal resistance 
of a single-core cable is 

S l = (Kj2 ti) logh (D/d) thermal ohms per cm. length of cable (59) 

K is taken as 750 for cables up to and including 2 200 volts, and 
550 for cables above 2 200 volts. 

The thermal resistance of a 3-core belted-type cable is given by 
the empirical formula 


S ‘-r (°' 86 + t) (‘-IS- t) 1 (e0) 
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The thermal resistance of the ground is 

G = (g'l27t) logh (2klR 9 ), .... (61) 

where g ' is the resistivity, h the depth of the cable below ground, 
and R 2 the overall radius of the cable. It is found that the thermal 
resistivity g as measured in the laboratory is too great for use in 
the above formula by about 50 per cent, so that g' = §<? and the 
thermal resistance is given by 

G = (lg!2n) logh (2 h/R 2 ) = {gfin) logh (2 h/R 2 ) . (62) 

In practice g varies from 120 to 800 or 1 000 depending on the 
soil and its moistness. 


Example. Find the maximum current that a 3-core, 11 kV., 0*25 in.* cable 
can carry; t = 0 06 in., T = 0*16 in., d — 0-65 in., K = 650, buried 3 ft. 
deep, g = 180, ambient temperature 15° C. 


0-85 + 


. . r, .0-42/.,. 0066V 

logh |^1 + 0 . 65 (4-15 0 . 15 


= 33*2 thermal ohms per cm. 

The lead sheath has a very small thermal resistance, but there is 
a serving of thickness 0-31 in. of K = 300. This has a thermal 
resistance of 

S 2 = (300/2ti) logh (1-54/1*22) = 11 thermal ohms, 

as the external radius of the lead sheath is 1-22 in., and that of the 
serving is 1-54 in. The ground resistance is 


2 X 36 


= 73-4 thermal ohms. 


S + G = S l + S 2 + G = 117-6. 

From tables, allowing for coring and stranding and temperature 
rise, R = 1*33 X 10~ 6 £I. per cm. 

/ 65-15 

*“ V 3 X 1 33 X 10 -6 X 117-6 
= 326 A. 


EXAMPLES V 

1. The insulation resistance of a mile of cable having a conductor diameter 

v.* 1*5 cm. and an insulation thickness of 1-6 cm. is 600 Mfl. What would be 
the insulation resistance if the thickness of insulation were increased to 
2-5 cm.? Prove any formula used. ( Lond . Univ ., 1930.) 

2. A voltmeter with a resistance of 4 000 (I. reads 80 V. when connected 

between the positive terminal of a direct current 200-V. supply and earth, 
and 40 V. when connected between the negative terminal and earth. What is 
the insulation resistance of each main to earth ? {Lond. Univ. f 1930.) 
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3. What is meant by “Dielectric constant”? Find the capacitance in fi F. 

per mile of a single-core cable with conductor diameter 0*5 cm. and inner 
diameter of sheath 2-0 cm., when the dielectric constant of the insulation is 
3*2. Prove any formula used. ( Lond. Univ., 1930.) 

4. Explain briefly the principle of a condenser-type bushing. 

A condenser bushing has an axial length of 30 cm., and the central conductor 
has a diameter of 2 cm. The outer earthed ring has an effective axial length 
of 6 cm., and a diameter of 10 cm. Two concentric cylindrical foils are inter¬ 
leaved with the insulation. Determine approximately (i.e. neglecting “end 
effects”) a suitable diameter and length for each foil. (Lond. Univ., 1948.) 

6. Describe the mechanism of breakdown of a specimen of insulation due to 
electric stress. Discuss with the aid of voltage-time curves the effect of the 
duration of application on the behaviour of the specimen. 

Describe with the aid of sketches and circuit diagrams the form and principle 
of operation of an equipment suitable for generating impulse voltages. 

(Lond. Univ. f 1953.) 

6. A concentric cable has a conductor diameter of 1 cm. and an insula¬ 

tion thickness of 1*5 cm. Find the maximum field strength when the 
cable is subjected to a test pressure of 33 kV. (Lond. XJniv., 1931.) 

7. A voltmeter with a resistance of 10 000 fi. indicates 25 V. when connected 
between the positive main of a 2-wire distributor and earth, and 15 V. when 
connected between the negative main and earth. The voltage between the 
mains is 230 V. Find the insulation resistance of each main. 

(Lond. Univ., 1932.) 

8. A 66-kV., single-core, lead-covered cable laid 3 ft. below ground-level 
has the following dimensions—Conductor, 37/0*093 in.; dielectric thickness, 
0*65 in.; lead sheath thickness, 0*15 in.; serving thickness, 0*15 in. 

Calculate the current the cable can carry continuously if the thermal 
resistivity in ° C. per watt per cm. cube of the dielectric is 550, of the outer 
covering 300, and of the earth 160. The maximum temperature rise is not to 
exceed 50° C. above an air temperature of 15° C., and the specific resistance 
of the conductor is 0*8 microhm per in. cube. (Lond. Univ., 1947.) 

9. Explain the meaning of the terms ionization, power factor and stability 
used in connection with cables. 

Show why the ordinary belted construction is not satisfactory for 3-core 
cables above 11 kV. 

State the fundamental principles underlying the design and construction 
of high-voltage cables. (Lond. Univ., 1949.) 

10. Show on a diagram the effective capacitance relations of a belted cable 
having three symmetrical cores and an earthed sheath, and demonstrate that 
all necessary values may be obtained from two measurements. 

A length of 1 000 ft. of such a cable takes a sinusoidal charging current of 
0*36 A. from a 33-kV., 3-phase source at 50 c/s, and has a short-circuit imped¬ 
ance per core of 0*030 + j 0*032 Q, at that frequency. Determine approxi¬ 
mately the length of cable which would exhibit resonance with a superimposed 
17th harmonic. (Lond. Univ., 1954.) 

11. Deduce an expression for the insulation resistance of a single-core cable 
in terms of the radii bounding the dielectric. 

A single-core cable has a conductor of diameter 1*84 cm. and a dielectric 
of thickness 3*16 cm. Determine the resistivity of the dielectric, if the insula¬ 
tion resistance of 1 mile of the cable is 100 000 ft. (Lond. Univ., 1949.) 

12. The inner diameter of the lead sheath of a single-core cable is 3*5 in., 
and the cable is to be used on a 3-phase, 66-kV. circuit. The permittivity of 
the dielectric is 4. 

Develop an expression for the voltage gradient at the surface of the con¬ 
ductor and determine what value of conductor diameter will make this a 
minimum. Using this diameter, determine the maximum voltage gradient 
and the capacitance per mile. (Lond. Univ., 1949.) 



CHAPTER VI 

TRANSMISSION CALCULATIONS 

Short Lines. The effect of capacitance can be neglected in short 
lines; in overhead lines a length of 30 or 40 miles is short, but in 
cables the distance is considerably less before capacitance has an 
appreciable effect. 

A single-phase line can then be represented by its resistance R 
and loop inductance L t where 

L = [0-161 + 1*482 log (Z>/r) ] mH. per mile. 

In cables the sheath currents increase the effective resistance of 
the line, although the inductance is not much affected. The effective 
values of R and L can be calculated in the way developed in 
Chapter V. 

A three-phase line can be represented by an impedance in each 
line, composed of the resistance and the inductance to neutral; the 
latter is 

[0-080 + 0-741 log (D/r)] mH. per mile 

for a line with symmetrical spacing. If the line is not symmetrically 
spaced, a simple treatment is possible only when the loads are 
balanced, and then \Z(D 1 D 2 D z ) replaces D. The problem of an 
unsymmetrically spaced line 
with unbalanced loads is 
best solved by the method 
of symmetrical components. 

The effects of generators 
and transformers can be 
represented by adding to 
the series line impedance the 
synchronous impedance of 
the generators and the series 
impedance (r + jx) of the transformers. 

In all cases the electrical condition is represented by the circuit 
of Fig. 102, where R + jX is the sum of the generator, transformer, 
and line impedances. Fig. 102 represents a single-phase line if 
R and X are the resistance and reactance of the loop circuit. It 
represents a three-phase system if R and X are the resistance and 
reactance to the neutral, I is the current in one conductor, E r is 
the receiving-end voltage to neutral, and the load is that in one 
phase; the voltage drop found in this way is the drop between a 
phase and the neutral. Fig. 103 shows the vector diagram of the 
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Fig. 102. Electrical Equivalent 
or Short Line 
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current and voltages. The vector for I is drawn horizontally. If 
the received load is P at a power factor cos <f> r and voltage E rt the 
wattful component of the voltage is Pjl and is equal to E r cos <f> r . 
This is represented by OA. Then the line OB represents E r , where 
/_OAB = 90° and /_AOB = <f> r . The voltage drop is IR hori¬ 
zontally and IX vertically, so that the sending-end voltage E 8 = OC 
and the sending-end power factor is cos <f > 8 where /_AOC — <£,. 
The power at the sending-end is P + PR. We see that 


and 


OD = E s cos <j > 8 = E r cos cf> r + IR ) 
CD = E 8 sin = E r sin <j> r + IX. j 



(63) 


Fig. 103. Vector Diagram for Short Line 


These give 

E 8 = y/\(E r cos </> r + IR ) 2 + (E r sin <f> r + IX) 2 ] 

= -E r \/[(cos rf>r + IR/E r ) 2 + (sin (f>r + IX/E r ) 2 ] 

I 2 (R 2 + X 2 ) 


-■A 


TP T X 

1 + 2 cos <f> r + 2-^- sin </> r 


+ 


E 2 


]• 


and 


tan (f> 8 — 


sin <f> r -f- IX/E f 
cos (f> r + IR/E r ’ 


(64) 

(65) 


Regulation. The regulation is defined as the percentage rise in 
voltage at the receiving-end when full load is thrown off, the 
sending-end voltage being unaltered. It is therefore 

[(E 8 — E r )/E r ] X 100 per cent. 

In equation (64), the last term is usually negligible, so that 

„ „ If. t 2IR , , 2 IX .. \ 

E, = E r/S jyl + -g- COS (j} r + -jr- sm <f> r J 

„/, , IR , , IX . . \ 

?= + jj" COS <f>r + -Jf 81n tr)’ 

giving E t — E r — IR cos <f> r + IX sin 4> r 


( 66 ) 
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and the percentage regulation 

_ IR cos <f) r + IX sin <f> r 
~ % 


/ 


X 100 per cent 
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This can be seen from the vector diagram, in which LM = IR cos <f> r 
and MC = IX sin <f> r approximately. 

The regulation depends greatly upon the power factor of the load. 
Thus for unity power factor the regulation is IR ; for zero power 
factor IX ; for 0-8 power factor lagging it is 0-SIR + 0-61X, whilst 
for 0-8 power factor leading it is 0-SIR — 0*6 IX. In the latter case 
it is quite likely that the received voltage is greater than the sending 
voltage. 

The regulation may be expressed in the more convenient form 
IR cos </> r + IX sin cf> r 
= IZ [(R/Z) cos <f) r + (X/Z) sin <f> r ] 

= IZ cos (<f) r — ip)y 

where Z = \/(R 2 + X 2 ) and tan \p = X/R 



y> is the line impedance angle. 

The regulation is zero when </> r — y) — — (nf 2), and then cos <f> r = 
sin y> = X/Z. If R -f jX is the impedance of a line, generator, or 
transformer, \p is positive since X is positive. It is then necessary 
that <}> r be negative for zero regulation. If it is the impedance of 
a synchronous condenser, y> may be negative, so that cf> r may be 
positive for zero regulation. The formula just given, viz. (f> r = rp — 
(ji/ 2), for zero regulation is approximate, since we have neglected 
the last term in equation (64) and have made an approximation in 
taking the square root. The exact relation is found in the following 
way. Let E 9 == E r . Equation (64) then becomes 

E r 2 = (E r cos 6 r + IR) 2 + ( E r sin <£ r + IX) 2 

— E 2 + 2IE r (R cos <f) r + X sin </> r ) + I 2 (R 2 + X 2 ), 
so that jR cos <f> r + X sin <f) r = — IZ 2 j2E r . . (69) 

or cos (4 > r — y)) = — IZ/2E r , 

so that <f> r = y) — n/2 — sin ~ 1 (/Z/2X f ). . . . (69a) 

The regulation is negative, i.e. the receiving-end voltage is greater 
than the sending voltage, if <f> r is negative and numerically greater 
than the value given in this equation. 

Example. A three-phase transmission line has a resistance per phase of 
5 f2. and an inductive reactance per phase of 12 Cl., and the line voltage at the 
receiving-end is 33 kV. 
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(a) Determine the voltage at the sending-end when the load at the receiving- 
end is 20 000 kVA. at 0*8 power factor (lagging). 

(b) The voltage at the sending-end is maintained constant at 30 kV. by 

means of a synchronous phase modifier at the receiving-end, which has the 
same rating at zero load at the receiving-end as for the full load of 16 000 kW. 
Determine the power factor of the full-load output and the rating of the 
synchronous phase modifier. ( Loud . Univ., 1947.) 


(а) The VA. per phase is (20 000/3) kVA., the receiving voltage 
per phase is E r = 33kV./\/3 = 19 05 kV., so that I = (20 000/3) 
-f- 19-05 = 350 A. Also cos <f> r = 0-8 and sin cf> r — 0-6, so that 

E s = E r -f- 1R cos (f) r -J- IX sin </> r = (19*05 -j- 1*4 -j - 2*4) kV. 

= 22*85 kV., 

which corresponds to a phase-to-phase voltage of 39*6 kV. 

(б) Here E r = 19*05 kV. and E s = (36/ -y/3) = 20*8 kV. Let the 
synchronous phase modifier have a phase current / 0 , which is in 
quadrature with E r . Then at zero load, E & — E r + I 0 X, so that 
/ 0 = 150 A.: this current lags E r by 90°. The rating is 3 X 150 
X 19-05 kVA. == 8 600 kVA. 

If the load has an in-phase current /, and quadrature current I 2 , 
the sending-end voltage is given by 

E s = E r + I X R + I 2 X + I 0 X. 

If E s and E r are fixed at the values given above, it follows that 
I X R + I 2 X = 0, i.e. I 2 /Ii = <f> r = — R/X — — 5/12, cj) r — 
— 22° 36', so that the power factor is 0-923 leading. 

The effect of transformers is allowed for in the way shown in the 
next example. 

Example. A three-phase load of 2 000 kYA., 0-8 power factor, is supplied 
at 6-6 kV., 50 eye., by means of a 33 kV. transmission line 20 miles long and 
a 5 : 1 transformer. The resistance per mile of each conductor is 0*40 D. 
and reactance 0-5 Q. The resistance and reactance of the transformer primary 
are 7*5 Q. and 13-2 Cl., whilst the resistance of the secondary is0-35 and 
reactance 0-65 Q. Find the voltage necessary at the sending-end of the trans¬ 
mission line when 6-6 kV. is maintained at the load and find the sending-end 
power factor. Determine also the efficiency of the transmission. 

(Nat. Cert., 1935.) 

The system is represented in Fig. 104. The resistance and reac¬ 
tance of the high voltage line are 8 £2. and 10 £2. per phase; to 
these we add the primary impedance of the transformer, giving 
(15*5 + ,7*23*2) £2. in the high-tension side. This impedance can be 
transferred to the lower voltage side, giving 

(15*5 + j23*2) ~ 5 2 = 0*62 + j0*928. 
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We add to this the impedance of the secondary, so that the total 
impedance transferred to the low voltage side is 

(0-02 + ;0*928) + (0*35 + j0*65) = 0*97 + jl-578. 

The receiving-end voltage is 6-6 kV. between phases, or 6*6 -f- y/Z 
= 3-81 kV. from phase to neutral. The load is 667 kVA. per phase, 
so that the line current is 

I = 667/3*81 = 175 A. 

The regulation per phase is 

IR cos (f> r + IX sin <f> r 
= 175(0*97 X 0*8 + 1*578 X 0*6) 

= 302 V. 


The sending-end voltage (phase-to-neutral referred to the lower 



33kV Line 
20 miles 



Fig. 104 


voltage side) is thus 3 810 + 302 = 4 112 V. The sending-end 
voltage (between phases referred to the higher voltage side) is thus 

4 112 X y/Z X 5 = 35*6 kV. 


The sending-end power factor is cos <f> 8) where 


tan c/> 9 = 


sin <f> r + IX/E r 
cos 4> r + IR/E r 


0*6 + 
0*8 + 


175 X 1*578 
3 810 

175 X 0*97 
3 810 


0*672 

0*844 


= 0*796. 


This gives <f> 8 = 38° 31' and cos <f> 8 = 0*782. 
The loss per phase is 

I 2 R = 175 2 X 0*97 = 29*7 kW., 


whilst the received power per phase is 

$ X 2 000 X 0*8 kW. = 533*3 kW. 
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The efficiency is thus 


533-3 

533-3 + 29-7 X 


100 = 94-7%. 


Line and Machine Charts. In Fig. 103 the current was taken as 
the reference vector, but in Fig. 105 the receiving-end voltage is the 
reference vector. Let the current I be resolved into the power 
component I w and the wattless component I q . Let OA = E r> 
AB = I^R, BC = I w X f CD = I fJ X , and DE — I g R. The sending- 



Fio. 105. Vector Diagram for Short Line 


end voltage is OE — E $ and makes an angle <f> t with the current 
vector I ; the angle AOE is (</> s — <f> r ). 

The component of E 8 along E r is 

E t C08 ((f) 8 — <f> r ) = E r + IwR + I Q X 

= E r + IR cos (f> T + IX sin <f> r . 

The component at right angles to E r is 
E 9 sin (<f> 8 — <f> r ) = I W X — I q R 

= IX cos (f> r — IR sin <j > r . 

Thus 

E a == \/[(E r + IR cos (f> r + IX sin <f> T ) % + (IX cos cf> r — IR sin <£ f ) 2 ] 
^ E r + 71? cos <f> r + IX sin cf> rt . . (70) 

since.the second term is usually small compared with the first and 
is in quadrature with it. We have thus found the value of the 
regulation very quickly, but it is not easy to find the sending end 
power factor by this method. 

It is seen that the power component of the current causes a 
voltage-drop along AC y whilst the wattless component causes a drop 
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along CE which is at right angles to AC. We can u£e these facts 
as a basis for constructing a line (or machine) chart to determine 
the sending-end voltage for a given receiving-end voltage and 
various received loads and power factors. We take E r as unity and 
draw circles with 0 as centre and radii 0*90, 1*00, 1*10, 1*20, etc. 
We draw rectangular axes AC and AF, where /JCAB = xp = tan -1 
(XIR). The axis AC represents power; as unit distance represents 
a voltage of E ri it represents a power component of current equal 
to (E r fZ) or a power ( E r 2 /Z ) watts per phase, or (3 E r 2 /Z) watts 
total power. The axis AF represents VAR. and has the same scale. 
In practice it is more convenient to take AF and AC along the 
straight edges of the lined paper and draw OA to make an angle y> 
with AC. The following example shows the construction and use 
of such a chart. 

Example. Power is to be transmitted over a short single-phase line, the out¬ 
put being at varying power factors and the voltage at the output end being 
10 kV. The resistance and reactance of the line are 16 and 30 9. respectively. 
Construct a chart which enables the generator voltage to be determined 
readily for any load up to 1 000 kW. at any power factor. Determine from 
the chart the values of the generator voltage at 500 and 1 000 kW. when the 
power factors are 0-9, 0*7 and 0*5, leading and lagging respectively. 

(Lond. Univ 1931.) 

Here xp = tan - 1 (30/16) = 61° 56' and Z = yW + 30 2 ) = 34*0. 

Let E r = 10 kV. be represented by x cm.; then x cm. will repre¬ 
sent a power of 

(10 000 2 /34) W. = (100 000/34) kW. 

The maximum power of 1 000 kW. is represented by a length 

(1 000 H- X x cm. = 0-34x cm. 

Before choosing a value of x it is necessary to find the maximum 
kVAR. involved. As 

El 00 s (f) = W and El sin (f> = VAR., 

it follows that 

VAR. = W tan <f>, 
so that the maximum VAR. is 

1 000 X tan (cos “*041) kVA. = 1 730 kVA. 

We will choose a length of 5 cm. to represent 2 000 kW. (or kVA.), 
giving 

2 x 0*34 X x = 5 cm., i.e. x — 5/0*68 = 7*36 cm. 

The chart is shown in Fig. 106, and the following table gives the 
various quantities of importance. 
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Power 

Power 

Factor 

tan 4 

kVAR. 

Generator 

Voltage 

500 kW. 

0*9 lagging 

0*484 

242 kVA. 

11-5 kV. 

♦♦ 

0*9 leading 

- 0*484 

- 242 „ 

10*3 „ 

»> 

0*7 lagging 

1*02 

5X0 „ 

12*4 „ 

»» 

0*7 leading 

- 1*02 

- 510 „ 

9*6 „ 


0*5 lagging 

1*73 

865 „ 

13*4 „ 

»» 

0*5 leading 

- 1*73 

- 865 „ 

8*7 „ 

1 000 kW. 

0*9 lagging 

0*484 

484 „ 

13*3 „ 


0*9 leading 

- 0*484 

- 484 „ 

10*8 „ 

>» 

0*7 lagging 

1*02 

1 020 „ 

14*6 „ 

it 

0*7 leading 

- 1*02 

- 1 020 „ 

9*7 „ 

»> 

0*6 lagging 

1*73 

1 730 „ 

16*8 „ 

»» 

0*5 leading 

- 1*73 

- 1 730 „ 

8*6 „ 


Let us check the sending-end voltage for 1 000 kW. and 0*5 power 
factor leading and lagging by means of the exact formula of 
equation (70). 



E 8 — \/[(E r + IR cos (f> r + IX sin <f> r ) 2 
+ (IX cos (f) r — IR sin (f > r ) 2 ]. 

We have W = E r I cos <f > r , 

so that I = W{E r cos <j> r = 1 000/(10 X 0*5) = 200 A 

cos <f> r = 0*5, sin </> r = 0-866, 

IR cos <f) r = 1 600, IX sin </> r = 5 200, 

/i2 sin <f> r = 2 780, /X cos <f> r = 3 000. 
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Thus for lagging power factor 

E a = V(16 800 2 + 220 2 ) = 16-8 kV., 
whilst for leading power factor 

E t = V(6 400 2 + 5 780 2 ) = 8-62 kV. 

The results agree perfectly with those obtained from the chart, 
rather better than one would expect. We may note that the 
approximate formula 

E 9 = E r + IR cos <f> r + IX sin <f> r 

gives values of 16*8 kV. and 6*4 kV. It can be seen that the approxi¬ 
mate formula will be substantially correct for lagging power factor, 
but gives values which are very low for leading power factor. 

Maximum Power with a Given Regulation. The maximum power 
that can be transmitted with a given regulation is easily found from 
the line chart. Thus if the receiving- and sending-end voltages in 
the previous example are to be 10 kV., the maximum power is found 
by continuing the circle for 10 kV. until it shows a maximum kW. 
Thus in Fig. 106 the maximum power is 1 560 kW., when the 
reactive power is — 2 600 kVA. and the power factor is 0*515 leading. 

For different sending- and receiving-end voltages, the appropriate 
circle for sending-end voltage is taken. The algebraic method is as 
follows. Equation (64) gives 

E 2 = E r 2 + 2 IE r (R cos (f> r + X sin <f> r ) + I 2 (R 2 + X 2 ). 

The received power is 

P = E^ COS (f) r 

and the received reactive voltamps 

Q = E^ sin </> r , 

so that the equation may be written 
- E 2 + E 2 + 2 PR + 2 QX 

+ (P 2 + Q 2 ) (R 2 + X 2 )IE 2 = 0 . . (70a) 

For a given line, i.e. given values of R and X, and for given 
receiving- and sending-end voltages, this equation gives a relation 
between P and Q. If we vary Q we vary P, so that we consider that 
this equation gives P as an implicit function of Q . We find the 
maximum value of P by differentiating this equation with respect 
to Q and putting ( dP/dQ) = 0. We thus get the condition for a 
maximum value of P as 

2X + 2 Q(R 2 + X 2 )IE 2 = 0, 

Q = -E 2 X/(R 2 + X*): 


or 
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i.e. for maximum P the value of Q is a constant negative value. 
The truth of this is obvious from the line chart of Fig. 106, in which 
it is seen that the tops of the circles occur at the value of 

Q = - 2 600 kVA. 

This value is 


(10 000) 2 x 30 
(16 2 + 30 2 ) 


3 x 10® 

1 156 


= - 2 598 kVA. 


The maximum value of P is found by substituting this value of 
Q in the equation (70a), which then becomes 

P*IZ^IE 2 ) + 2 PR + E 2 - E 2 - 2E r 2 (X 2 IZ 2 ) 

+ (. E*X 2 IZ*) (Z 2 IE 2 ) = 0 
or P 2 (Z 2 /E r 2 ) + 2 PR + E r \R 2 \Z 2 ) - E 2 = 0. 

We find 


P max = (E r 2 IZ 2 ) i-R± V(R 2 ~ R 2 + E, 2 Z 2 IE 2 )] 

= (E 2 IZ 2 ) [Z(EJE r ) - R], 

since the positive sign of the square root must be taken. 

Thus if we take E 8 = 11 kV. and E r = 10 kV. in the previous 
example, we find 

P max = (10 8 /1 156) [34 x M - 16] 

= 1 850 kW., 


which is seen to be the value given by the line chart. 

In the particular, when E a = E ri the value of Q for maximum 
power is the same and 

P max ~ (E 2 /Z 2 ) (Z-R). 

For the example of the chart this value is 

(lO 8 /! 156) (34 - 16) = 1 556 kW., 

which again agrees with the value given by the chart. 

If the reactance of the line can be varied, P max will vary, and will 
have a final maximum when ( dP max ldX) = 0. As 

P max = (E 2 IZ 2 ) [Z(EJE r )-R] 

= (E T EJZ)-E r 2 (RIZ 2 ) 

= EjEJ-s/(R 2 + X 2 ) - E 2 R/(R 2 + X 2 ), 

the condition is 

E^.XKR 2 + A 2 ) j = 2 E 2 RX/(R 2 + X 2 ) 2 , 

which yields 

X = 0 

or (R 2 + X 2 )i = 2 R(E r IE,), i.e. X = R^[(4E r 2 /E 2 ) - 1 ]. 
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The value of P max is then 

Pmax = E t Z l4:R. 

For the particular case when E t = E r , the value of X is Py'3 
and P maaj is E r 2 /4R. 

Mixed Conditions. Suppose the sending-end voltage and the 
receiving-end power and power factor are given. It is required to 
find the receiving-end voltage and the sending-end power and power 
factor. We are given 

E r I cos <f> r = P, the received power, 
and E r I sin <f> r = Q , the VAR. 

We have 

E 2 = E r 2 + 2 E r I(R cos <f) r + X sin <£ f ) + I 2 (R 2 + X 2 ), 
or E 2 = E 2 + 2(PR + QX) + (R 2 + X 2 )P 2 /P r 2 cos 2 <f> r . 

This gives 

P r 4 - AE 2 + B = 0, 

where A — E 2 — 2(PR + QX) 

and B = (R 2 -f~ X 2 )P 2 /cos 2 <f> r . 

Then E r = VtM ± - 4P)]. 

The usual value is that with the positive sign. The remaining 
quantities can then be found. 



Fia. 107. Medium Line, Localized Load-end Capacitance 


Medium Lines. In overhead lines more than 50 miles long the 
charging currents cannot be neglected. If the line is less than 
150 miles long, the line capacitance may be assumed as existing at 
one or more points, the more the points the closer the approximation. 
A first approximation is obtained by assuming that the line capaci¬ 
tance can be put across the load, as shown in Fig. 107. Putting 
R -f jX = Z and ¥ = jcoC, wo obtain 

E s = ZI t + E r and /, — I r = E r 7, 
giving E, = £V(1 + YZ) + I T Z 

and I, = E r Y + L- 

The vector diagram is shown in Fig. 108. 

If we are given the receiving-end conditions, these equations give 
the sending-end conditions at once. 
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Example. A transmission line 100 miles long has the following constants — 
Resistance per mile .... 0*25 ft. 

Reactance per mile . . . 0*8 ft. 

Susceptance per mile . . . . 14 X 10“"•mho. 

Receiving-end line voltage . . . 66 000 V. 

Using a suitable approximate method, taking the susceptance into account, 
determine the sending-end voltage and the sending-end current when the 
line is delivering 15 000 kW. at 0*8 power factor lagging. 

(Lond. Univ. t 1932.) 

The system is clearly three-phase. Much needless arithmetic is 
avoided by the use of the following theorem. A three-phase system 
of voltage between lines F, total power P, and impedance per line Z, 
has the same regulation and efficiency as a single-phase system of 
voltage V, power P, and loop impedance Z. 

For in the three-phase system the voltage to neutral is F/\/3, 
the power per phase is P/3, and thus the line current is (\P ~ 
F/\/3) = (P/F) -f- \/3. The line equations are of the form EJ\/3 = 
(A E r /V 3) + BI r = AEJVZ + (PP f /F r V3) or E a =AE r +BP r /V r> 
which is the line equation for a single-phase system with loop 
constants A and B. The only difference is that the line currents are 
the values for the single-phase circuit divided by \/3. 



Fig. 108. Vector Diagram for Fig. 107 


Let us assume that the susceptance may be concentrated at the 
load. Then 

Z = 25 + j80 and Y = j0-0014, 
giving E B = E r ( 1 + j0-035 — 0-112) + I r (25 + jSO) 

= E r ( 0-888 + j0-035) + I r ( 25 + j80) 
and J, = P f (j0-0014) + 7 r . 

Let us take E r as the basic vector, so that it is a real number 
66 000. The power component of the received current is in phase 
with E r and is 15 000/66 = 227 A.; the wattless component is 
227 tan <f> = 227 X f = 170 A. The current is thus 
I T = 227 -jl70 = 284 |3^52' 
since the power factor is lagging. 



TRANSMISSION CALCULATIONS 


149 


We have 

E, = 66 000 (0-888 + j0 035) + (227-jl70) (25 + j80) 

= 68 600 + j2300 + 19 270 + jl3 900 
= 77 900 + J16 200 = 79 5001 11°44' 

I, = 66 000 (jO-0014) + 227-jl70 
= 227 - j78 = 240 |l8°57'. 

The vector power at the sending-end is 

E 8 X conjugate of I 8 
= 79 500 | 11°44 / x 240 [ 18° 57 ; 

= 19 100 000 | 30°4r 
= 16 400 kW. + j9 750 kVAR. 

The sending-end voltage is 79-5 kV., current 138 A. (against the 

load current of 164 A.), power 16 400 kW., and power factor 0-86 
lagging. 



Fig. 109. Medium Line, Nominal II -Method 


If we ignore the line capacitance, the equations for the sending-end 
voltage and current are 


and 

giving 


E t = E r + I r Z) 

I» — I r ) ' ‘ * ' 

E, = 85 300 + jl3 900 = 86 400 [9° 15°, 
I. = 284 |36° 52', 


• ( 71 «) 


and vector power 245 000 000 |46° 7' 


= 17 000 kW. + jll 700 kVAR. 


The sending-end voltage is 86-4 kV., current 164 A., power 

17 000 kW., and power factor 0 693 lagging. 

We shall see later that the exact values lie between these two sets. 
The method of localizing the capacitance at the load-end over¬ 
estimates the effect of the capacitance. An average of these two 
sets is much closer to the actual values. 


6—(T.54) 
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Nominal II -method. In this method the line capacitance is 
assumed to be localized half at the receiving-end and half at the 
sending-end. The method is shown in Fig. 109, and the vector 
diagram in Fig. 110. We have 

I L — I r = \E r Y 

and E,— E r = I L Z. 

Eliminating I L we obtain 

.E, = E r (l + \YZ) + l r Z 

and I, = E r Y(1 + i YZ) + J r (l + \ YZ. 

The method of solution is as before. 




Fia. 110. Vector Diagram for Fig. 100 


Example. Solve the previous example by the nominal II-method. 

E, = 66 000 (1 + j'0-0175 - 0-056) + (227 - jl70) (25 + jSO) 
= 62 300 + jl 150 + 19 300 + jl3 900 
= 81 600 + jl5 000 = 83 000 | 10° 27' 

/, = 66 000 (j0-0014) (1 x j‘0-009 - 0 028) 

+ (227 — jl70) (1 + j0 0175 - 0 056) 

= j90- 0-8 -f 218-jl57 
= 217 —j67 = 227 iFriy. 

4 42 42 4 



Fig. 111. Medium Line, Nominal T-Method 

The vector power is 18 900 000 |27° 27' 

= 16 800 kW. + jS 800 kVAR. 

The sending-end power factor is 0-887 lagging. 

Nobiinal T-method. In this method the line capacitance is 
placed at the mid-point of the line. The method is shown in Fig. Ill 
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and the vector diagram in Fig. 112. The equations can be shown to be 
E, = E r ( 1 + \YZ) + IM1 + IYZ)) 

I, = E r Y + I r (\ + \YZ) ) ‘ 1 1 

Example. Solve the previous example by the nominal T-method. 

From the preceding work 

E, — 62 300 + jl 150 + (19 300 + jl3 900) (1 + j0009 - 0-028) 
= 81 000 + jl4 800 = 82 300 | 10° 22' , 
and I, = j92 + 218 — jl57 

= 218 - j65 = 229 |l6° 36'. 

The vector power is 189 000 000 |26° 58' 

= 16 900 kW. + jS 570 kVAR. 

The sending-end power factor is 0-891 lagging. It is seen that 
the II- and T-methods give substantially the same results. 


Ms 



Constants of the General Network. It is seen that the solutions 
of the network problems of Figs. 102, 107, 109, and 111 are given 
in equations (71a), (71), (72), and (73) in the form 


E t = AE r + BI r ) 
I, = CE r + DlJ 


( 74 ) 


where A, J5, (7, and D are constants of the networks. It can be 
shown that the solution of the problem of any line or linear network 
with two input and two output terminals can be expressed in this 
form. A, B, C, and D are called the T-constants of the network, 
and they follow from the fact that the currents in the network 
are proportional to the voltages. When the line or network contains 
no internal e.m.f.s or sources (such as might be due to generators 
or synchronous condensers) it is called passive , and there is the 
following relation between the constants. 

AD — BG = 1. 
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This is a useful check on the work. In symmetrical networks 
A = D. The vector diagram representing equations (74) is shown 
in Fig. 113. 

Before the solution of the long transmission line is found, in the 
form of equations (74), we will find the T-constants of two networks 
in tandem. 

Two Networks in Tandem. Fig. 114 shows two networks in 
tandem or series. The T-constants are A v B v C l3 D x and A 2 , B 2 , 
C|, Z> 2 . Let E t and /;, E and /, E r and I r be the voltages and currents 



at the input, mid-position and output as shown. Then by 
equations (74) 

E $ = A]E -j- B X I ) 

I , = O x E + DJ ) 
and E = A 2 E r + B 2 I r ) 

I = C 2 E r + D 2 I t ) 

Substituting for E and I we get 

E t = A 1 (A 2 E r -f- B 2 I r ) + B 1 (C 2 E r + D<J r ) 

= (A X A 2 + B x C^E r + {A x B 2 + B^zjlr, 

I g — (C x A 2 + D x C 2 )E r + (C x B 2 -f DiD 2 )I r - 



Fig. 114. Two Networks in Tandem 


Thus the combination is a network whose T-constants are 
A, B, C, D where 

A =■ A X A 2 + B x C 2i 
B = A x B 2 4* B x D 2f 
C = C x A 2 4~ D\C 2 > 

D = C X B % 4~ jDjjDj. 


. ( 75 ) 
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Given the T-constants of the separate networks, we find the 
T-constants of the tandem combination by means of equations (75). 

Rigorous Solution of Long Transmission Line. Let the line have 
impedance z and admittance y per unit length. At a distance z from 
an arbitrary zero (which later we choose to be the receiving end) 
let the voltage and current be E x and I x . Between the points at 
distances x and x + dx there is a series impedance zdx and shunt 
admittance ydx } as shown in Fig. 115. There is thus a voltage drop 
from x to x + dx of l^dx ; but the voltage drop is 



Fig. 115. Long Transmission Line 


Therefore 


i.e. 


T j dE x j 

I x zdx — - ~ ax. 

x dx 


^ = - 


(76) 


The admittance ydx causes a current to flow between the lines 
(this is composed of charging and leakage currents) of amount 
E^ydx ; but this current must be equal to 


by the method used above. Equating we get 

dljdx = — E^y .... ( 77 ) 

Equations (76) and (77) are the differential equations for the 
line voltage and current. They can be solved in the following way. 
Differentiating equation (76) and substituting for dljdx from 
equation (77) we get 

d 2 EJdx 2 = —(dljdx) = yzE x . . . (78) 

This is a well-known differential equation of which the solution is 
E x = E x oosh [%V(y z )] + sink \ x V(y z )] • (79) 




154 


ELECTRICAL POWER 


where E 1 and E 2 are constants that are determined by the end 
conditions and sinh and cosh are the hyperbolic sine and cosine. 
For a brief “ “ 

equation (76) 


treatment of the latter see Appendix I. From 


/* = - 


1 


dE\ 
. dx 


f = - V(?) ' sinh 

- e ‘M ■ 


cosh \x^/(yz)] 


(80) 


Let us choose the receiving end as the zero, so that x = 0 there. 
Then E 0 = E r and 7 0 = I r . Remembering that cosh 0 = 1 and 
sinh 0 = 0, we see that 

E r = E x and I r = — E 2 \Z(y/z). 

Equations (79) and (80) become 
E x = E r cosh [xi/(yz)J - Wm • sinh [x^(yz)] ) 
and I x = — E r \/(y/z) . sinh [xy/(yz)] + I T cosh [xy'(yz)]) 

At the sending-end let x = — l. Let the total line impedance be 
Z so that Z = Iz, and the total line admittance be Y so that Y = ly\ 
then l\/(yz) = \/(YZ). Equations (81) give 

E 9 = E r cosh [-V(FZ)] - I r V{ZIY) sinh [- V(YZ)] 

= E r cosh y/(YZ) + I r V(Z/Y) sinh y/(YZ) 
and /, = - Y/Z) sinh [- V(YZ)] + I r cosh [- y/(YZ)\ 

= E r V(Y/Z) sinh V(YZ) + I r cosh y/(YZ), 

since cosh (— x) = cosh x and sinh (— x) = — sinh x. The equations 
can be written in the form 


E a = AE r + BI r ) 

I 8 = CE r + DI r \ 

where A = D = cosh y/( YZ ), ^ 

B = yj (Z/Y) sinh y/ ( YZ) l . 

C = V(Y/Z) sinh V(YZ) ) 

The relation AD — BC = 1 holds, for 

AD = BC = cosh 2 V(YZ) - sinh 2 y/(YZ) = 1. 


(74) 

(82) 


Methods of Applying the Rigorous Solution. There are 
three ways of applying the rigorous solution. 

Method 1. In this method the hyperbolic sine and cosine are 
expressed in terms of their power series. The expansions are 


cosh x = 1 + 


sinh x = x + 


X 2 


, X 6 

2! 

+ 4l 

+ 6l 

z 3 

, z 6 

X 7 

3! 

+ 6! 

l«> 

+ 


+ 


and 
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It is never worth while going beyond the seventh power. We 

then get 


A = D 
B = Z 


YZ Y*Z 3 Y 3 Z 3 
1 + ~2~ + ~U + ~720’ 




Y 3 Z 3 \ 




Y 2 Z 2 

+ 120 + 5 040/’ 


YZ YW 

^ 6 T 120 5 040 y 


Y 3 Z 3 \ 


(83) 


It is instructive to note the values of A, B, C , and D in the 
approximate methods used. The simple series impedance method has 

A = D = l, B = Z,C = 0 . . . .(71a) 

the load-end capacitance method has 

^4 = 1+ YZ, B = Z, C = Y y D — . . (71) 


the nominal II-method has 

A = D= 1 + \YZ y B = Z,C= 7(1 + \YZ), . (72) 
and the nominal T-method has 

A = D = 1 + \YZ y B = Z( 1 + \YZ\ C = Y . (73) 

Method 2. In this method the hyperbolic sines and cosines are 
expanded by the trigonometrical formulae given below, and tables 
of the trigonometric functions and hyperbolic functions of real 
numbers are used. Thus we express yJ(YZ) in the form 

V(YZ) = a +jb. 

Then cosh \/(YZ) = cosh (a + jb) 

= cosh a . cosh jb + sinh a . sinh jb 
bo that cosh \/(YZ) = cosh a . cos b + j sinh a . sin 6. 

Similarly sinh y/(YZ) = sinh a . cos b + j cosh a . sin 6. 

Method 3. In this way tables of the hyperbolic sine and cosine of 
complex numbers are used. 

In general, the equations (83) are less laborious to use than 
equations (84); moreover the tables of the sinh and cosh of complex 
numbers are not easy to use, and are not given for small differences. 



Example. Solve the previous example by the rigorous method. 


We will use the series method given in equations (83). 
Z = 25 + j80 = 83-8 [ 72° 39' 

Y = jO-0014 = 0-0014 |90° 
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YZ = 01164 [ 162° 39' = - 01103 + jO-0344 
Y 2 Z 2 = 0-0138 [ 325° 18' = + 0-0114-jO-00785 
Y 3 Z S = 0-0016 |487° 57' = - 0-00098 + j0 00126 


1 


YZ Y 2 Z 2 

+ ~6~ + l20 + 


Y 3 Z 3 

6040 


= 1 - 0-0184 + j0 00573 + 0 0001 -j0 00006 
= 0-9817 + jO 00567 = 0-9817 | 0° 23' 

A = D = 1 - 0-05515 + JO-0172 + 0-00047 
- j0 00033 - 0-00001 + jO-OOOOl 
= 0-9453 + j0 0169 = 0-945 |1M/ 

B = 83-8 | 72° 39' x 0-9817 [ 0° 23' 

= 82-3 [ 73° 2' 

C = 0-0014 X 0-9817 [ 0 o 23' 

= 0-001376 1 90° 23' 

E g = AE r "f- BI r 

= 0-945 |rr x 66 000 |<T 

+ 82-3 [ 73° 2' x 284 |36° 52' 

= 62 400 \V_ V + 23 400 [ 36° 10 ' 

= 62 400 + j\ 100 + 18 900 + jl3 800 
= 81 300 + jl4 900 
= 82 600 [ 10° 21' 

I, = CE r + DI r 

= 0-001376 [ 90° 23 ' X 66 000 [0° 

+ 0-945 j l°r x 284 |36°52' 

= 91 [ 90° 23' + 268 |35^5P 
= - 0-6 +j91 + 218 - jl57 
= 217 -j66 
= 227 |l6° 55'. 
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It is interesting to compare the various solutions of the problem. 


Method 

E, 

I, X \/3 

Simple series impedance 

86 400 [9° 16' 

284 |36° 62' 

Load-end capacitance 

79 600 |11° 44' 

240 118° 67' 

Nominal II-method . 

83 000 |10° 27' 

227 117° 0' 

Nominal T-method 

82 300(10° 22' 

229 |l6° 36' 

Exact method . 

82 600 (10° 21' 

227 |l6° 66' 


It is seen that the nominal II- and T-methods are sufficiently 
accurate; the simple series impedance method is considerably in 
error, the sending-end voltage and current being much too high; 


Zr 

O WVA- 

Zg.Ig 


O 



Zr 

AW-O 

ErJr 
-o 


-WMW 


EsJs 
o- 


35 : 


Et,It 


Fiq. 116. Equivalent T- and 11-networks or Long Link 


the load-end capacitance method under-estimates the sending-end 
voltage, and over-estimates the current by a small amount. 

Equivalent Network of a Long Line. Any symmetrical line can be 
represented by the simple T- and II-networks of Fig. 116. In the 
T-network 


and 

In the II-network 


E. = E r ( 1 + FA) + /A(2 + FA) 
I. = E r Y 1 + 7 r (l + FA)- 


!■ 


and 


E, — E r (l + FA) + IfE* 

I, = E r Y t (2 + FA) + /,(! + FA 


J- 


( 86 ) 


( 86 ) 


The general line has the equations (74). These agree with 
equations (85) and (86) provided 


F t = G and Z 1 =(A- 1)/G ) 
Z 2 =*= B and Y t = (A- 1)/B.) 


or 


• (87) 
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Substituting from equations (82) we get for a continuous line 
Fj = V(YIZ) sinh V(YZ) 

and Z 1 = • v /(2/F)tanh W( YZ )< (m 

also Z i = V(ZIY) sinh y/{7Z) [ 

and Y t = V( Y l z ) tanh \ y/(YZ). 

The IT-equivalent is the more convenient. 

Very Long Line. The solution of equation (78) can be written in 
the form 

E x = Fe x ^ ivz) + Ge~ x ^ (vz) .... (79a) 
and I x = — F\Z(ylz)e~ x ^ {vz) + G\Z(y/z)e~ x ' /{vz) . (80a) 

If x is great the term e x ^ ivz) is great, and therefore the term in F 
must vanish or we should have infinitely increasing line voltage and 
current at distant points on a very long line. We therefore have 

E x = Ge- X ^ ivz) 

and I x = G\Z(y/z). e~ x ^ {vz) 

Suppose in this case the sending-end is taken as the zero point. 
Then E 0 = E s , so that the line voltage and current at a distance x 
from the sending-end are 

E x — E 9 £- X ^ ivz) 

and I x = E 8 \/(y/z)e~ Xy/(vz) 

We note first that EJI X = \/( z ly) — %o> sa 3 r * called the 

characteristic impedance of the line, and we see that the ratio of the 
voltage to the current is constant at all points of the line and is 
equal to Z 0 . The reciprocal of Z 0 is written Y 0 and is called the 
characteristic admittance of the line. 

The product y/(yz ) is called the line angle per unit length , and 
x V(y z ) is the angle for a length x. These may be written 6 and 
xd or 0 X respectively. It is seen from equation (80c) that the 
voltage and current suffer a diminution by a factor for unit 
length or £~ e * for a length x. 6 and 0 X are complex, a + jb say. 
Then the diminution factor is 

e _(« + yi» = e -a x e -ib = £ -o ^ 

i.e. there is an actual diminution of £” a in magnitude and a phase 
shift 6. 

Ferranti Effect. It has been found on page 139 that when the 
power factor is leading, the receiving-end voltage may be greater 
than the sending-end voltage. Ferranti noted that on a long line 
which is lightly loaded, the receiving-end voltage is greater than 



. ( 806 ) 



TRANSMISSION CALCULATIONS 159 

the sending-end voltage. Let us consider a single-phase unloaded 
line. The current is due to the capacitance and is 

/ == jcoClE 9 , 

where co = 2n X 50, and Cl is the line capacitance. The voltage 
drop is 

jcoLlI = - a> 2 LCl 2 E gt 
so that the receiving-end voltage is 

E t + a > 2 LCl 2 E s = Eg( 1 + co 2 LCl 2 ). 

The product LC is nearly equal to the reciprocal of the square of 
the velocity of light, so that for a mile of line it is 3 X 10"* 11 . The 
voltage used is thus 

(2 n x 50) 2 x 3 X \0- u l 2 E t 
= 3x \0~H 2 E gy 

and l is in miles. 

Thus in a 100-mile line at 132 kV. the rise is 
3 X 10- 6 X 10 4 X 132 kV. 

= 3-96 kV. = 4 kV. approx. 

Losses in Open-circuited Line. Suppose a three-phase line of 
length l is on open circuit. The charging current per conductor at 
a distance x from the sending-end is 

o)Cq(1 x)E 8 , 

where C 0 is the capacitance to neutral per unit length. The loss 
per conductor is thus 

i 

co 2 C 0 2 (l — x) 2 Eg 2 R 0 dx 

= i(a >C 0 E,) 2 R 0 P 
= i((oC 0 lEg) 2 R 0 l 
= V 2 R> 

where / = total charging current per phase and R = total resistance 
per phase. 

Tuned Power Lines. Equations (74) and (82) describe the behaviour 
of a transmission line. If we ignore the effects of resistance and 
leakage 

Y = jcoCl and Z = ja>Ll, 

where L and G are the inductance and capacitance per unit length 
and l the length. Thus 

Z 0 = V(L/C), Y 0 = ViC/L), and y/(YZ) =jcoW(LC)- 
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Since cosh ( [jtoLy/(LC)] = cos \col\/(LC)] 
and sinh {jolt's/(LC)] =j sin [col\/(LC)], 

we have E % = E r cos [col\/{LC)] + jZ 0 I r sin [col\/(LC)] ) 
and I 9 = jY^E r sin [col\/(LC)] + I r cos [col\/(LC)].) 

If there is no load, the receiving-end current I r is zero. The 
oharging current is 

I 8 =jY 0 E r zm[a>W(LC)] 
whilst E 8 = E r cos [col's/(LC)]. 

Thus Ig and E s are in quadrature. If the relation 

cdI\/(LC) = n or 2n . . . . . (91) 

is satisfied, there is no charging current on zero load. If the expres¬ 
sion is equal to n , cos [col^(LC)] = — 1 and then for load conditions 
the equations (90) become 

E t — — E r and Ig — — I r . 

If the expression is equal to 2n, equations (90) become 

Eg = E r and /, = / r . 

In both cases the receiving-end voltage and current are numeri¬ 
cally equal to the sending-end values, so that there is no drop on 
load. The line is said to be tuned. We have already said that 
l/\/ (LC) is the velocity of an electromagnetic wave along the line, 
and is approximately the velocity of light, i.e. 186 000 miles per sec. 
If the frequency is 50 cycles per sec., the length of line for tuning is 

l = ™ ° T X 186 000 miles 
2n x 50 

= 1 860 or 3 720 miles. 

If the length of line is fixed, tuning may be obtained by a proper 
ohoice of frequency. Thus if the line is 500 miles, 

/= 50 X (1 860/500) or 50 x (3 720/500) 

= 186 or 372 cycles per sec. 

It is undesirable to fix the frequency to suit the length of the line, 
as the length may vary. 

If the length of the line and the frequency are fixed, the line may 
be tuned by putting capacitances at intervals between the line and 
neutral, as shown in Fig. 117. This has the effect of increasing C 
to the desired value given in equation (91). Alternatively, coils 
can be inserted in series with the line to raise L to the required 
value as shown in Fig. 117; this method is used in telephony but 
not in power transmission. 
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Another method is shown in Fig. 118, and is used in some systems. 
The capacitances in series with the line neutralize the voltage drop 
due to the line inductance, and the inductances across the line 
neutralize the charging current due to the line capacitance. This 
method is called the method of tuning by the use of compensating 



Fig. 117 . Tuning by Shunt Capacitance or Series Inductance 


sections. The values of U and C" may be found with fair accuracy 
byreplacing the line by its nominal-II equivalent of Fig. 109. The 
two capacitances C ' are equivalent to a single capacitance \C\ 
which will neutralize the inductance L (of Z) if co 2 L(lC') = 1. The 
inductances L' will neutralize the charging current provided 
c o 2 L\\C) = 1. The exact values required in long lines can be 



Fig. 118 . Tuning by Compensating Sections 


obtained from the II-equivalent of Fig. 116. Thus \C’ must 
neutralize Z 2i which is given by 

Z 2 = VC LIC) . sinh [jcoV(LC)] =jV(L/C) . sin [coV(LC)] t 
so that l/jcoC' + Z % = 0, giving 


coV(LIC) . sin [cu V(LC)] 

Similarly L ' must neutralize 7 2 , giving 

Tf _ _I_ 

“ COV(GIL) . tan [^(LC)] 

Interconnected Systems. It was shown in Fig. 17 that a ring 
main will give continuous service to the consumers even if one feeder 
is faulted, provided the faulty feeder is switched out of service. 
The ring main can thus give more secure service than a radial 
system. The interconnected system of Fig. 18 will give continuous 
service even if one of the stations is shut down. One of the main 
advantages of interconnection is increased security of service, 
another is the reduction in stand-by plant, and a third is the 
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economy obtained by dividing the total load in such a way as to 
reduce the total capital cost and running costs to a minimum. The 
most economical arrangement is to use the very efficient generating 
stations, such as large hydro-electric and steam power stations of 
high capital cost and low running costs, for the base load, and the 
Diesel engine and less efficient steam-power stations for the peak 
load. It is a matter of engineering experience and judgment how 
the load shall be shared by the stations; the supply of reactive load 
is determined by the regulation and voltage drop required for the 
desired sharing of the load. In order to make power flow in a certain 
direction, recourse may be had to tapped transformers, induction 
regulators which introduce a boost of voltage, or synchronous 
reactors. 

Voltage Drop in Distribution. It is essential that the voltage at 
a consumer’s terminals be within narrow limits, for the consumer’s 


b » » . 

P3C+ 
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r, 
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Fig. 119. Distributor Fed at One End 


appliances are sensitive to voltage. Thus a rise of voltage may 
burn out lamps and heaters, and a drop will cause unsatisfactory 
operation. If the voltage drops very much, there will be an appre¬ 
ciable loss of revenue to the supply company. There is a legal limit 
of ± 4 per cent, which has been raised to ± 6 per cent in rural 
areas. The calculation of voltage drop is thus of importance. 

We shall Consider only systems with balanced loads; it is then 
convenient to find the voltage drop in each conductor, and we can 
represent a single or three-phase system by a single line. The total 
drop in a single-phase line is twice the drop in each conductor, 
whilst the voltage drop between phases in a three-phase system is 
times the conductor voltage drop. 

Distributor Fed from One End. Let a distributor be fed at 
one end F and currents i l9 i 2 , ... be drawn off at P v P 2i . . . 
(Fig. 119). Let the resistance of 0P 1 = R v 0P 2 — R 2 , • • • the 
current in FP X be I l9 in P X P 2 be 4 . . . The voltage drop at any 
point, say p» is 

+ I2(^2 -®i) + 1 3(^3 — *®t) 

= R x (Ii — I 2 ) + ^ 2(^2 “ A) 4" ^3^3 
= R x i x + R 2 i 2 + R 2 I 2 . 

R y i r is called the moment of i l9 of t*. 
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If the system transmits alternating current, the resistances must 
be replaced by impedances. The voltage drop is obtained by adding 
the products of the load currents multiplied by the resistances up 
to the tapping points, with the exception that the last term is the 
product of the resistance up to the last tapping point multiplied 
by the total current reaching the last tapping point. 

A simple example of an 


alternating current feeder 
will illustrate the method. 

Example. A 2-wire feeder, 
1 400 yd. long, supplies a load 
of 150 A. at 0*8 power factor at 



its far end and a load of 70 A. 
at 0*9 power factor at its mid- 


Fig. 120 


point. Both power factors are 


lagging and refer to the voltages at the respective load points. The resistance 
and reactance of the feeder per mile (go and return) are 0*1 Q. and 0*15 Cl, 
respectively. If the voltage at the far end of the feeder is to be maintained 


at 230 V., calculate the voltage at the supply end. Calculate also the phase 
angle between the voltages at the two ends. ( Loud. Univ. f 1932.) 


Fig. 120 shows the system. The impedance per mile is 01 + j‘0-15, 
§o that for 700 yd. the impedance is 

Z = (01 + jO-15) X (700/1 760) = 0 0398 + jO-0597. 

Let us take as the datum vector the voltage at the far end. Then 

i 2 = 150(0-8-j0-6) = 120-j90. 


The voltage at the mid-point is thus 

230 + i 2 Z = 230 + (120- j90) (0-0398 + j0-0597) 

= 240-1 + j3-57 = 240-1 | 0° 5l\ 

The load at the mid-point lags behind this voltage by 
cos- 1 (0-9) = 25° 50', 

so that it is 

= 70 124° 59'. 

The voltage at the sending-end is thus 
240-1 + j3-6 + (t x + i^)Z 

= 240-1 + j3-6 + (70 |24°~59' x 0-0716 1 56° 18 ') + 
= 240-1 + j3-6 + 6-01 | 21° 19' + 10-1 + jZ -6 
= 240-1 + j3-6 + 4-7 + jl-8 + 10-1 + j3-6 
= 254-9 + j9-0 = 255 |2° 1', 
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so that it has magnitude, 255 V. and leads the voltage at the far 
end by 2° 1'. “* 

Uniformly Loaded Distributor. Suppose that the ourrent 
is tapped off uniformly along the length of the distributor at the 
rate of i amperes per unit length. Let the distributor have a length 
l at the far end of which there is no current. The current at a point 
distant x from the beginning of the current is i(l — x ), and the 
voltage drop in a small distance dx is i(l — x)rdx t where r is the 
resistance per unit length. The total voltage drop is 

i(l — x)rdx = [— — a;) 2 ]* 

= £irZ 2 = m ( rl) 

= iIB, 

where I is the total current and R the total resistance. If the 
uniformly loaded distributor is preceded by a length V (resistance R') 
which takes the full current, the total drop is 

IR' + \IR = I(R' + \R) = IR my 

where R m is the resistance of the distributor from the beginning of 
the unloaded length to the mid-point of the loaded part. 

Distributor Fed at Both Ends. The method is best explained 
by means of an example. Fig. 121 shows a distributor fed at both 
ends. It is required to find the point of lowest voltage, given that 
the resistance per yard is 50*4 X 10~ 5 ohms for both lines. 
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Fig. 121. Distributor Fed at Two Ends 


750 _ F z 


We draw up a table (p. 165) giving the moments of the currents 
in ampere-yards from both ends, and add the moments. The point 
of lowest voltage is found by inspection of the table as that point 
at which the moments overlap. 

The current thus divides at the sixth point from F v Let this 
point receive x amperes from F x and y amperes from F 2 . Then 

x + y = 20. 

Moreover the moment about F x must be equal to the moment 
about F v Thus 


21 105 + 510x = 14 100 + 430y. 



TRANSMISSION CALCULATIONS 


185 


Moment about F l 

Sum 

! 

Moment about F t 

Sum 

15 X 160 = 

2 400 

2 400 

30 X 150 = 4 500 

4 500 

20 x 230 = 

4 600 

7 000 

25 X 250 = 6 250 

10 750 

10 x 290 = 

2 900 

9 900 

10 X 335 = 3 350 

14 100 

12 x 390 = 

4 680 

14 580 

20 X 430 - 8 600 

22 700 

15 X 435 = 

6 525 

21 105 



20 X 510 = 

10 200 

31 305 




These two equations give x = 1*7 amperes and y = 18*3 amperes. 
The voltage drop at the point is then 

21 105 + 510 X 1*7 = 21 970 ampere-yards 

= 21 970 X 50-4 x 10- 6 volts 
= 11 1 volts. 


Suppose F 2 is not at the same voltage as fi, but is 4 volts above. 
There is then a circulating current of 


4 

50-4 + 10" 5 X 940 


8*45 amperes 


from F 2 to F v The current now 
divides at the fifth point, the current 
from Z to Y being 8*45 — 1*7 = 6*75 
amperes, and from X to Y 8*25 
amperes. The voltage drop at Y 
below F x is the value in the table, 
viz. 21 105 ampere-yards, less the 
drop of 8*45 amperes in the length 
of 435 yd., so that it is 

21 105 - 8-45 X 435 

= 17 425 ampere-yards 
= 8*77 volts. 



Problem of Interconnection 


The drop below F 2 is 12*77 volts. 

Calculation of Interconnected Systems. The previous section dealt 
with the case of a distributor fed at both ends, which is a simple 
case of an interconnected system in which there are two generating 
stations. There are five main methods of solving the network 
problems in interconnected systems, in addition to a method of 
trial and error which is useful when a single operating condition is 
required. The methods are (1) direct application of Kirchhofifs 
laws, (2) superposition of currents, (3) network simplification, 
(4) circulating currents method, (5) use of Th6v6nin’s theorem. The 
methods apply equally well to a.c. and d.c. systems. 

(1) Direct Application of Kirchhoff’s Laws. Currents axe 
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written down as I l9 / 2 , ... in the various branches, and relations 
are obtained between them so that they satisfy Kirchhoff’s first 
law, that the sum of the currents entering any junction is zero, and 
the second law, that the e.m.f. in any circuit is equal to the voltage 
drop in the circuit. The following example illustrates the method. 

Example. Four power loads B, C, D, and E are connected in this order 
to a 2-core distributor cable arranged as a ring main and take currents of 
20, 30, 25, and 30 A. respectively. The ring is supplied from a substation at 
the point A between B and E. An interconnector cable joins the points C 
and E, and from a point F on this interconnector cable a current of 20 A. 
is taken. The total resistances of the cable between the load points are r 
AB = 0 04 Cl., BC = 0 03 Cl., CD = 0*02 Cl., DE = 0 03 Cl., EA = 0-04 £1., CF 
— 0 02 £1., and FE = 0*01 £1. Calculate the current in each section of the ring 
and interconnector. (Lond. Univ., 1033.) 

The network is shown in Fig. 122. Let the currents be I lt I 2 , 
... / 7 as shown. If we apply KirchhofFs first law to the various 
junctions we get 


at A 

h + h 

= 125 amperes, 

at B 

h-h 

= 20 „ 

at C 

j- 

i 

i 

I, = 30 „ 

at F 

h + h 

= 20 

at E 

h-h- 

1 7 = 30 „ 

at D 

h + ii 

= 25 „ 


It can be seen that these equations are not independent; any 
one of them can be obtained from the other five by addition and 
subtraction. This can be foreseen in the following way. There are 
seven unknown currents, and as there are two loops in the network, 
Kirchhoff’s second law will give two equations, so that there remain 
only five other equations. Above we have six, so that one is redun¬ 
dant. Redundant equations may be avoided by writing down 
equations only when they contain a current which does not occur 
in preceding equations. Thus the last equation contains / 4 and / 7l 
both of which appear in the other equations, and thus it is redundant. 
A redundant equation is not harmful, provided it does not cause 
one to omit an essential equation. In the present problem there is 
no likelihood of such an omission, but when there are more than 
two loops the danger is present. 

We apply Kirchhoff’s second law to the two loops in the network. 
We get for the 

loop ABCFEA 

0-04/j + 0 03/ 2 + 0-02/ 3 - 0-01/ 6 - 0-04/ 6 = 0, 
loop DCFED 

- 0 02/ 4 + 0*02/ 3 - 0 01/* + 0 03/ 7 = 0, 
since there are no e.m.f.’s in the loops. 
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/, = 7,- 20, 7. = 20- 7 3> 7 4 = 7 2 - 7 8 - 30 = 7,'- / 3 - 60, 
7 7 = 25 - 7 4 = 75 - 7, + 7 3 , and / 6 = 125 - 7,. 

The equations for the loops become 

0-117, + 0-03Z 8 = 5-8 

and 0-057, - 0087 3 = 3 05, 

giving 7, = 53-9 and I 3 = — 4-5. 

Then / 3 = 33-9, / 4 = 8-4, / 5 = 711, 7 # = 24-5, / 7 = 16-6. 

As a check we find the voltage drop between A and D by the paths 
A ED and A BCD. These are 
004/g + 0 037, 

= 2-844 + 0-498 = 3-342 I 

and 0-047, + 0-037 2 + 0-027 4 J 20 

= 2-156 + 1 017 H- 0-166 = 3-339. 

JO ■*/ ir 

These are substantially the same, so that y / \ 

the solution is correct. \ 

The fact that Z 3 is negative means that B ^6 aS E 

the current flows from F to ( 7 , and is m I 2 j 

4*5 amperes. [ Sr , 7 

(2) Superposition of Currents. In this 
method we find the currents in the y 

branches due to one load. This is repeated C D 

for the various loads, and the final currents 
are the sums. As an example we will solve * 

the preceding problem by this method. 

When only load B acts, the currents are as in Fig. 123. It is clear 
that / 3 = — / 6 and / 4 = — / 7 . The problem is most easily solved 
by compounding resistances in series and parallel. Resistance EDO 
is 0-05, EG is (0-03 x 0*05)/0*08 = 0*01875, so that AEGB is 
0-08875. Then 


0*08875 

Z) = 0-04 + 0-08875 X 20 = 13 8 ampere8 


7 * = 0-04 + 0-08875 X 20 = 6 2 am P eres 


Z« = — 7. = 


6 3 0-3 + 0-05 

/ 7 = — I A — 2*32 amperes. 


X 6*2 = 3*88 amperes 


We repeat the work for the loads (7, Z), E , F and construct the 
table shown on page 168. 

The results agree exactly with those obtained by the application 
of Kirohhoff’s laws. 
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Current 

Load 

B 

C 

D 

E 

F 

All 

h 

13-8 

13*7 

9-9 

9*3 

7*2 

63*9 

i. 

- 6*2 

13-7 

9-9 

9-3 

7-2 

33*9 

i. 

- 3-88 

- 10-2 

- 3-2 

5*8 

7-0 

- 4*6 

h 

- 2-32 

- 6-1 

13*1 

3-6 

0*2 

8-4 

h 

6-2 

16-3 

15-1 

20-7 

12-8 

71*1 

i. 

3*88 

10-2 

3-2 

- 5-8 

130 

24-5 

i, 

2-32 

61 

11-9 

- 3-5 

- 0-2 

16-6 


(3) Network Simplification. The use of the star /delta trans¬ 
formation of Appendix II, page 467, equations (16) and (17), enables 
us to find a solution very quickly in some cases. For instance, let us 



n# 


125A. 
0-02 

O' 


0-02 

(b) 


Z 

003 

D 

'25A. 


find the solution of the previous problem when only the load D is 
acting. The network is then as shown in Fig. 124 (a). We apply 
the transformation to the delta AGE and we get the network of 
Fig. 124 (6) in which 

AO = 0-04 X 007 - 0 02 

0-04 + 0 07 + 0 03 - U ° 2, 

CO = 0-015, and EO = 0-00856. 


The current along AO is 25 amperes, so that the current along 
OGD is 

, 0-03856 , 

h = 0 - 03856 + 0-035 25 = 13 1 am P ere8 
/ 7 == 25 — 13*1 = 11*9 amperes. 


and 
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The remaining ourrents are then found by Ohm’s law applied to 
ABCD and AED. We get 

0 07/! + (0 02 x 13 1) = 0 04 (25-1J + (0-03 X 11-9), 
giving I x = 9*9 amperes. 

The currents are thus 

I 1= = I 2 = 9*9, I 3 = — 3-2, J 4 = 131, I B = 161, I 9 = 3*2, 
and I 7 = 11*9 amperes. 

The case when the load F is acting is solved in a similar way. 

(4) Circulating Currents Method. In this method certain branches 
of the network are removed so that any load is supplied from 



Fig. 125 


the feeding point over routes having no connection with the 
routes of any other load. The voltage drops to the loads are calcu¬ 
lated. One feeder is reinstated; it has to be put between points 
at different potentials, and thus potential difference drives a circu¬ 
lating current round the circuit just completed. This circulating 
current adds current to the previous currents. The work is repeated 
with each reinstated feeder until the network is made complete. 

As an example let us find the currents in the previous problem 
due to the loads C and D. The network is in Fig. 125 (a). We 
remove the feeders CD and CE and obtain the very simple network 
of Fig. 125 (6). The voltage drop from A to C is 0 07 x 30 = 2*1 
volts, whilst the drop from A to E is 0 04 x 25 = 1*0 volts. When 
we replace the feeder CE , there is a potential difference of 1*1 volts 
acting along EC producing a current of 1*1 ^ 0T4 = 7-85 amperes 
round the circuit ECAE . The resulting network is shown in 
Fig. 125 (c), in which the circulating current has modified the 
branch currents to the values shown. 
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The voltage drop from A to C is now 0*07 X 22*15 = 1*55 volts 
and the drop from A to D is (0*04 x 32*85) + (0*03 X 25) = 2*06 
volts. When the feeder CD is replaced, the potential difference of 
0*51 volts drives a circulating current from C to D via DE and 
EAC and EC in parallel. The resistance of EAC and EC in parallel 
is 0*0236, so that the circulating current has the value 

0-02 + 0 03 + 0-0236 = 6-9 am P eres - 

Of this the part that'flows through EC is 0*11/0*14 X 6*9 = 5*4 
amperes, and 1*5 amperes flows through EAC. The resulting system 
of currents is shown in Fig. 125 (a). 

I x = I 2 = 23*65, 7 3 = - 13*25 = - 7 6 , 7 4 = 6*9, 7 5 = 31*35, 
and I 7 = 18*1 amperes. 

The results obtained by adding columns C and D of the method 
of superposition are 

I l = I 2 =, 23*6, 7 3 = - 13*4 = - 7 6 , / 4 = 7*0, 7 6 = 31*4, 
and / 7 = 18*0 amperes, 
which are in good agreement. 

(5) Use of Th6v6nin’s Theorem. Appendix IV states and proves 
Thevenin’s theorem, and gives also some applications. The theorem 
is the following: 

If a network has two terminals A and B between which there is 
placed an impedance Z , the current through Z is given by 

I = E/(Z + Z x ) y 

where E is the potential difference between A and B when Z is removed , 
and Z x is the impedance of the network between A and B calculated 
by assuming that generators are replaced by impedances equal to their 
internal impedances. 

By the internal impedance of a generator is meant that impedance 
which causes a drop in the terminal voltage when current flows. 
Thus if Z { is the internal impedance of a generator, the voltage 
when a current I is taken is the open-circuit e.m.f. less IZ { (which 
is called the internal drop). In an alternator it is called the 
synchronous impedance. 

Example. Find the current I x in Fig. 122 by the use of Th6v£nin’s theorem. 

We assume that the feeder AB is removed and the network is 
then as shown in Fig. 126. The current along AE is 125 A.: let the 
current along ED be I. The remaining currents are then easily 
written down in terms of 7, which is found by equating voltage 
drops along EFC and EDC. We get 

0*01(95 - I) + 0*02(75 - I) = 0*03 1 + 0*02(7 - 25), 
giving 7 = 36*9 A. 
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The potential difference between A and B is 

E = (0-04 x 125) + 0-03/ + 0-02(7 - 25) + (0-03 X 20) 
= 6-10 + 0-057 = 6-94 V. 

The resistance of the network between A and B is 

z ' - 004 + I s gHN s ! +0 03 - 0 088,6 a - 

E 6-94 6-94 

giving i - z + 2 , “ 0-04 + 0-08875 ~ 0-12875 

= 53-9 A. 


The method of circulating currents may be considered as an 
extension of Thevenin’s theorem. Thus we have just found that the 



Fig. 126 Fig. 127 


insertion of the feeder AB causes a current of 53*9 A. to flow from 
A to B. This current must flow along B to C , from C to E by the 
paths through D and F , then from E to A, If we add the currents 
due to Ij to those given in Fig. 126 we get the full solution. 

A.C. Interconnected Systems. The method is the same as for 
d.c. but complex algebra is required. In systems that are not too 
complicated a vector diagram helps one to visualize what is hap¬ 
pening. The following example illustrates the method. 

Example. A three-phase distribution system is as shown in Fig. 127. 
Power is supplied at A at 11 kV. (line voltage) and balanced loads of 50 A. 
per phase at 0*8 lagging power factor and 70 A. at 0*9 lagging power factor 
are taken at B and C respectively. The impedances of the feeders are AB 
- (5-0 + j9'0) Cl ., BC = (6 0 + yi'o-0) 0., CA = (4-0 -f ;8-0) Q. Calculate the 
voltage at B and C and the current in each branch. Power factors are assumed 
with respect to voltage at A . (Lond. Unit'., 1933.) 
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The simplest method of solution is by means of Th6v6nin's 
theorem or the method of circulating currents. We take the voltage 
at A as the basic vector. Then the current at B is 

I B = 50 Icos- 1 0-8 = 40 - ;30 
and the current at C is 

I c = 70 Icos- 1 0-9 = 63 - j30-5. 

The ourrent at A is • 

I A = 1 B + I B = 103 - j60-5 = 119-5 |3W, 

so that A supplies at a power factor of 0-868. 

If we assume that the feeder BC is removed, the current in AB 
is I B and in AG it is 7 0 . The voltage drop per phase in AB is 

(5-0 + j9-0)7 fi = (5-0 + j9-0) (40-j30) 

= 470 +j210, 

and in AG (4-0 + j8-0)7 c = (4-0 + j8-0) (63 - j30-5) 

= 496 + j382. 

The potential of B is above that of G by 

E = 496 + j382 - 470 - ;210 
= 26 + jl72. 

The impedance of the network is 

Z x = 5-0 + j'9-0 + 4-0 + j 8-0 = 9-0 + jl7-0 
and Z = 6-0 + jl00. 

The current in BC is thus 

E 26 + jl72 1741 81° 24 ' 

Z + Z x ~ 15-0 + J27-0 _ 30-9 [ 61° O' 

= 5-6 1 20° 24' A. = 5-3 + jl-96. 

The current in AB is thus 

40-j30 + 5-3 + ;l-96 = 45-3 -;28-0 = 53-3 |31° 42' A. 
and in AG 

63 — j’30-5- 5-3-;l-96 = 57-7 -j32-5 = 66-2 |29°48' A. 

The voltage drop between lines from A to B is 

(V3)(5-0 + J9-0) (45-3 — j‘28-0) = 846 + j463, 
and from A to G 

(V3)(4-0 + JB-0) (57-7 — j’32-5) = 850 + J474. 
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The voltage at B is therefore t 

11 000 - 846-^463 = 10 164-j463 = 10 164 \¥W 
and the voltage at G is 

10 150—;474 = 10 160|'2° 40'. 


EXAMPLES VI 

1. A 12*5 kV. transmission line connected with transformers at each end 
delivers 250 kVA. at a p.f. of 0*8 lagging to the low voltage bars in the sub¬ 
station. The line has a total resistance of 10 D. and an inductive reactance 
of 30 Cl. ; each transformer has a ratio 2 000/11 000. The resistance and react¬ 
ance on the low and high voltage sides are 0*04 H. and 0*125 fl., 1*3 Cl. and 
4*6 Q. respectively. 

Calculate the bus-bar voltage and p.f. at the generating end and the overall 
efficiency of transmission for a receiver pressure of 2 000 V. 

2. A 3-phase overhead transmission line, in which the line voltage at each 
end is maintained constant at 33 kV., has a resistance per phase of 5 Cl. and 
a reactance per phase of 13 Q. 

Deduce an expression for the power delivered over the lines in terms of the 
angle between the sending-end voltage and the receiving-end voltage. 

Plot to scale a curve of power to a base of angles and explain how to use 
this curve to determine the dynamic stability of the line. 

( Lond . Univ.y 1948.) 

3. Discuss the advantages of interconnecting generating stations (as in the 
National Grid) compared with the operation of stations as isolated plants. 
Explain, with the aid of convections and vector diagrams, the conditions 
governing the transference of power from one station to another, assuming the 
same bus-bar voltage at each station. Explain also how the magnitude, 
direction, and power factor of such power transference are controlled. 

(Lond. Univ.y 1950.) 

4. A 30-mile three-phase transmission line delivers 8 000 kW. at 33 kV. 
0*8 p.f. lagging. The impedance of single conductors is 0-60 -f j’0-72 Cl. per 
mile. Find the regulation, efficiency, generator voltage and power factor. 

5. Construct a line chart for a three-phase line delivering a balanced load 
at 30 kV., the impedance of each conductor being (1*6 -f ^’3*3) Q. Find the 
generator voltage at 1 000 kW. at power factors of 0*9 and 0*7 leading and 
lagging. 

6. In the preceding example find the power that can be received at 0*8 
p.f. lagging at 30 kV. if the generator voltage is 33 kV. 

6600/33 000 33 000J 6600 

Fia. 128 

7. A substation receives 6 000 kVA. at 6 kV. 0*8 p.f. lagging on the low 
voltage side of a transformer from a generating station through a three-phase 
oable system having a resistance of 7 Q. and reactance of 2 Q. per phase. 
Identical 6 600/33 000 transformers are installed at each end, the 6 600 V. 


II 




174 


ELECTRICAL POWER 


winding being delta- and the 33 000 V. star-connected (as shown in Fig. 128). 
The resistance and reactance of the star-connected windings are 0*6 and 
4 O. respectively, and for the delta 0*06 and 0*36 £2. Calculate the voltage at 
the generator bus-bars. 

8. A building is supplied by a three-phase 4-wire service main, the resistance 

of each line wire being 0-25 £2., and of the neutral 0*5 £2. The main is fed with 
three-phase voltages at a line voltage of 420. Determine (a) the current in 
the neutral wire, and ( b ) the voltage, phase I to neutral, at the building end 
of the main, when the power input to the main comprises : 5 kVA. at 0-866 p.f. 
lagging, for phase I, 6 kVA. at 0-866 p.f., leading, for phase II, and 5 kVA. at 
1-0 p.f. for phase III. ( Loud . Univ., 1933.) 

9. A 3-phase transformer substation, A, supplies a load of 15 MW. at 0-8 
power factor lagging, and another substation, B, supplies a load of 10 MW. at 
0*7 power factor lagging, the bus-bar voltage of each station being 11 kV. and 
the frequency 50 c/s. By means of an interconnector 2 000 kW. are delivered 
to the bus-bars of A from station B, so that the loading of the transforming 
plant at A is reduced to 13 MW. and that of the plant at B is increased to 
12 MW. 

If the resistance and reactance per phase of the interconnector and regulating 
gear are 0-5 £2 1-5 £2 respectively, determine, either graphically or analytically, 
the loading (MVA.) and power factor of the plant at each substation. 

Draw a vector diagram. {Lond. Univ., 1953.) 

10. The resistance and reactance per phase of a three-phase transmission 
line are 23-5 £2. and 67 £2. respectively. Calculate the maximum steady- 
state power which can bo transmitted over the line if the voltage at each end 
is maintained at 132 kV. Neglect the effect of the capacitance of the line. 

Show that if the reactance, X , of the line could be varied, the resistance, R, 
remaining constant, the maximum steady-state power that could be trans¬ 
mitted over the line would be greatest when X = \Z3.R. 

(Lond. Univ., 1934.) 

11. A two-wire distributor A BCD, 400 yd. long, each core of which has a 

resistant;© of 0-25 £2 per 1 000 yd., is fed at A and D, the voltage at A being 
235 V. and that at D 232 V. There are concentrated loads of 100 A. at B, 
50 yd. from A , and 70 A. at C , 150 yd. from A, and there is a uniformly 
distributed load of 1 A. per yd. over the 100-yd. length adjacent to D. Cal¬ 
culate (a) the minimum load voltage and ( b ) the load voltage at a point 50 yd. 
from D. (Lond,. Univ., 1953.) 

12. Find the resistance and inductance to neutral of a three-phase line 
15 miles long, the wires being 19/-083 copper conductors at asymmetrical 
spacing of 36 in. The temperature is 65° F. 

13. A 50-frequency, three-phase transmission line has the following con¬ 
stants (line to neutral): resistance 11*0 £2.. reactance 38-0 £2., susceptance 
3*0 X 10~ 4 mho., leakance negligible. The capacitance can be assumed to be 
located half at each end of the line. 

Calculate the sending-end voltage, the line current, and the efficiency of 
the transmission when the load at the end of the line is 40 000 kVA. at 110 kV., 
p.f. 0*7, lagging. (Lond. Univ., 1933.) 

14. A 400 V., 3*phase, 3-wire system (phase sequence RYB) supplies a 

star-connected load with isolated star point. The loads to the star point from 
the R, Y and B lines are respectively 25 -f jO, 0 j20, and 30 -f yiO £2. 

Determine (a) the line currents, (b) the voltage between the R line and the star 

point, (c) the power dissipated by the circuit. (Lond. Univ., 1950.) 

15. The “constants” per mile, per conductor, of a 150-mile, 3-phase line are 
as follows: resistance, 0-25 £2.; inductance, 2 x 10~ 8 H.; capacitance to 
neutral, 0-015 /uF. A balanced 3-phase load of 40 MVA. at 0-8 power factor 
(lagging) is connected to the receiving end, and a synchronous condenser, 
operating at zero power factor (leading), is connected to the mid-point of the 
line. The frequency is 50 cycles per second. 
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If the voltage at the load is 120 kV., determine the kVA,. rating of the 
synchronous condenser in order that the voltage at the sending-end may be 
equal (in magnitude) to that at the mid-point. The nominal T-circuit is to be 
used for the calculations. (Lond. Univ.f 1949.) 

16. A transmission line consists of two circuits P and Q connected in 
series, the circuit P being at the sending end of the line. The circuits have the 
following auxiliary constants 


Circuit P 

Circuit Q 

A p = 0*982|1*2° 

®| 
<M 1 

00 

o 

00 

6 

II 

o 

B p = 77*3|80*0° 

B q = 30*0|45*0° 

C p = 0-000462|91-0° 

C q = 0-001192-0° 

Dp = 0-982|l-2° 

D 9 = 0-80812-0° 


Develop expressions for each of the four auxiliary constants A, B , C , and 
D of the whole line and calculate the numerical value of the constant A . 

{Lond. Univ. t 1934.) 

17. The following data apply to a three-phase transmission line. The 
resistance per phase is 63-5 £2., the reactance per phase 167 0 £2., susceptance 
per phase 1*1 X 10“*mho. Draw the vector diagram showing the sending- 
and receiving-end voltages and currents when the recoiving-end voltage is 
132 kV. and the line is supplying 40 000 kW. at a lagging power factor of 
0*9. From the diagram determine the sending-end voltage and the efficiency 
of transmission under those conditions. The auxiliary line constants A , B t 
C are given by 

A = 1 -b ZF/2 + Z*F*/24 + Z*F*/720. 

B = Z(1 + ZF/6 4- Z 2 F*120 + Z*F»/5 040). 

C = F(1 + ZF/6 + Z 2 F 2 /120 + Z*F*/5 040). 

(Lond. Univ.f 1933.) 

18. Explain how (a) the power, ( b) the reactive kVA., between two inter¬ 
connected generating stations is controlled. Two 3-pha9e stations are linked 
by a 33 kV. cable. The conductors and one of the two similar transformers 
have a combined (line to neutral) reactance of 50 £2. and a resistance of 4 £2. 
Calculate the transformer voltage at one of the stations when a load of 
10 000 kVA. at 33 kV. and unity p.f. is received from it by the other station. 
Find also the power factor of the load at the sending station. 

(Lond. Univ., 1933.) 

19. What are the necessary conditions under which power is transmitted 
through an interconnector between two power stations and how are these 
requirements met in practice ? 

Two power stations A and B are connected by a three-phase interconnec¬ 
tor having a resistance of 15 £2. per phase and n reactance of 50 £2. per phase. 
If the voltage at B is 66 kV. and the voltage at A is 69 kV., calculate the power 
factor of the current in the interconnector when 10 000 kW. is being (a) 
received at B y (b) sent out from B. (Lond. Univ. f 1933.) 

20. A total load of 12 000 kW. at a p.f. of 0*8 lagging is transmitted to a 

substation by two overhead three-phase lines connected in parallel. One line 
has a conductor resistance of 2 £2. per conductor and a reactance (line to 
neutral) of 1*5(1., the corresponding values for the other line being 1*5 and 
1*2 £2. Calculate by an exact method the power transmitted by oach overhead 
line. (Lond. Univ.f 1933.) 

*51. State (i) the essential, (ii) the desirable, conditions to be fulfilled in 
order that two 3-phase transformers may operate satisfactorily in parallel. 

A 2 000 kVA. transformer (A) is connected in parallel with a 4 000 kVA. 
transformer (B) to supply a 3-phase load of 5 000 kVA. at 0*8 power factor 
(lagging). Determine the kVA. supplied by each transformer, assuming equal 
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no-load voltages. The percentage voltage drops in the windings at the rated 
loads are as follows: transformer A, resistance 2%, reactance 8%; trans¬ 
former B, resistance 1-6%, reactance 8%. ( Lond . Univ., 1948.) 

22. What are the advantages of overhead lines as compared with under¬ 
ground cables for transmission at very high voltages ? 

A 3-phase, 50 c/s transmission line is 100 miles long and has the following 
constants— 

Resistance per phase per mile = 0-2 O.; 

Inductance per phase per mile — 2 mH.; 

Capacitance (line to neutral) per mile = 0-015 fi¥. 

If the line supplies a load of 50 MW. at 0-8 lagging power factor and 132 kV., 
determine, using the nominal T-method, the sending-end voltage, current and 
power factor and the line efficiency. (Lond. Univ., 1950.) 

23. A load of 8 000 kW. at a power factor of 0-8 lagging is to be transmitted 
over a three-phase line to a point 40 miles distant, the output voltage being 
60 kV. at 50 eye. An intermediate tapping point 25 miles from the input end 
of the line supplies a load of 6 000 kW. to a consumer at a power factor of 0-8 



Fia. 129 Fig. 130 


lagging. The 10 000, 7 500, 17 500kVA. transformers at the output end, 
intermediate point, and input end of the line respectively each have 1% 
resistance drop and 3% leakage reactance drop at their rated power and voltage 
of 66 kV. between lines. The resistance and reactance per mile of the line are 
0-320 and 0-358 Q. respectively. Find the voltage at the input end and at the 
intermediate tapping, assuming that the constants of the transformers may 
be added to those of the line and that the exciting currents and core losses are 
negligible. (Lond. Univ., 1931.) 

24. Discuss the advantages of a 3-wiro systom as compared with a 2-wire 
system for a d.c. distribution network and explain carefully how you would 
maintain approximately equal voltages across the two sides of a 3-wire system 
at the end of a long radial feeder with a heavily unbalanced load. 

Fig. 129 represents a 2-wire d.c. network supplied at S and with loads of 
50 A., 60 A., and 70 A. at B, C and D respectively. The resistances of the 
various sections are as follows (including go and return leads in each case) — 


SB 

0-05 

a. 

BC 

0-15 

Cl. 

CD 

0-10 

a. 

BD 

0-10 

Cl. 

DS 

0-05 

Cl. 


Calculate the voltage drop between the supply point S and the lead C when 

(a) the section CD is not in circuit; 

(b) the section CD is in circuit. (Lond. Univ., 1934.) 

25. Find the currents in the network of Fig. 130. The resistances are AB 
■■ 0*04, BC « 0-06, CD == 0-05, AD = 0-02, AC = 0-08 Cl. Find the difference 
of potential between A and C. 



CHAPTER VII 

VOLTAGE REGULATION STABILITY 

Voltage Control. All modern transmission systems, with the excep¬ 
tion of the Thury constant-current system, operate at a constant 
voltage. It is essential for the satisfactory operation of the con¬ 
sumers’ apparatus that the voltage be kept within narrow limits. 
Until recently there was a legal limit of ± 4 per cent, although the 
new regulations permit a variation of ± 6 per cent in order that 
rural lines may be erected at a reasonable cost. 

In d.c. distribution the voltage can be kept fixed at the end of a 
feeder by using a compound generator. When there are feeders of 
different lengths supplied from one 
generator, it is clear that compound¬ 
ing is not a complete solution; the 
voltage at the end of each feeder 
can be kept constant by means of 
boosters, which are described briefly 
on pages 36-38. 

The regulation of an alternator 
is due mainly to the synchronous 
reactance of the armature. The 
synchronous reactance is intention¬ 
ally not made as small as it can be, 
as a very small synchronous reactance 
renders the generator liable to damage 
when a short circuit occurs on the 
system at a point near to the genera¬ 
tor. Modem practice is to have a synchronous reactance of 8 to 15 
per cent, so that when a short circuit occurs near the generator the 
momentary peak value of the current is from 10 to 18 times the normal 
load value, and on continuous short circuit the current is only 2 to 6 
times the normal. There are several excellent types of automatic 
voltage regulators; because of this and the protection afforded by 
a comparatively large synchronous reactance against short circuits, 
good inherent regulation is not sought in modem alternators. One 
very successful regulator is the Tirrill regulator, which is described 
in Electrical Technology .* Another is the Brown-Boveri regulator 
which is shown in Fig. 131 a. The action of the latter is as follows.*)* 
If the excitation voltage is raised to the required value, the field 

* Electrical Technology , by Prof. H. Cotton (Pitman), Sixth Edition, pp. 
363-4. ^ 

f The thanks of the author are due to British Brown-Boveri Limited for this 
information. 
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Brown-Boveri Regulator 
(Brown-Boveri) 
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current will not attain the steady value corresponding to it for some 
seconds, because of the fairly large time-constant of the field 
windings. For this reason the Brown-Boveri regulator acts by 
overshooting the mark considerably and then falling back to the 
proper value: in this way the excitation current reaches the required 
steady value much more quickly 

Figs. 131b and c show the moving part of the regulator, which 
acts on the Ferraris principle. An annular core of laminated sheeting 



(Brown-Boven) 


carries two windings a and 6. The main winding a is connected up 
to the system to be regulated through the resistances U and u ', 
while a resistance R is inserted in the circuit of the second winding b 
(see Fig. 131a). By judicious choice of the resistances there is a 
phase displacement of the currents in the windings, and this results 
in a torque on the aluminium drum c. The main spring / and the 
auxiliary spring n provide a mechanical torque which opposes the 
electrical torque; the screw r 4 can vary the torque due to n. 

The regulating resistance g consists in a pair of resistance elements 
connected to the contact blocks Z, which are heavily plated with 
silver. The contact sectors roll on the inside surfaces of the contact 
blocks, and make good contact because of the springs d. Fig. 131c 
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shows diagrammatioally the operation of voltage regulation. Sup¬ 
pose that the voltage is normal at position 1, at which position the 
mechanical torque has been adjusted to balance the electrical 
torque. If the alternator voltage rises, the electrical torque increases 
and the drum rotates to position 3, say. More resistance has been 
inserted in the exciter circuit, and the field current and alternator 
voltage drop. Meanwhile the recall spring q has been tightened, and 
when the voltage has fallen to a lower value, the recall spring is 
strong enough to force the contact roller back to position 2, which 
is the equilibrium position. The damping system, m and o, prevents 
oscillation of the system about the equilibrium position. 



( Broum-Boven) 

The regulator may be compounded for current by means of a 
current transformer, which is connected across an adjustable part 
of the resistance u'. In this way the regulator can allow for voltage 
drop due to the current along a feeder, so that the voltage at the 
far end of the feeder can be kept constant. 

Voltage Control by Generator Excitation. In many cases, and 
in particular in short fines, the voltage at the receiving end is 
kept within very narrow limits by automatic or hand-operated 
voltage regulators, which act in the field circuit of the alternator 
exciter as do the Tirrill and Brown-Boveri types. It is possible to 
design the windings of the relay, operated by the fine voltage and 
current, to allow for the regulation of a fine and of the generator. 
This method is unsuitable for long fines, as the voltage at the 
generator terminals will have to vary too much in order that the 
voltage at the far end of the fine may be constant. 

The effect of varying the excitation depends upon the system into 
which the generator is feeding, but in all cases the power output 
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is unaffected as this depends on the fuel supply to the prime mover. 
In an interconnected system, in which there are two or more alter¬ 
nators, the distribution of load is unchanged by varying the voltages 
by excitation, but the reactive kVA. can be changed. The sharing 
of load is, of course, determined by the regulation of the governor 
of the prime movers. 

The excitation required to maintain a given current / and terminal 
voltage E in an alternator can be found in the following way, shown 
in Fig. 132. The e.ni.f. to be produced by the flux is E#, where E+ 
is the vector sum of E and IX , the latter being the voltage drop 
due to the synchronous reactance of the alternator and is thus at right 



Fia. 132. Vector Diagram of Alternator 


angles to I. This e.m.f. is produced by the flux created by the ampere- 
turns AT^ which clearly leads E<p by 90°. To this value must be 
added the ampere-turns necessary to overcome the armature reaction 
represented by AT a , and which is parallel to I when the rotor is 
cylindrical and nearer in line with A r l\ when there are salient 
poles. In the former case 

AT a = XI(I n IP„) x A, 

where I n and P n are the rated current and power and A is the 
ampere-turns to give normal voltage on open-circuit. The required 
excitation is given by AT. In the latter case the magnitude and 
position of AT A depend on the cross-reluctance factor of the machine; 
AT A is smaller than for the cylindrical rotor and is more in line 
with AT<p. 

It is frequently required that the voltage at both ends of a 
transmission line should be kept constant, sometimes at the same 
value; this may be desired when loads are taken near the generator 
end and at the far end of the line. It is impossible to achieve this 
condition by voltage control of the generator, but there are several 
methods of achieving this requirement which will be described. 

Tap-changing Transformers. The voltage can be varied by 
having a number of tappings on the secondary winding as shown in 
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Fig. 133, so that the turns ratio can be changed at will. When the 
movable arm makes contact with stud 1, the secondary voltage is 
a minimum, and when with stud 5 a maximum. When the load is 
light the voltage across the primary is not much below the generator 



Fig. 133. Transformer with Tappings 


voltage and the former position is used. As the load increases, 
either at this or intermediate load points, the voltage across the 
primary drops, but the secondary voltage can be kept at the previous 
value by switching the arm on to a higher stud. This simple type 
of tap-changing transformer can be varied only when the load is 
removed. For if the movable arm is narrow and leaves one stud 



Fig. 134. On-load Tap-changing Transformer 


before it reaches the next the circuit is broken and arcing results; 
whereas, if the arm is wide and reaches the next stud before leaving 
the earlier, the part of the coil between the studs is momentarily 
shorted and takes a large current, which when broken causes arcing 
and burning of the contacts. 

It is only comparatively recently that on-load tap-changing 
transformers that work satisfactorily have been made. One method 
is shown in Fig. 134. The secondary is composed of equal parallel 

7 -(r -54) 
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windings, which have similar tappings la ... 5a and 16 ... 56, 
we will imagine for the moment that the switches a and 6 are 
closed. When switches la and 16 are closed the secondary voltage 
is lowest. In order to increase the secondary voltage switch la is 
broken and for a short time the 6 winding takes all the current; 
then switch 2a is closed and the current divides itself, somewhat 
unequally, between the two windings; then switch 16 is opened 



Fig. 135. Auto -transformer Tap-changing 


and the a winding takes the current; finally switch 26 is closed 
and the current is shared equally between the windings. 

In order that wear may be reduced to a minimum and for ease 
of inspection and repair, the switches la . . . 56 are not called upon 
to break any current. The current is broken by the switches a and 6 ; 
thus the process of changing from la to 2a becomes : open a, open la, 
close 2a, close a. Similarly for the other winding. The wear will 
thus take place only in switches a and 6 which are placed in an 
accessible place for regular inspection and repair if necessary. The 
disadvantages of this method are: (i) that during switching the 
impedance of the transformer is increased and there will be a voltage 
surge, (ii) there are twice as many tappings as voltage steps, and 
(iii) complications are introduced into the design in order to obtain 
a high reactance between the parallel windings. 

Another method is the preventive auto-transformer system shown 
in Fig. 135. During normal operation the short-circuiting switch 
is closed; let us suppose that the lowest switch is closed so that 
the voltage is the minimum. To raise the voltage, the short- 
circuiting switch is opened, the second switch is closed, the first is 
opened, and finally the short-circuiting switch is closed. During 
the time that the first and second switches are closed and the 
short-circuiting switch is open, a part of the transformer winding 
is shunted by the auto-transformer; the latter is given sufficient 
reactance not to cause a large current, but the line current is un¬ 
affected by this reactance as it flows in opposite directions in the 
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halves of the auto-transformer. Instead of switches, we may have 
sliding contacts attached to the ends of the auto-transformer such 
that one contact makes before the other breaks, and in the normal 
operating position both contacts touch the same stud. If the auto- 
transformer is designed to take the full load current continuously, 
then a working position is possible with two consecutive tapping 
switches closed. This nearly doubles the number of working positions 
with a given number of tappings. 

Calcination of Transformer Ratios. Let us consider the appli¬ 
cation of transformer-tapping to the system of Fig. 136, in which 
it is required to send a given power P to the receiving-end at 
which the voltage and power factor are E r and cos <f> r . The 
sending-end voltage is fixed at E a , and the impedance of the line 
and transformers transferred to line voltage is Z = R + jX • Let 
the transformer ratios be t x and t 2 as shown, where t x and t 2 are 



Fig. 136 


expressed as fractions of the normal ratios: thus if the normal 
ratio of the sending-end transformer is 6-6 kV. : 33 kV. and the 
ratio now is 6-6 : 36 we should have t x = 36/33 = 1*09. We take 
the receiving-end voltage E r as the basic vector. Then the receiving- 
end current is 

I r =(P/E r )-j(PIE r ) tan </> f , 

where <f> r is positive for a lagging power factor. The voltage at the 
line winding of the receiving-end transformer is t 2 E 2i where E 2 is 
the nominal voltage, i.e. the value when the transformer ratio has 
the nominal value. The line current is 

/ = /, X (E r IE 2 ) x (1/y = (P/t 2 E 2 ) (1 -j tan <f> T ). 

The voltage at the line winding of the sending-end transformer 
is t 1 E v so that 
t x E x = t?E 2 -j- IZ 

= + (Pit A) (R + X tan <j> r ) + j (P/*A) (X-R tan <f> r ). 

Equating magnitudes we get 
h % E x % = P*®i + (PIW (R + X tan 

+ t (PltzEz) (X — R tan <f> r )f. 

We may choose a value for t x or t 2 , then this equation will give 
the other. The minimum range of tap ratio is required when we 
choose t x and ^ such that t x t 2 = 1. The equation for t, then becomes 
t 2 *E 2 * + 2t 2 2 WE 2 2 (R + X tan <f> r ) 

- E X 2 E 2 * + W* seo 2 (f> r (R 2 + X *) = 0. 
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Example. Find the transformer tap ratios when the receiving-end voltage 
is equal to the sending-end voltage, the high voltage line operates at 132 kV. 
and transmits 20 000 kVA. at 0-8 lagging p.f., and the impedance of line and 
transformers is 40 + j 200. 

The equation for t 2 when we choose t x t 2 == 1 is 
* 2 4 + 2t 2 2 (P/E 2 2 )(R + X tan <f> r ) - 1 

+ ( P 2 /E 2 4 ) sec 2 (f> r (R 2 + X 2 ) = 0, 

since E x = E 2 . 

We have R = 40, X = 200, R + X tan </> r = 40 + 150 = 190, 
R 2 + X 2 = 41 600, P = 0-8 x 20 000 kW. = 16 000 kW., W sec <f> r 
= 20 000 000 . 

The equation for t 2 is thus 

V + 2* 2 2 (0-174) - 1 + 0-055 = 0, 
i.e. t 2 * + 2 1 2 (0-174) - 0-945 = 0. 

This gives 

* 2 2 = - 0-174 + ^[(O*^ 4 ) 2 + 0-945] = 0-813 
so that t 2 = 0-902 and * x = 1*11. 

It must be remembered that t 1 and t 2 are the factors by which 
the nominal transformer ratio is to be multiplied. Thus if the line 
is connected to a 6-6 kV. bus-bar at the sending- and receiving-ends, 
the actual ratios are— 

20* x = 22-2 and 20* 2 = 18-04. 

Booster Transformers. In some cases it is not convenient to 
have tap-changing gear in the main transformer. In other cases it 
may be desired to increase the voltage at a point in the transmission 
line at a distance from the main transformers, and it is not worth 
while installing a main transformer with tap-changing if a much 
cheaper method is available. 

Fig. 137 (a) shows a suitable voltage regulating equipment con¬ 
sisting of a regulating transformer with tappings and a booster 
transformer; the on-load tap-changing gear is omitted from this 
diagram as it would merely confuse matters. The voltage at PP 
is maintained constant by tap-changing in the main transformer, 
and intermediate loads make it necessary to have some regulating 
device at QQ , in this case a regulating transformer and a boosting 
transformer. Fig. 137 ( b ) shows an automatic booster arranged to 
work on the line current. It is clear that greater accuracy is obtained 
by working on the line current, which varies from zero to full load 
value, rather than on the line voltage which may vary by only 
10 per cent. An error of 1 or 2 per cent in a voltage transformer 
will cause a regulation error of 10 or 20 per cent (1 or 2 per cent 
divided by 10 per cent), whilst a similar error in a current transformer 
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causes only an error of 1 or 2 per cent in the regulation. The 
contacts R and S are operated by the same solenoid and are mechani¬ 
cally interlocked so that one is closed when the other is opened. 


Load 
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f ! 


Feeder 
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Fio. 137. Automatic Voltage-regulating. Booster Transformer 


The current relay has two sets of contacts, one of which closes when 
the current reaches the value at which boost is necessary. This 
contact closes the solenoid circuit, which energizes the solenoid, 
closing S and opening R (these contacts are arranged with an auto¬ 



transformer device so that there is always a through path for the 
load current). When the current drops below this value by a certain 
adjustable amount the other relay contact closes, then S is opened 
and R closed. 

It is clear that the kVA. rating of this equipment is the product 
pf the liz^e ouirent and the injected voltage, and is thus only 10 or 
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20 per cent of that of a main regulating transformer. Fig. 138 
shows a three-phase regulating system. 

The advantages of the booster system are that the regulating 
equipment is independent of the main transformer so that a failure 
in the former will not throw the latter out of service for any length 
of time; and that it is much the cheaper method when there is 
no main transformer at the point where regulation is desired. When 
the regulation is required at a point where a main transformer is 
to be placed, the system is dearer, requires more floor space, and 
increases the losses. 

The cost of tap-changing gear is almost independent of the rating 
of the transformer to which it is applied, as the cost is mainly that 



Fig. 139. Regulating Requirements in Interconnected 
System 


of the mechanism for operating the switches. The gear is thus 
economical only with large transformers. 

Phase Angle Control. In interconnected networks it is essential 
to be able to dispatch loads via selected lines, in order that the lines 
may not be overloaded. It will be shown that selective dispatching 
requires control of the magnitudes and phases of the various line 
voltages. Thus in the system of Fig. 139, suppose that C requires 
a load of 60 MW., of which A and B can supply 40 and 20 respec¬ 
tively ; suppose, moreover, that the line from A to C cannot trans¬ 
mit more than 30 MW. It is then necessary to send 10 MW. from 
A to B and 30 from B to C. It may be required that the voltages 
at A, By and C should be the same, V. It will be shown that in 
"order that this may be so, it will be necessary to have regulation 
equipment, R v R 2 , and R v of which R x or R t can control phase. 
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The currents along A 2 C and B X C must have equal in-phase 
components, since they carry 30 MW. each; it is most economical 
that the currents have the same phase. Let these currents be /, 
and let the current along A 1 B l be I 2 . If the impedances of the 
interconnectors A 2 C t A X B X> and B X C are Z v Z 2t and Z Zi the voltages 



Fia. 140. Phase-shift Transformer in Three-phase System 


at A lt A 2 , and B x are shown in the vector diagram of Fig. 139 as 
OA x> OA 2 , and OB x . li 3 must raise the voltage at B to OB x \ the 
phase will correct itself by synchronizing current. R x and R 2 must 
raise the voltage at A, which is V , to the appropriate magnitudes 
OA x and OA 2 ; and there must be a phase control in one of them to 
create the phase difference given by the angle cf> = /_A x OA t . If 
this is done the phase of the generator 
at A will then correct itself by E c a 
synchronizing current. \ 

There must be some means available \ 

whereby the phase of the voltage can \ 

be varied as well as the magnitude. \ 

Phase-shifting Transformer. In a | A/* 

three-phase system, phase-shift can _ y / pr 

be introduced by a transformer as A BC / gf ^BC 

shown in Fig. 140. The vector diagram / A 

of the voltages is given in Fig. 141. e b 

The voltage between lines B and C is Flo 141 vector Diagram 
E bo> which is at right angles to E A ; E' BO of Fig. 140 

is a positive or negative multiple of 

E SOt and the final line voltage is E A ' = E A + E' BC , making an 
angle 6 — arc tan (E' BC /E A ) with the voltage E A . The magnitude 
of 6 is varied by tappings on the secondary of the transformer 
between lines B and C. 


Induction Regulator. The single-phase induction regulator 
cannot be used for phase-shifting, but merely for boosting or 
lowering the voltage. It consists of a transformer with coupling 
between the primary and secondary varying from — M to + M , 
where M is the maximum mutual inductance. The output voltage 
lies between V — v and V + where V is the input voltage and v 
is the maximum voltage that can be induced in the secondary. 
Fig. 142 shows a simple sketch of the induction regulator as used 
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in a single-phase circuit. The mutual between the windings is varied 
by rotating the secondary, which carries the line current and has a 
maximum voltage of about 10 per cent of the full voltage. 

The three-phase induction regulator is similar to the induction 
motor in construction, except that all the six terminals of the three 
secondary windings must be brought out. Fig. 143 shows the 
stator and rotor of a three-phase induction regulator. The stator 
winding is exactly the same as in an induction motor, the three 
phases being spaced- at 120° so that they produce a pure rotating 
field in the cylindrical core of the rotor, i.e. a field of constant 
magnitude that rotates with synchronous speed. The rotor, or 
secondary windings, can be moved to any position and held there. 
Since the magnitude of the field is constant at any point the induced 



Fio. 142. Single-phase Induction Regulator 


Out 


voltages in the secondary are constant, but their phases depend on 
the position of the rotor. The character of the voltage produced 
by the induction regulator is shown in Fig. 144; V P is the primary 
voltage, V h is the secondary voltage, and V is the output voltage, 
since the secondary windings are in series with the lines as shown 
in Fig. 146. The end of the voltage vector V can lie on any point 
on the circle, whose centre is the end of V P and radius is the 
magnitude of the induced secondary voltage. The voltages for 
the three phases vary together as the secondaries move together, 
the phase-shifts being positive for a rotation in one direction and 
negative for the other direction. In Fig. 145, OA, OB , and OC 
show the phase voltages at the input of the induction regulator, 
AA', BB', and CC' the secondary voltages, and OA', OB', and OC' 
the output phase voltages. The output line voltages are B'C', C'A ', 
and A'B', whilst the input line voltages are BC, CA , and AB . As 
far as we have considered, the effect of rotating the secondaries is 
symmetrical about the position in which V R lies along V P . Actually 
the effect of magnetizing current is to make the action unsym- 
metrical, but we shall not take this into account, although in 
practice it is not negligible. 




(a) 



m 


Fig. 143. Three-phase Induction Regulator 
(a) Stator. (6) Rotor. 

(Englxth Electric Co.) 
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The three-phase induction regulator just described gives a phase - 
shift in addition to a voltage boost. In dead-end feeders the 
phase-shift is unimportant, but in a ring or interconnected system 
it is important. If it is required to obtain a voltage boost without 



Fig. 144 

Vector Diagram of 
Three-phase Induc¬ 
tion Regulator 



Vector Diagram of Three- 
phase Induction Regulator 



Fig. 146. Three-phase Induction Regulator 



Fig. 147. Voltage Boost without Phase-shift in 
Three-phase System 


phase-shift, three single-phase transformer boosters can be used, as 
shown in Fig. 138. An economy can be effected by using only two 
single-phase transformers in the way shown in Fig. 147; in this 
method the voltages are unbalanced, and this may be a disadvantage. 

Variable voltage boost without phase-shift can be obtained by 
using a twin three-phase induction regulator. In one regulator the 
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voltage has a phase-shift in one direction, in the other ih the opposite 
direction. Fig. 148 shows the primary voltage V P and the secondary 
voltages V n and b*; the output voltage is V P + V R , and V R can 
take any value between + and — 2v, where v is the magnitude 
of the secondary voltage in each regulator. 



Fig. 148 

Vector Diagram 
of Twin, Three- 
phase, Induction 
Regulator 



Methods of using tap-changing transformers and induction 
regulators are given in the following example, in which two parallel 
feeders connect two stations. 


Example. Two stations are interconnected by two parallel three-phase 
feeders, one working at 33 000 V. and the other at 06 000 V. through the 
medium of transformers and induction regulators. Explain the requirements 
for the correct subdivision of the total load between the two feeders and 
illustrate your explanation by vector diagrams. ( Lond . Univ.> 1931.) 




Fig. 149 represents the system. R denotes an} T regulating equip- 
.ment, either tap-changing or an induction regulator. The load 
voltage E r and current I r are fixed by the load conditions at the 
receiving station. It is simplest to replace the system by the 
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equivalent system reduced to the receiving station voltage. Let 
the currents I 1 and 7 2 along the feeders be postulated by considera¬ 
tions of the current carrying capacities of the feeders: given the 
magnitudes of 7 f , I v and 4 the phase positions of the latter two are 
fixed in either of two positions by a parallelogram of currents, and 



Fig. 151 


are shown in Fig. 150. The most economical condition occurs when 
I x + / 2 is a minimum, and this is when they lie on I r so that 
7 X + 7 2 = 7 r . Let the impedances of the feeders and transformers 
referred to the receiving-end voltage be and Z 2 . The voltages 
at P t and P 2 are E r + 7^ and E r + 7 2 Z 2 , and are shown as 
E x and E 2 . 

It is possible to produce these voltages at P 1 and P 2 by means 



of two similar three-phase induction regulators and one common 
tap-changing transformer, as shown in Fig. 151, in the following 
way. Let the voltage circles of the induction regulators intersect 
at C and C\ If the regulators are set in positions corresponding to 
one of these points, the voltage at P is given by OC or OC' and 
may be achieved by the use of the tap-changing transformer. 

Another way is to use two tap-changing transformers and one 
three-phase induction regulator, as shown in Fig. 152. Let the 
voltage circle of the induction regulator intersect E % at C . Let the 
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generating voltage be represented by OC'. The firs^ tap-changing 
transformer must increase the voltage from OC ' to OC 9 and the 
second from OC ' to E 2 . If the generator voltage can be increased 
to OC by increasing the excitation, there is no need for a transformer 
in series with the induction regulator, and then the second trans¬ 
former needs a tap-ratio of OC : E z ; we require then only an 


v A 



Fig. 153. Parallel Operation of Generators Connected by 

a Line 


induction regulator in one feeder and a tap-changing transformer in 
the other. It is, of course, understood that the steam has been 
regulated to provide the required load. 

If the regulation is not very large and the load is not sensitive to 
voltage, it will be sufficient to keep a fixed generator voltage. Then 
all other voltages and the load will be reduced in the proportion 
OC' to OC. The division of the load will remain as above merely by 
the use of one induction regu¬ 
lator and one tap-changing 
transformer. 

Parallel Operation of Gener¬ 
ators. Suppose that the two 
generating stations A and B 
are supplying loads and that 
current 1 flows from A to B. 

The voltages V A and V B at 
the stations are given in the 
vector diagram of Fig. 153. Suppose now that additional load is 
thrown on to the bus-bars of station B. The generator voltage at 
B will fall back in phase to V B 9 so that the voltage difference 
becomes V A — V B and the current increases to which is larger 
than I and more in phase with V A . Thus station A sends more 
power to B and the steam governor adjusts itself to meet the 
condition. The reverse happens when load is taken off the bus-bars 
of B or load is thrown on to the bus-bars at A. In the vector 
diagram shown in Fig. 153 we have represented Z, the impedance of 
the interconnector, as a pure reactance. When the interconnector 
is a pure resistance, the vector diagram is as shown in Fig. 154. It 


Yb 

IR 
7 A 

Fiq. 154 

Parallel Operation of Generators 
Connected by a Line 
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is seen that when load is thrown on to B the current 1 diminishes 
so that less power flows from A to B , and B is therefore called upon 
to supply more load. This is progressive and leads to hunting and 
instability. The presence of reactance in the interconnector is thus 
essential for stability. 

The synchronous capacity of an interconnector is defined as the 
change of kilowatts transmitted per radian change of angular 
displacement of the voltages of the two systems. It can be shown 
to be 

(E 2 X/l 000 Z 2 ) kW. 

It is stated that if the total capacity of the plant in the smaller 
station is less than this, the interconnector has sufficient reactance 
to hold the stations in step. 

Voltage Control by Power Factor. The effect of power factor on 
voltage regulation has been worked out on pages 137-42, and 
a line chart for a particular example is shown in Fig. 106. Thus 
with a given receiving-end voltage of 10 kV. and load of 1 000 kW., 
the sending-end voltage is 16*8 kV. at a power factor of 0*5 lagging, 
14*6 at 0*7 lagging, 13*3 at 0*9 lagging, 10-8 at 0*9 leading, 9*7 at 0*7 
leading, and 8*6 at 0*5 leading. By control of the power factor we 
can therefore vary the voltage of the line over a very wide range 
of values. 

For example, we can make the voltages at the sending- and 
receiving-ends equal by a proper choice of the power factor in the 
following way. 

Putting E s — E r we see that equation (69) gives 

R cos (j) r + X sin cj> r == — IZ 2 J2E r , . . . (69) 

or R cos 2 (f> r + X sin <\> r cos <f> T = — P(R 2 + X 2 )/2E r 2 

or R cos 2 <f> r + X sin 2 <f> r = - (PZ 2 /F r 2 ) - R. 

Substituting for R and X in terms of the line impedance angle 
we get 

cos yj cos 2(f), + sin xp sin 2cf> r — — ( PZ/E 2 + R/%) 

= cos (xp — 2<f> r ), 

so that 

<f>r = \w + 2 008 _1 [ cos V + PZ/E 2 ] — (7l/2) . (92) 

For example when P ~ 0 this reduces to 

<t>r = \V> + if— n/ 2 
= \p — n/2. 

Example. Find the power factor for equal sending- and receiving-end 
voltages in the above system when the load is 1 000 kW. 



VOLTAGE REGULATION STABILITY 195 

R = 16, X = 30, Z = 34, y, = 90°- 28° 3' = 61° 57', cosy; = 0*47. 

PZfE 2 = 0*34. 

<f> r = 30° 58' + £ cos- 1 0*81 - tz/2 
= 30° 58' + 17° 57' - 90° 

= — 4i° r, 

and the power factor is 0*75 leading. 

From Fig. 106 it is seen that at equal sending- and receiving-end 
voltages of 10 kV. and load of 1 000 kW. the reactive kVA. is 
860 kVAR. leading, giving 

tan <f) r = — 0-86, 
or <f>r = ~ 41°, 

in agreement with what we have found. 

In this case the in-phase current is 100 amperes and the wattless 
current 86 amperes, so that the total current is 133 amperes. 

It may bo noted that at unity power factor the sending-end voltage 
is 12-0 kV. and the current is 100 amperes. It is then a question 
of economics whether it is worth while raising the current from 
100 amperes to 133 amperes in order to achieve zero regulation. If 
the phase angle is adjusted to the necessary negative value to give 
zero regulation, no other regulating equipment is required. But the 
current-carrying capacity of the alternator and line or cable must 
be greater in the ratio of 133 : 100 than for the case when the 
power factor is unity; in the latter case, however, regulating 
equipment, in the form of tap-changing or booster transformers, 
is required. In practice it is found worth while to operate as near 
unity power factor as possible, as then the plant can be used to 
the maximum advantage and the line losses for a given transmitted 
load are a minimum. Thus in the case just discussed, the losses at 
unity power factor are only nine-sixteenths of those at the condition 
of equal sending- and receiving-end voltages. 

The advantages of advancing the phase to as near unity power 
factor as possible are thus, (1) the load output of a given plant is 
increased and with it the earning capacity, (2) line losses are reduced 
to a minimum, (3) voltage regulation is considerably reduced, and 
(4) there is a beneficial effect upon the stability of the system. 

Average values of power factor for different kinds of loads are 


the following— 

Lighting ...... 0*95 

Lighting and power, mainly the former . 0-8-0*85 

Lighting and power, mainly the latter . 0-75 

Power ....... 0*65-0*70 

Single-phase power .0-5 
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In all cases the power factor is lagging, so that the effect on voltage 
regulation is adverse. The methods of advancing the phase employ 
static condensers, over-excited synchronous motors running light, 
and phase advancers of the Kapp vibrator type. 

Static Condensers. A static condenser takes a current which 
leads the voltage by an angle only a little less than 90°. They have 
small losses, require almost no maintenance, and are very convenient 
in the small sizes. In order to improve the power factor of a load 

they can be placed in series with 
the line, as shown in Fig. 155, or 
in shunt, as shown in Fig. 156. 

The effect of series condensers on 
the power factor of a load can be 
found in the following way. Let the 
load impedance per phase be 

Fig. 155 H" jX o* 

Power Factor Improvement so t fcat the angle of lag is 
by Series Capacitances , ° ® _ 

<f> - tan -1 (XJR 0 ). 

When the series condensers are used the load impedance per 
phase is 

So' = S 0 + 1 IjcoC = R 0 + j{X Q — l/a)C) 
so that the phase angle is 

f = tan- 1 [(X 0 - l/(oC)/R 0 ]. 

If C is chosen to be equal to l/coX 0 , </>' = 0 and we have unity 
power factor. 




II 

11^ 

Load 

II 

11^ 

II 




Fig. 156. Power Factor Improvement by Shunt Capacitances 


Example. Find the series condensers required to raise the power factor 
of a load of 100 kW. from 0-8 lagging to unity, the supply being three-phase 
at 10 kV. Find also the rating of the condensers. 


The phase voltage is 10 000/^3, and the load per phase is 
J X 100 kW. The in-phase current is thus 10 /\/3 and the wattless 
current is 7-5/ \/3. The load impedance per phase is 
7 - 10 000/_ M0 + itt0 . 


Therefore 


C = 


(10-j7-5)/V3 

1 

2ji X 50 X 480 


= 6-63 ^F. 
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The voltage across each condenser is I/coG , so that the rating per 
condenser is PfcoG and the total rating is 

SP/coC = 3 PX 0 = (10 2 + 7*5)480 
= 75 kVA. 

The static condenser is the most economical solution for ratings 
below 600 kVA. 

Series condensers can be used to improve the regulation of a line 
by neutralizing the react¬ 
ance. The value of conden- ,—1|-, 

ser is then G = l/^L, where IajlsJlslsU 

L is the inductance per - <$lSU- 

phase of the line; the value _ 11 _ 

is usually very large, but [qqqq.ooJ 

may be reduced to a reason- - \StSLr 

able value by a transformer _it_ 

as shown in Fig. 157. UaUZl) 

The value of the shunt -- 

condensers for the improve¬ 
ment of the power factor Fio. 157. Capacitance Booster 
can be found in the follow¬ 
ing way. Let I Q be the wattless current per phase which is to be 
neutralized. The value of capacitance in the star bank is given by 

G s = IJcoV, 

where V is the phase voltage. The capacitance in the delta bank is 

c d = |/>r. 

The rating in both cases is 3 1 Q V. The values in terms of the 
kVAR. and the line voltage V 1 are 



since kVAR. 


„ kVAR. , „ 

c * = W andCd 

3/ c F and V x = ^3V. 


kVAR. 
3(o V^' 


Example. Find the shunt condensers required to raise the power factor to 
unity in the preceding problem. 

The kVAR. = J x 100 000 = 75 000, so that 
75 000 


and 


C,= 


2jz X 50 X 10 000 2 
0-797 fiF. 


2-39 juY. 


The values need not be accurate within 5 per cent. The rating is 
37, F = 3 X (7-5/V3) X (10 000/ y/3) 

= 75 kVA., 
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which is the sariLe as for the series condensers and is the value of 
the kVAR. to be neutralized, as it must be. 

Phase Advancers. Large induction motors have low power 
factors on partial load, rising from about 0*6 at a quarter load to 
0*88 at full load. They are often provided with a Kapp vibrator, 
which advances the phase so that the power factor is nearly unity 
at all loads. For a description of the Kapp vibrator see Electrical 
Technology.* 

Other types of phase advancers used in practice are the Leblanc 
exciter and the Scherbius and the Walker types of phase advancer. 

Synchronous Condenser. A synchronous condenser, or, as it 
is better termed a synchronous phase modifier , is a synchronous 



(a) T (b) 


Fio. 158. Vector Diagram of Synchronous Phase Modifier 

motor operating with no load. It is the property of such a motor 
that it takes lagging kVA. when the field current is below a certain 
value, and leading kVA. when the field current is above this value. 
This can be seen in the following way. 

Fig. 158 (a) and (6) show the vector diagrams for a synchronous 
motor taking lagging and leading current, respectively. E is the 
applied voltage, and E<p is this voltage less the drop in the armature 
resistance R and leakage reactance X. The back e.in.f. — E<p is 
produced by the flux O which leads — E<p by 90°, since the back 
e.m.f. is — eJO/cif = — jco3> so that O = (j/co) times the back e.m.f. 
The ampere-turns AT# are required to produce the flux 0. Arma¬ 
ture reaction produces the ampere-turns AT A in phase opposition 
to /, and the field excitation must provide the ampere turns AT 
which is the vector sum of AT$ and AT A . (It should be rioted that 
whilst e.m.f.’s and currents are time vectors the ampere-turns are 
space vectors.) With a given excitation, and the consequent AT, 
the current adjusts itself to the requisite phase so that the component 
of / in phase with E<p is a constant. It is clear from the vector 

* Electrical Technology , by Prof. H. Cotton (Pitman), Sixth Edition* 
pp. 518-21. 
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diagrams that the excitation is less for lagging current than for 
leading current. 

Fig. 159 shows the V-curves of a synchronous motor under 
different loads. For the purposes of power factor correction and 
voltage regula¬ 


tion the machine 
is run without 
load, and the 
losses due to 
windage and fric¬ 
tion are 4 to 2 per 
cent for machines 
of 2 000 kVA. to 




20 000kVA. and Fig. 159. V-curves of Synchronous Motor 


over, respect¬ 
ively. The machines are designed to give full-load output at leading 
power factor, but only about 50 per cent at lagging power factor. 
Larger lagging loads require a weak field excitation and may cause 
instability. A further important factor is the effect of the variation 
of voltage on the kVA. of the machine. This effect is best given in 



the form shown 
in Fig. 160, in 
which the kVA. 
is given against 
voltage for 
various values 
of the field 
current. 

The effect of 
the synchro¬ 
nous condenser 
on regulation is 
seen from Fig. 
105. The receiv¬ 
ing-end voltage 
is E t ~OA. The 
in-phase cur¬ 
rent causes a 
voltage drop 
AC and the 


wattless current a drop CE , so that the sending-end voltage is 
E t = OE. By hand or automatic control of the excitation of the 
synchronous condenser the wattless component of the current can 
be reduced, made zero, or e\en made negative. In the last case 
the sending-end voltage is OO ; this can be made equal to E ri the 
condition for this case being given in equation (92), so that the 
leading kVAR. required is P(— tan <f> r + tan <f> 8 ) where cos <f> t is the 
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power factor of the load. The voltage variation of a line limits the 
amount of power that can be transmitted, and the use of synchronous 
condensers increases the carrying capacity of the line considerably 
by maintaining the same voltage at both ends. The limit is then 
set, not by voltage variation, but by the line losses. 

The effect of the synchronous condenser in increasing the carrying 
capacity of the line can be seen from the line chart of Fig. 106. 
Suppose that the power factor is 0-8 lagging; we draw a line 
through the origin making an angle of tan _1 (0-75) with the axis of 
kW. If the maximum permissible voltage variation is 15 per cent, 
we find where this meets the circle corresponding to a sending-end 
voltage of 11*5 kV. At this point the load is 400 kW., which is the 
maximum under these conditions. If the synchronous condenser 
neutralizes the wattless current the load is 800 kW., the current is 
80 amperes and the line losses are 

PR = 80 2 X 16 = 103 kW., 

which is about 13 per cent. The load that can be carried with a 
10 per cent energy loss is approximately 800/\/l-3 = 700 kW., so 
that the carrying capacity of the lino is nearly doubled. 

By the use of synchronous condensers at intermediate stations 
the voltage of the line can be kept constant at various points along 
its length. This results in an increased carrying capacity and an 
improvement of power factor. Furthermore, reactors may be used 
on the line for protection against short-circuit currents without a 
consequent increase in voltage variation. 

The disadvantages of synchronous condensers are the cost, the 
possibility of their falling out of synchronism with a resulting 
interruption of the supply, and the increase of short-circuit currents 
when the fault occurs near the synchronous condenser. 

Power-angle Diagrams. If the sending- and receiving-end voltages 
of a line are maintained constant at E B and E r by the use of 
synchronous condensers or other means, the phase-shift between 
the voltages at the ends determines the power that is transmitted; 
conversely the power determines the phase-shift (as one of two 
values). 

The curve showing the relation between the transmitted power 
and the phase-shift is called the power-angle diagram, and is of 
great help in studying the problem of stability. 

As a simple example let us find the power-angle diagram of a 
short line which can be represented by a series impedance; the 
power-angle diagram for an alternator is of exactly the same kind, 
and is found by replacing the series impedance by the synchronous 
impedance of the alternator. The diagram can be found graphically 
by the use of Fig. 103. Let OB = E r be fixed; then E t will lie 
on a circle of radius E t and centre O. If we choose a value of 
phase-shift 0, so that angle BOC = 0, BC represents the voltage 
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drop in the line. We then construct the triangle BCF , where the 
angle at F is a right angle and the angle at B is tan”* 1 (X/R). The 
current is BF divided by R and is along BF, whilst the power 
component of the current is the projection of the current on OB. 
Multiplying this by E r , we get the transmitted power P. This is 
done for various values of 0, and the curve P versus 0 is drawn. 

The power-angle diagram can be calculated in the following way. 
The angle that BF makes with OB is <f> r where cos <f> r is the receiving- 
end power factor. Resolving E s along OB we get 

E t cos d — E r — IR cos (f> r + IX sin <f> r 

-IJi + I Q X , . . . (93) 

where I w and I Q are the power and wattless components of the 
current. Resolving E s at right angles to OB we get 

E 8 sin 0 = IX cos <f> T — IR sin (f> r = I W X — I q R . (94) 

Eliminating I q by multiplying (93) by R and (94) by X and 
adding, we get 

E 8 (R cos 0 + X sin 0) — E r R — I W (R 2 + X 2 ). 

The power is P = EJ^ so that 

P - (E r /Z 2 ) [E a (R cos 6 + X sin 0) - E r R]) (g 

= (EJZ 2 ) lE S Z cos (0 - y?) - E^]. ) 1 } 

This is the equation of the power-angle diagram, which is seen to 
be a sine curve, since all are constant except P and 0. When 0 = 0, 
the power is 

P=(E r /Z 2 )(E t -E r )R .(96) 

P vanishes when 

E t Z cos (0 — \p) = E r R, 

i.e. cos (0 — y) == (E r /E 8 ) (R/Z) = (P r /P f ) cos y>, 

so that 0 = \p + cos -1 [(E r /E 8 ) cos^;] ) 

or 0 = tp — cos”” 1 [(E r /E a ) cosy?].) 


For example, the power-angle diagram for the problem on page 143 
for E r = 10 kV. and E s = 11-5 kV. meets the axis of P = 0 at 


0 


tan -1 


30 

16 


± COS 


( 10 16\ 
V H-5 X 34/ 


= 61° 57' ± 65° 54' 


= - 3° 57' or 127° 51'. 


The power at 0 = 0 is 

P = (10 000/34 0 2 ) (1500)16 = 207 kW. 

This is seen to be the power corresponding to the point of inter¬ 
section of the line representing E r and the circle representing a 
sending-end voltage of 11*5 kV.; the corresponding kVAR. is about 
410 kVAR. lagging. The maximum power that can be transmitted 
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is found by differentiating P with respect to 0 in equation (95) and 
equating to zero. We get 

- (E r IZ 2 )EgZ sin (0 - y>) = 0, 
i.e. 0 = tp y 

so that the maximum power is 

Pma*=(ErlZ*) (EgZ— E^) 

= (E 2 IZ*)[Z(E s IE r )-R] . . (98) 

which is the value found on page 146. 
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Fig. 161. Power-angle Diagram of Short Line 

In the case quoted the maximum power is 2 000 kW., which is 
the value obtained from Fig. 106 at the top point of the circle 
corresponding to E 8 — 11-5 kV. At this point the reactive power 
is 2 600 kVAR. leading; it is obvious from Fig. 106 that there is 
2 600 kVAR. leading at the position of maximum power for any 
values of sending- and receiving-end voltages. 

Fig. 161 shows the power-angle diagram for the case just discussed, 
and also the kVAR. curve. 

From equation (96) it is seen that if the voltages at the ends are 
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equal, no power can be transmitted without a change of phase. In 
this case P is zero at 0 = 0 and 0 = 2ip; in the problem 

2y> = 123° 54'. 

Maximum power is transmitted still at 0 = tp. The power-angle 
diagram is thus underneath that shown in Fig. 161, the maximum 
in each curve occurring at the same value of 0. 

If the receiving-end voltage can be varied, the maximum power 
is found by differentiating equation (98) with respect to E r . We get 

(EJZ) (1 - 2 E r R/E g Z) = 0 
E r = E 8 (ZI2R) 

and the power P max = E 2 /4:R. 

This is clearly what happens when the load reactance neutralizes 



Fio. 162. Stability of a Synchronous System 


the line reactance and the load resistance is equal to the lino resis¬ 
tance, as is well known in telephony. 

If E 8> E r , and R are fixed, but the line reactance is variable (by 
altering the spacing of overhead lines, say), we have Z = yj ( R 2 -f X 2 ) 
in equation (98). Differentiating P max in this equation by X and 
equating to zero we get 

X = RVWE r /E 8 ) 2 - 1] 
and P = E 2 /^R. 

If the line impedance is considered to be a pure reactance, the 
power-angle curve has the equation 

P = (E r E s /X) sin 0 . . . . (95a) 

P is zero at 0 = 0 and 0 = 180°, and the maximum power is 
(E r EJX) and occurs at 0 = 90°. 

The power-angle diagram of a general network can be derived 
from the general equations (74). 

E § = AE r + Bl r . 

If we take E r as the basic vector, and put 

A = A x + jA t , B = + jB 2 , /, = /„+ jl q , 


( 74 ) 
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we get real part of E s = E s cos 6 — A x E r + B X I W — B 2 I q 
and imaginary part of E a — E s sin 6 = A 2 E r + B 2 I W -j- B l I q . 

Eliminating I Q we get 

B 1 (E t cos 6 - A x E r ) + B 2 (E 8 sin 6 - A 2 E r ) = I W {B* + B*). 
The power is P = E r I w so that 

P = [. E r l(B * + £ 2 2 )] [E s (B ± cos d + B 2 sin 6) - E r (A^B 1 + A 2 B 2 )l 
so that the curve is still a sine curve. 



Fig. 163. Stability for a Suddenly Applied Load 

In the nominal-II method 

A = 1 + \YZ = (1 - \wCX) + j(lo)CR) 
and B = Z = R -f jX , 

so that P = ( E r /Z 2 ) cos 0 + ^ sin 0 ) — E r R\ 

which is the same as equation (95). 

Stability. Let us consider a system consisting of a generator, 
transmission line, and a load which is a synchronous motor, and 
suppose that Fig. 162 represents the power-angle diagram. As a 
synchronous motor revolves at a constant speed, the load is propor¬ 
tional to the torque. If we neglect the losses and windage of the 
motor, there is no current when the machine is running without 
load. Suppose that the motor is run up to speed, synchronized, 
and then put on to the line. No current flows and the voltages at 
the ends of the line are equal and in phase. The position on the 
power-angle diagram is the point 0. Suppose that load is applied 
very slowly to the motor, that regulating equipment keeps the volt¬ 
ages constant, and that the generator supplies without delay any 
demand of load. The motor slows down temporarily and falls back 
in phase until 0 reaches the value at which the transmitted load is 
that which is required to overcome the torque. The motor then 
runs at synchronous speed with this phase lag, and the point of 
operation on the power-angle diagram is A. The load may be 
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increased slowly in this manner until the point B is reached. If the 
load is increased beyond the value P maxi the motor slows down still 
more, so that the point G is reached. This is not, however, a position 
of equilibrium, for at C the power supplied is less than P max whilst 
the load is greater. The motor slows down still more, draws less 
power, and slows down still more rapidly and tends to come to a 
standstill. The wattless current increases to a large value, limited 
by the impedance of the line and the stationary motor, and the 
circuit-breakers open. Thus P max is the maximum load that can be 
supplied by the generator through the line to a synchronous load 
which is applied very gradually, and it is called the limit of 
static stability. 

In practice, the generator cannot supply any demand instantly, 
and the load is not applied gradually. Under such conditions the 
load that can be supplied is very much less, and we have a limit 
of transient stability which is determined by the inertia of rotating 
parts, governor operation, voltage regulators, and the performance 
of the electric plant under transient conditions. Before considering 
the effects of these four phenomena, let us consider an ideal case in 
which only the inertia of the rotor of the synchronous motor is 
important, the other conditions being corrected instantly. 

Suppose that the power-angle diagram is calibrated in terms of 
torque T and is shown in Fig. 163, and suppose that the torque is 
T* and the phase angle 0 A . Let the load torque be suddenly increased 
to Tj, which requires a phase angle d B for the supply of the necessary 
power. The rotor cannot fall back instantaneously to a position 
corresponding to 0 B , and so the power is less than that required for 
the torque. The rotor therefore decelerates at a finite rate, falls 
back in phase, and the power torque rises. This goes on until the 
rotor falls back to the phase angle 0 Bi when the power torque 
becomes equal to the load torque and the deceleration ceases. At 
this moment, however, the rotor is not revolving at synchronous 
speed, as it has been decelerating since it left the position of 0 A . 
The amount by which its speed has been diminished can be found, 
if we ignore damping and reaction effects, by considering the area 
ABD. At any position between the positions A and B , the decelera¬ 
ting torque is given by T B — T, i.c. the distance from BD to the 
power-angle curve. The kinetic energy lost by the rotor is thus 
given by the area ABD , and the lost angular velocity can be 
expressed in terms of this energy. The rotor runs thus at this 
smaller speed, falls back further in phase, and experiences an 
increased power torque which accelerates it. Its speed increases 
until it reaches the synchronous speed, when it ceases to fall back 
in phase and begins to advance. The point at which this happens 
is G. The energy that has been supplied by the power torque to 
accelerate the rotor between the positions B and G is given by the 
wa BGE. If we ignore friction ai}d electromagnetic braking, th$ 
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areas of ABD and BCE are equal, since the speed at A and at C 
is the synchronous speed. The rotor has thus overshot the position 
B and has swung from A to C. It will now swing from C to A, and 
then forwards and backwards until the oscillation is damped out. 
This is hunting or phase-swinging . In the case shown in Fig. 163 
the load is stable. 

Suppose that the case is as shown in Fig. 164. The rotor deceler¬ 
ates from A to B. Then it can accelerate from B to B\ but if it 
passes B ' it will decelerate to a standstill. If then there is a point 
C between B and B' such that area BCE — area ABD y the rotor 
will overshoot to position C and return. If, however, the area 
between BB' and the curve is less than ABD , the rotor will not 
have reached synchronous speed by the time it reaches B '; it will 
fall back more in phase to a point F and then it will decelerate 
progressively towards standstill. 

The maximum load depends clearly upon the magnitude of the 
sudden increase which is permitted. It is given by Pb. where the 
area above 1BB' equals the area ABD , and AD is the permitted 
sudden increase. 

Let us now consider the effects of governor operation, voltage 
regulators, and behaviour of the electrical plant. Suppose the load 
is steady and is being supplied by the generator. When a further 
shaft load is applied to the motor, the rotor slows down and the e.m.f. 
falls back in phase as well as decreasing slightly in magnitude. The 
increase of phase angle results in a heavier line current and trans¬ 
mitted load. Before the governor of the prime mover operates to 
supply the extra load, the extra load is drawn from the kinetic 
energy of the generator which also slows down. Thus both the 
generator and motor voltages decrease, and a larger phase angle is 
required to supply the load for the extra torque. The falls in voltage 
in the generator and in the motor are opposed by the transient 
currents in the fields and amortisseur windings, by Lenz’s law. 
The automatic voltage regulators begin to operate to raise the 
voltage when the motor reaches the position B in Fig. 164, the rotor 
begins to accelerate and its slip velocity decreases. If the slip 
velocity reaches zero, i.e. the speed reaches synchronous speed before 
the power falls below the shaft load (point B ' in Fig. 164), the 
system is stable. The rotor oscillates about the steady speed with 
diminishing amplitude due to damping. 

The stability of the system is increased in several ways. The 
prime mover governor is designed to enable the prime movers 
to follow closely any power demands. The excitation system 
is designed to give close voltage regulation under transient 
conditions; the voltage regulators are made quick-acting with a 
small time constant exciter, so that they take effect before the flux 
in a synchronous machine has time to fall; relays and regulators 
have a small time of operation. The lines and terminal apparatus 
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are made stiffer; the maximum static power limit is obtained when 
X = \/3R. In cables X may be less than this optimum amount, 
and series reactors will increase the stability. In overhead lines X 
is usually greater than the optimum value, and may be reduced 
by increasing the size of the conductors, or by using series con- 
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Fio. 164. Instability fob a Suddenly Applied Load 

densers. The insertion of synchronous condensers at various points 
of a line keeps the voltage at these points constant, and tends to 
increase the power limit to the limit of each section. 

EXAMPLES VII 

1. Describe the procedure to be taken when starting up and paralleling an 
alternator with others already running. Explain the electrical reactions holding 
the new machine in step after paralleling. How are the load and power factor 
on the incoming machine adjusted to the correct values ? 

(Faraday House, 1935.) 

2. Give a diagram of the essential circuits, and explain the action of an 
automatic voltage regulator for use with a turbo-alternator. Why is good 
inherent voltage regulation not called for with modem a.c. generators ? 

( Lond. Univ., 1933.) 

3. A three-phase induction regulator is to be used for controlling the voltage 
on a 3 300 V. feeder. Draw a diagram of connections of the regulator and 
draw to scale the vector diagram of its currents and voltages when the line 
voltage on the supply side is 3 300 V., that on the feeder side is 3 650 V. and 
the load on the feeder is 100 kW. at 0*8 lagging p.f. The voltage induced in 
each secondary winding with 3 300 V. on the primary is 300 V. and the mag¬ 
netizing current is 2 A. Resistance and reactance drops may be neglected. 

From the diagram find the current in the primary winding and the total 
current on the supply side of the regulator. 

Under what circumstances would the phase difference between the voltages 
on the supply and feeder sides of the regulator be a disadvantage ? 

(Lond. Univ., 1933.) 

4. State concisely the more important methods in use for improving the 
power factor at the receiving-end of a transmission line. 

A three-phase, 50-cycle, 3 kV. motor develops 600 h.p., the power factor 
being 0*75 lagging, and the efficiency 0-93. A bank of condensers is connected 
in delta across the supply terminals, and the power factor raised to 0*95 lagging. 
Each of the capacitance units is built up of five similar 600 V. condensers. 
Determine the capacitance of each condenser. (Lond. Univ., 1933.) 

5. The exciting current of an alternator running on constant voltage and 
frequency bus-bars is varied over a wide range whilst the steam supply to the 
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prime mover remains unchanged. Explain with appropriate diagrams the 
corresponding variations in the armature current and power factor. 

Prove that the maximum load which a synchronous machine can supply to 
an external circuit before falling out of step depends on the value of the 
the excitation. ( Lond . Univ ., 1932.) 

6. Explain the process of connecting a synchronous generator to operate in 
parallel with an existing supply, stating the adjustments which must be made 
subsequently to enable the machine to take its share of both power and 
reactive load. 

The maximum load that can be supplied by a synchronous generator 
coupled to constant-voltage bus-bars varies with the (lagging) power factor as 
follows— 

Power factor . 1 0 0-95 0*8 0*0 

MVA. . 36 30 25 20 

An asynchronous generator is to be coupled to the same bus-bars, so that the 

combination may supply a total load of 28 MW. at unity power factor. 
Determine (i) the least rating of the asynchronous machine, which will be 
constructed to operate at 0*75 power factor under these conditions, and (ii) 
the load and power factor at which the synchronous machine would operate. 

(Lond. Univ ., 1954.) 

7. A 3-phase transmission line has a resistance of 10 £2 per phase and a 
reactance of 30 per phase. 

Determine, graphically or otherwise, the maximum power which could be 
delivered if 132 kV. were maintained at each end. 

Deduce any formula used or explain the graphical construction. 

(Lond. Univ., 1953.) 

8. Explain what is meant by a “power-angle diagram” for a power line. 

Line voltages of 6-6 kV. and 6-0 kV. are maintained respectively at the 

sending- and receiving-ends of a 3-phase power line having an impedance of 
0-5 -f-^lohms per core. Determine, for the receiving-end, (a) the power 
delivered at unity power factor, and (6) the maximum steady power limit and 
the power factor at which it is realized. (Lond. Univ., 1947.) 

9. Show with the aid of a vector diagram, how the voltage at the receiving- 
end of a transmission line can be maintained constant by the use of a 
synchronous phase-modifier. 

A 3-phase overhead transmission line supplies a load of 40 000 kW., 0*707 
power factor (lagging), at a voltage of 66 kV. If the receiving-end voltage is 
maintained constant and a synchronous motor is installed to improve the 
receiving-end power factor to 0*866 (lagging), while maintaining the line 
current constant in magnitude, determine the kVA. rating and power factor 
of the synchronous motor. (Lond. Univ ., 1949.) 

10. State and explain the conditions (a) which must be fulfilled, and (b) 
which are desirable for the successful parallel operation of 3-phase transformers. 

Two single-phase transformers have equal turns ratios and supply a total 
load of 700 kVA. at 6*6 kV. and 0*8 power factor (lagging). One transformer 
is rated at 300 kVA. with a full-load percentage impedance drop of (1*5 -f- ^’3*5) 
while the other is rated at 500 kVA. with full-load percentage impedance drop 
of (1*0 + ^4*5). Determine the output kVA. load and power factor of the 
300 kV A. transformer. (Lond. Univ., 1949.) 

11. A 3-phase transmission line has a resistance of 10 per phase and a 
reactance of 30 Q. per phase. 

Determining the maximum power which could be delivered if 132 kV. were 
maintained at each end. 

Derive a curve showing the relation between the power delivered and the 
angle between the voltage at the sending- and receiving-ends and explain how 
this curve could be used to determine the maximum additional load which 
could suddenly be switched on without loss of stability if the line were already 
carrying, say, 50 000 kW. (Lond, Univ., 1949.) 



CHAPTER VIII 

SHORT CIRCUITS: SYMMETRICAL COMPONENTS 

Introduction. When a fault occurs on a network such that a large 
current flows in one or more of the phases, it is said that a short 
circuit has occurred. The fault may be a short between one phase 
and earth, between two or more phases and earth, between two 
phases only, or across all three phases; a short between one phase 
and earth will cause a short circuit only if the neutral point is 
earthed. It is necessary to know the maximum short-circuit currents 
that can occur at the various points of a system in order that 
circuit-breakers may be selected that are adequate to withstand 
the currents and operate successfully to cut out the faulty section, 
and also in order that the protective relays may be selected for 
correct operation. Moreover, it is necessary to be able to calculate, 
approximately at least, the size of the protective reactors which 
must be inserted in the system to limit the short-circuit currents 
to a value which is not beyond that capable of being withstood by 
the circuit-breakers. 

The short-circuit currents in an alternating current system are 
determined mainly by the reactance of the alternators, transformers, 
and lines up to the point of the fault in the case of phase-to-phase 
faults. When the fault is between a phase and earth, the resistance 
of the earth path may play an appreciable part in limiting the 
currents. 

Percentage Reactance and Short-circuit Currents. The method 

of specifying the impedance or reactance of a piece of electrical 
plant, as described in Appendix III, pages 471-2, is very conveni¬ 
ent for the calculation of short-circuit currents. The percentage 
reactance is given by 

(%X) = ( IX/E) x 100, . . . (99) 

where X is the reactance, E the rated voltage, and I the full-load 
current. If the piece of apparatus is the only impedance in the 
circuit, the short-circuit current is given by E/X , which by 
equation (99) is 

I* — E/X = I x (100/% X). . . (100) 

Thus the short-circuit current for a single piece of apparatus is 
the full-load current multiplied by (100 divided by the percentage 
reactance). Thus if the percentage reactance is 10 per cent, the 
short-circuit current is 10 times the full-load current; if it is 40 per 
cent, the short-circuit current is 2*5 times the full-load current. 

209 
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If there are several reactances in series of magnitudes X v X 2 , 
and X 3 , the short-circuit current is 


E 


E 


X x + X 2 + X z (Ell) (% X,) + (ElI) (% X 2 ) + (E/I) (% X 3 ) 

100 


xioo 


= / x 


(%x x ) + (% x 2 ) + (% x z y 


by application of equation (99) to the various reactances. 

It often happens that the system contains plant of different 
ratings, and the percentage reactances are given for the respective 
values. It is then necessary to allow for the different ratings in 
the following way. Suppose the generator has a rating of 10 000 kVA. 
and a percentage reactance of 7, and a transformer has a rating of 
8 000 kVA. and a percentage reactance of 5. The full-load current 
of the generator is (10 000 000 /E) = I v say, so that its reactance is 

X ± =(E X 7)/(I 1 X 100). 

Similarly the reactance of the transformer is 

X 2 = (E x 5)/(/ 2 x 100) 

where I 2 = (8 000 000/E). 

The total reactance is 


y . y _ E X 1 E x 5 

1 2 I x X 100 + I 2 X 100 

= 77 x 100 [ 7 + 5 x Tj] = 77 

E r 10 0001 

- / x X 100 [ 7 + 5 x 8 000 J’ 


E 

X 100 



and the total percentage reactance referred to the rating of 
10 000 kVA. is 


(% X) = ll(Xl ^ Xi) X 100 


= 7 + 5 x 


10 000 
8 000 


= 7 + 6-25 = 13-25. 


Thus the percentage reactance of the transformer is multiplied 
by the ratio of the generator rating to the transformer rating in order 
that it may be expressed with respect to the generator rating. 

If there are several pieces of apparatus in the circuit with different 
ratings, we choose a basic rating and refer all percentage reactances 
to this rating by appropriate multipliers. We can then add the 
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percentages, if the pieces of apparatus are in series, and the short- 
circuit current is then found by equation (100). The following 
example illustrates the method. 


Example. Find the short-circuit current in the single-phase system of 
Fig. 165, if the fault is a short circuit between lines at the point F which is 
10 miles from the transformer T. The reactance per mile is 0*2 ft. The voltage 
is 6-6 kV. 


We take 2 000 kVA. as the basic rating, so that full-load current is 
1 — 2 000/6-6 = 300 A. 


The percentage reactance of the generator is 8, and of the trans¬ 
former T, 7 X (2 000 — 1 200) = 11-7. The line reactance is 2 Q , 
so that its percentage reactance is 


300 X 2 
6 600 


100 = 9-1 



Fia 165 


The total percentage reactance is 

8 + 11-7 + 9-1 = 28-8, 


so that the short-circuit current is 

I sh = I X (100/% X) = 300 x (100/28 8) 
= 1 040 A. 


We could use the direct method , which consists m the reduction 
of percentage reactances to actual reactances. Thus the reactance 
of the generator is 

E x (% X) _ 6 600 x 8 
/ X 100 300 x 100 ~ 


Tho reactance of the transformer is similarly 
6 600 X 7 


300 X 


/I 200 \ 
\2 000 / 


2-57 Q. 


X 100 
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The total reactance is 1-76 + 2-57 + 2 00 = 6-33 ohms, and the 
short-circuit current is 

I sh = 6 600/6*33 = 1 040 A. 

If some of the pieces of apparatus are in parallel, their reactances, 
and hence their percentage reactances, must be compounded by the 
method used for parallel impedances. Thus a percentage reactance 
of 10 in parallel with another of 15 gives a resultant value of 

1 _ 10 X 15 

_L 1 10+15 

10 + 15 

This method can be used for generators in parallel, as shown in 
the following example. In the calculation of such problems it is 


JOOOkVA. 



assumed that the generators have equal voltages which asre in 
phase; the error caused by this assumption should not be serious. 

Example. Two three-phase generators of ratings 1 000 and 1 500 kVA. 
and of voltage 3*3 kV. have percentage reactances of 8 and 10, with respect 
to their ratings. A short across all phases occurs near the common bus-bars. 
Find the short-circuit current. 

The system is shown in Fig. 166. 

Let us assume a basic kVA. of 2 500, which is the sum of both 
ratings. The percentage reactances with respect to this rating are 

8 X (2 500/1 000) = 20 

and 10 X (2 500/1 500) = 16*7. 

The resultant percentage reactance is 

1 _ 1 - 1 - 9-1 

_1_ 005 + 006 011 

20 + 16-7 

The short-circuit kVA. is therefore 

2 500 X (100/9-1) = 27 500. 
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If I 9h is the short-circuit current per conductor, the kVA. per 
phase is 

I 8h X (3 300/ V3) = i X 27 500 000, 


so that 


__ 27 500 000 X V3 
** 3 x 3 300 - A- 


The full load current is one-eleventh of this, i.e. 437 A. 

Symmetrical Short-circuit Currents. The short-circuit currents are 
symmetrical, i.e. equal in the different conductors, if the short circuit 
occurs across both lines in a single-phase system or across the three 
wires of a three-phase system. The methods developed in the last 
section are adequate to calculate such short-circuit currents, and the 
two examples illustrate the methods. If there are several generators 



in the system, it is assumed, as has already been stated, that the 
e.m.f.’s are equal and in phase with each other. When the system 
is complicated, the star-delta equivalence of Appendix III is often 
of great help in effecting a simplification of the network. Sometimes 
Thevenin’s theorem is useful in obtaining the result quickly, 
especially when generators have unequal e.m.f/s. 


Example. Find the short-circuit current in the system of Fig. 167, in 
which one generator is generating at 6*6 kV. and the other at 6-6 kV. The 
system is three-phase. 


The voltages per phase are 6*6 kV/y'3 = 3 820 V. and 6-5 kV./\/3 
= 3 750 V. The full-load ourrent of the larger generator is 

6 000 000 _ 6 000 000 
3 X (6 600/V3) “ V3 X 6 600 “ A *’ 


so that its reactance per phase is 


(% X) X E 10 X 3 820 
I X 100 ~ 525 X 100 


= 0-727 a. 


S-(T.54) 
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In the same way it is found that the reactance of the other 
generator is 1-31 £X It is assumed that the rated voltage in this 
case also is 6-6 kV., although the generated voltage is 6*5 kV. 

Similarly the transformer reactances referred to the low voltage 
sides are 0-292 and 0-525 CL The line reactance transferred to the 
low voltage side is 20 -f- (33/G-6) 2 = 0-8 £2. The system is then as 
shown in Fig. 168. We then apply Thevenin’s theorem to the 
system to the left of A. The voltage when the line is disconnected is 

o ooa’ ( 3 820 - 3 75 °) (°’ 727 + °‘ 292 ) 

3 1 ° 0-727 + 0-292 + 1*31 + 0-525 

= 3 795 V. 


3820 V 



The impedance is 

(0-727 + 0-292) (1 31 + 0-525) ri 

0-727 + 0-292 + 1 31 H 0-525 
The short-circuit current is thus 


3 795 

0-654 + 0-8 


2 600 A. 


The actual short-circuit current is 


2 600 X (6-6/33) = 520 A. 

520 A. is the r.m.s. of the steady short-circuit current, whilst the 
peak value is 520 x \/2 = 735 A. There may be an increased peak 
value due to a “ doubling effect,” which, in circuits of normal value 
of reactance to resistance, is 1-8 times the steady peak. Thus a 
maximum peak value of 1-8 X 735 = 1 320 A. may occur. 

Short-circuit Current of Alternators. When an alternator is 
shorted, across all three phases, say, the current rises rapidly to a 
high value, about 18 times full-load current in turbo-alternators 
which have cylindrical rotors, and about 12 times in generators with 
salient poles. The value of the peak current is limited only by the 
transient or leakage reactance of the armature. Moreover if the short 
circuit occurs at an instant at which the voltage is zero there is a 
doubling effect, and the current wave is offset from the zero. Fig. 169 
shows the kind of current wave obtained. If the short circuit 
persists, the wave becomes symmetrical; then armature reaction 
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reduces the excitation and the current falls to a steady value, which 
is 4 to 6 times the full-load value. Another way of considering the 
effect of armature reaction is to consider it as increasing the transient 
impedance to the synchronous impedance. 

The doubling effect may be demonstrated as follows. Let the 
generator be considered as an e.m.f. E sin (cot + 6) in series with 
an impedance ( R , L) which is the transient or true impedance . If a 
short occurs at t — 0, the equation for the short-circuit current is 
L(di/dt) + Ri = E sin (cot + 6). 

The complementary function is given by 
L(di/dt) -f- Ri = 0, 


i.e. » = .... (101) 



The particular integral is 

* = vW + M>) 2 J sm ( Mi + 6 ~ tan_1 ~R )' ‘ ‘ (102) 

which is the steady current under these conditions. The actual 
current is the sum of the currents given in equations (101) and (102). 
At t = 0 the current is zero. This gives 

0 " A + vtg + wi “ ( 19 ' ^ ‘t ) 

The current is thus 

f = - VW +W) ™ (*-*“-■ X ) - 

+ ViFTW]”(" l + , - ta "l) ' ,10S| 

We may consider coL as much greater than R . Then the first term, 
which is considered as a d.c. component which decays exponentially, 
has magnitude 



E 
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If 0 = 0, i.e. the voltage is zero and the current is a maximum 
at t = 0, the d.c. component has the initial value of E/coL. As the 
alternating part of the current has a magnitude of nearly E/coL, 
the d.c. component doubles the current at the instant when the 
former has its peak value, and reduces it to zero when the former 
reaches its negative maximum. The current is thus on one side of 
the zero to begin with. If, however, 6 = 7t/ 2, i.e. the voltage is a 



Continuous 

Short-circuit 

Current 


Fig. 170. Short-circuit Current without Doubling Effect 


maximum and the current is zero at the instant of short circuit, 
the d.c. term is zero. The short-circuit current has then the form 
shown in Fig. 170. 

The change from the large current at the instant of short circuit 
to the comparatively small current after armature reaction has 
asserted itself is of importance in the design of switchgear operation. 
The behaviour of an alternator is most easily expressed in terms 
of decrement factors , which are found by extensive tests in the 



Fig. 171. D.C. and A.C. Components of Short-circuit Current 


following way. The generator excitation is adjusted to the value 
for full load at 0*8 power factor lagging, and external reactance is 
put in series with the alternator to bring the value up to some 
definite amount, 5, 10, 20 . . . per cent. This value includes the 
transient reactance. A short circuit is applied and an oscillogram 
of the current taken. In order that the test results should be as 
severe as possible, it is arranged that the short circuit should take 
place at an instant when the full doubling effect is incurred, viz. at 
an instant of zero voltage. The oscillogram is analysed so that the 
r.m.s. current is found as a function of time. To do this the current 
wave of Fig. 169 is resolved into the d.c. and a.c. components shown 
in Fig. 171. The r.m.s. of the a.c. component is shown by the 





Short-circuit Factor 
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dotted line, and has a value 1 A0 at time t ; the d.c. component, 

at the same instant, 


has an r.m.s. value of VI7 z>.g. 2 + Ia.c}]- 


which decays exponentially, has a value 
and the total current 

Curves are then drawn giving the r.m.s. 
of the current (as a multiple of full-load 
current) against time for different values 
of the total percentage reactance. Fig. 
172 shows a set of such curves for a 
short circuit across all three phases. 

When looking up the decrement factor, 
the transient reactance of the alter¬ 
nator is added to the external reactance 
to give the appropriate percentage 
reactance. 

Example. A 20 000 kVA. generator, whose 
decrement curves are shown in Fig. 172, has 
15% reactance and feeds a line through a 
step-up transformer of 6% reactance. Find 
the breaking capacity of the circuit-breakers, 
which operate in 0-25 sec. and are on the high 
voltage side of the transformer. 

The total reactance is 21%, and from 
Fig. 172 it is seen that the decrement 

r tSH&wSSBlk' 

o III- 




vs 20 

Time . seconds 

Fig. 172. Decrement Curves for Alternator 

factor at 0*25 sec. is 3*4. The current to be interrupted is thus 3*4 
times the full-load current. If we assume that the recovery voltage 
in the breaker is equal to the normal voltage (the matter will be 
investigated in detail in Chapter IX), the kVA. to be broken is 
3-4 X 20 000 = 68 000 kVA. 















































Fig. 173. Current Limiting Reactor 
(English Electric Co.) 
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Current-limiting Reactors: Sectionalization of Networks. It is 

clear that the short-circuit currents are decreased by an increase 
of the percentage reactance in the system. In large interconnected 
systems the total rating of the generators is very high, and unless 
precautions are taken, the current fed into a fault will be enormous. 
The short-circuit current at a fault can be considerably reduced by 
the judicious placing of protective reactors in the system. It is 
possible to arrange the reactors so that they do not cause a large 
voltage drop during normal operation, but prevent a large short- 
circuit current being fed by most of the generators into the fault. 
The methods of placing reactors in a system will be considered later. 

Reactors are moreover of considerable importance in limiting the 
currents so that the various circuit-breakers are not called upon to 




Fia. 174. Generator Reactors Fio. 175. Feeder Reactors 

break currents above their rated value. If extensions are made 
in a system, it is essential that the additional kVA. be virtually 
segregated from the existing circuit-breakers when a short-circuit 
occurs. This is done by means of current-limiting reactors. 

Fig. 173 shows a reactor. The turns, which are of copper bar or 
strip, experience large attractive forces under the influence of the 
short-circuit currents, and they are placed in concrete separators 
to prevent their being buckled. 

Methods of Locating Reactors. Reactors may be inserted in 
series with each generator, as shown in Fig. 174. The main dis¬ 
advantage of this method is that if a short occurs on one feeder, 
the voltage at the common bus-bar drops to a low value and the 
synchronous machines attached to the other feeders may fall out 
of step. The whole system is interrupted, and the synchronous 
machines must be re-synchronized when the faulty feeder is cut 
out. Moreover in modern alternators the transient reactance is 
sufficiently large to protect the machine itself against short-circuit 
currents, and separate reactors are used only with old alternators. 

The main disadvantage of the last method is avoided by putting 
reactances in series with each feeder, as shown in Fig. 175. When 
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a short-circuit occurs on feeder A, the main voltage drop is in its 
reactor and the bus-bar voltage does not drop unduly. The remain¬ 
ing load and plant are therefore able to continue running. It is 
true that when a short circuit occurs across the bus-bars, the reactors 
do not protect the generators. This is, however, of no importance, 
as bus-bar short circuits seldom occur and the generators are 
protected by their internal reactances. 

A disadvantage from which both the previous methods suffer is 
that the reactors take the full-load currents under normal operation, 
so that there is a constant loss and a voltage drop. The voltage 
drop is eliminated in a new type of reactor in which part of the 
windings are shunted by a carbon tetrachloride fuse. Under normal 
conditions the windings are such that they neutralize each other’s 




Fig. 176. Bus-bar Reactors, Fig. 177. Bus-bar Reactors, 

Ring System Tie-bar System 


magnetic field and the reactor has a very small reactance; but 
when a short circuit occurs and the fuse blows, a large reactance 
is inserted into the circuit. The constant loss, however, is not 
eliminated. 

The constant loss in reactors can be avoided by inserting the 
reactors in the bus-bars in the ways shown in Figs. 17G and 177. 
The former is the ring system, and the latter is the tie-bar system. 
In the ring system each feeder is normally fed by one generator, 
only a small amount of power flowing across the reactances. The 
reactors can therefore be made with a fairly high ohmic resistance 
and there is not much voltage drop across it. When a short circuit 
occurs in one feeder, the current is fed mainly by one generator, 
the other generators having to feed through the reactances. The 
tie-bar system acts in the same way, but has the following advan¬ 
tage. If the number of sections in the tie-bar system is increased, 
the current that flows into the fault will not exceed a certain value 
which is fixed by the size of the individual reactors. If the switch- 
gear is designed to operate successfully on this limiting value of 
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current, the system can be extended to any number of sections 
without modification of the switchgear. 

Example. Find the ratio of the percentage reactance of the reactors to 
that of the generators in a tie-bar system, if the short-circuit current is not 
to exceed three times the current of a single section. 

Let the percentage reactance of a generator be G and of a reactor 
X, and suppose there are n sections. When there is a short circuit 
on a feeder, the remaining reactors and generators are in parallel, 
so that their percentage reactance is (G + X)/(n — 1). This reac¬ 
tance is in series with the reactor of the faulty feeder, giving a 
reactance 

X + (G + X)l(n - 1) = (G + nX)/(n - 1). 

This reactance is in parallel with the reactance of the generator 
which is connected to the faulty feeder, so that the total reactance is 

G + nX 

X f»- 1) _ G + nX 
G + nX J nG + nX' 

^ I /— 1 \ 


The short-circuit current is thus 


/ 


100 

X 1T x 


nG -f nX 
G + nX‘ 


where 7 is the normal full-load current. 

When n — 1, the current is 

I X (100/G). 

The last factor gives the effect of the remaining sections, and 
increases from unity when n = 1 to (G + X)/X when n is infinitely 
large. Thus if the current is not to exceed three times the short- 
circuit current due to a single section 

(G + X)/X = 3 

i.e. X=IG. 

If it is certain that the number of sections will not exceed a known 
number n we have 

(nG + nX)/(G + nX) = 3 

i.e. X = [(»-3)/2n]<7. 

Thus if n will not exceed 6, X need not be greater than \G. 

Choice of Interconnection to Limit Currents. The cost of reactors 
is large and their installation is avoided if possible. It is sometimes 
practicable to make use of the reactance of feeders and transformers 
so that reactors are unnecessary. 
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For instance, suppose that two parallel feeders are fed by four 
transformers, as shown in Fig. 178, and suppose that a short circuit 
occurs at B. If the parallel feeders are not connected at their ends, 
the reactance from A to B is 

X(ZX + 2 F) X(3X + 2 F) 

X -f 3X + 2 F ~ 4X + 2F ‘ 



Fig. 178 


If the feeders are connected at their ends (between B and C , 
D and E ), the reactance from A to B is \X. The latter reactance is 
considerably less than the former; thus if F = X, the former is 
$X and the latter only \X. 



Fig. 179. Synchronization at the Load 


As a general rule it is advisable to keep the parallel connections 
as few as possible. 

An interesting and important application of this rule is shown by 
the method of interconnection of Fig. 179. The generators are uncon¬ 
nected in the high-tensipn system, but connected only at the low 
voltage system. This system is said to be synchronized at the load. 
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Protection of Switchgear by Reactors. A generating station may 
be extended by the addition of alternators or by a supply from 
the Grid. It is uneconomical to scrap the existing switchgear, which 
was adequate for the former output but is not of sufficient rating 
to meet the extensions. In such a case a protective reactor may be 
placed between the old system and the extensions to limit the 
short-circuit currents to a permissible value. An example will show 
how the requisite reactance is calculated. 


Example. A small generating station has two alternators of 3 000 and 
4 500 kVA., and percentage reactances 7 and 8. The circuit-breakers are 
rated at 150 000 kVA. It is intended to extend the system by a supply from 
the Grid via a transformer of 7 500 kVA. rating and 7*5% reactance. Find 
the reactance necessary to protect the switchgear. 


Let us take as the basic rating 7 500 kVA. The reactances of 
A and B are then 

(7 500/3 000) X 7 = 17*5% 

and (7 500/4 500) X 8 = 13-3%, 

so that their combined reactance is 


17-5 X 13-3 
17-5 + 13-3 


= 7-55 


0/ 

/o 


The short-circuit kVA. with respect to these alone is 

7 500 X (100/7-55) = 99 300 kVA. 

If no protective reactor is present the short-circuit rating due to 
the Grid supply is 

(7 500/7-5) x 100 - 100 000 kVA. 


so that the total is 199 300 kVA. In order to keep the kVA. down 
the rated value of 150 000 kVA. suppose that a reactor of percentage 
reactance X is interposed as shown in Fig. 180. The short-circuit 
kVA. of the Grid supply is then 7 500/(7*5 + X), and this must 
not exceed the difference between the ratings of the circuit-breakers 
and the generators A and B . 

Therefore 


giving 


7 500 

7 : 5 + X X 


100 = 


7-5 + X = 


150 000 - 99 300 
50 700, 

7 500 X 100 
50 700 


= 14-8, 
X = 7-3. 


so that 
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If the voltage is 3 300 V., the full-load 
corresponding to 7 500 kVA. is 


current per phase 


7 500 000 
3 300 X V3 


1 310 A., 


so that the aotual reactance of the reactor per phase is 


7-3 X (3 300/V3) 
1 310 X 100 


0106 a 




wyw 


7500kVA. ■ 
7-5% 


Fig. 180. Reactor Protecting Switchgear 


corresponding to an inductance of 

■ - I - Qr ' , = 0 000337 H. 

2ti X 50 

= 0-337 mH. 

Unsymmetrical Short Circuits: Symmetrical Components. The 

methods of calculating short-circuit currents developed in the 
previous sections apply only to the cases when the fault occurs across 
all phases and the currents in the phases are equal. When the fault 
occurs across two of the three phases or between one or two phases 
and earth, the currents are unequal and the methods are inadequate. 
The currents can be found by Kirchhoff’s laws, but this method is 
usually laborious. A method has been devised which uses symmetrical 
components of the currents and voltages. 

It will first be shown how three unbalanced vectors can be 
expressed as the sum of three systems of balanced vectors. Three 
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balanced vectors are vectors which are equal in magnitude and differ 
in phase by 120°, so that they can be represented by 

. E v E x ' = EfiM »), E^ = E l£ M*IV, 

if E l is taken as a reference vector. Fig. 181 shows the vectors. It 
should be remembered that multiplication of a vector by the factor 
results in a vector of unchanged magnitude but with a phase 
angle increased by 6 ; for if the vector has magnitude r and angle a 
it is represented by 

r|a = re ia > 

and multiplication by e* 9 results in a vector 

re** X s* 9 — re^ a + °) = r ja + 0. 



Ei leads E{ leads E x m 



E x lags E% lags E t m 



As is pointed out in Appendix III, the values of the alternating 
quantities are the horizontal components of these vectors, which 
are assumed to rotate in the positive (anti-clockwise) direction .with 
an angular velocity co = 2tz X frequency. Thus E v E x \ and E x " 
correspond to alternating quantities which reach their maxima in the 
order given . The system just given is called a system of positive 
phase sequence. It is usual to replace s^/S) by A, so that 

A = e ;(2n/3) — cos (2 tt/3) + j sin (2;r/3) = — 0*5 + JO-866 \ 
and A 2 = = cos (4;r/3) + j sin (4 tt/ 3) = — 0*5—j0*866.1 (104) 

It follows that 1 + A + A 2 = 0. J 

A positive phase-sequence system of vectors is thus represented by 

E v X 2 E V XE V . . * . . (105) 

It would be symmetrical but unconventional to write these as 
A*J E l9 X*E v A E v 
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A balanced system with negative jphase sequence is shown in 
Fig. 182. The order of maxima is E 2 ', E 2i E 2i so that the vectors are 

E 2} E 2 ' = XE 2i E 2 " = m E t . . . . (106) 

Suppose there is a system of unbalanced vectors E A , E B , and E 0 . 
By virtue of the relations (1 + A + A 2 ) = 0 and A 3 = 1 we may 
write 

E a — \{E a + E b + E c ) + $(E a + XE b + X 2 E 0 ) 

+ + ^ 2 Ej} H~ hEc)> 

E B = J(2£^ + E B + E c ) + (A 2 /3) (E A + XE B + X 2 E 0 ) 

+ (A/3) (E a + X 2 E B + XE 0 ), 

and E 0 = \{E A + E B 4- E c ) + (A/3) (E A + A E B + X 2 E 0 ) 

+ (A 2 /3) (E a + X 2 E B + A E c ). 

Putting 

+ Eb + P*o) — } 

\{E a + XE b + X 2 E 0 ) = E v l . . . (107) 

and $(Ej + + AZ^) = E 2 , J 

we have 

E a = + l^i + 1 

E b = E 0 + A 2 ^ + XE 2i l . . . (108) 

E c — E 0 + XE l + X 2 E 2 . J 

It is seen from equations (105) and (106) that the terms in E x 
represent a positive phase-sequence system of balanced vectors, 
whilst the terms in E 2 represent a negative phase-sequence system 
of balanced vectors. The equal terms E 0 are said to represent a 
zero phase-sequence system of vectors, which are equal. Thus 
any system of three unbalanced vectors can be resolved into three 
systems of balanced vectors, a zero phase-sequence system 
E 0 (1, 1, 1), a positive phase-sequence system E x (1, A 2 , A), and a 
negative phase-sequence system E 2 (1, A, A 2 ). The values of E 0i E lt 
and E 2 are found from the unbalanced vectors E Ai E B , E 0 by means 
of equations (107) by multiplication of complex numbers or by a 
graphical method. The former method is described in Appendix II. 
The graphical method follows from the facts that, since A = e^ 2n / 8 >, 
multiplication by A turns a vector in the positive direction through 
an angle of 2 ti/ 3 radians and multiplication by A 2 turns a vector 
through 4^/3 radians. 

Fig. 183 (a) shows an unbalanced system of vectors. Fig. 183 (6) 
shows how these are added to give E A + E B + E 0f one-third of 
which is E 0 . Fig. 183 (c) shows how we obtain E A + XE B + X 2 E ot 
one-third of which is E x \ and Fig. 183 (d) shows how we obtain 
E a + X 2 E B + XE 0t one-third of which is E t . 
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Fio. 18 :$. Graphical Method op Findinq Symmetrical 
Components 


Example. Resolve the system E A — 1 500|30°, E t = 1 8001— 70°, E 0 
— 2 000 1170° into their symmetrical components. 

E u = i(E A + E B + E 0 ) 

= J(1 500 |30^ + 1 800 j- 70° + 2 000 |170°) 

= §(1 500 cos 30° + 1 800 cos 70° + 2 000 cos 170° 

+ jl 500 sin 30° - jl 800 sin 70° + j2 000 sin 170°) 

= J(1 300 + 615- 1 970 + jl50 —jl 690 + jUl) 

= - 18 - jl98 = 198 | 264° 48' . 

E v — i(E A + XE B + }?E 0 ) 

= J(1 500130^ + 1 8001 - 70° + 120° + 2 000 | 170° + 240° ) 
= 1 250 + jl 220 = 1 740 | 44° 14'. 

Ej = \{E a + }?E a + /.E 0 ) 

= J(1 500130^ + 1 8001 - 70° + 240° + 2 0001 170° + 120°) 
= - 70- j270 = 280 1 252° 30' . *> 

It is clear that unbalanced currents can be resolved into syra- 
metrical components in the same way as voltages. 
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Application of Symmetrical Components. Let us consider the 
voltage drops in a symmetrically spaced transmission line due to 
unbalanced currents J At I B > I 0 . The line has self-impedances Z a 
and mutual impedances Z M , as shown in Fig. 184, where Z a per unit 
length of line is the resistance plus jcoL Si and 

L a =z[\ + 2 logh ( R/r )] X 10“ 9 H. per cm. length 
according to equation (24). The mutual inductance between lines is 
L m = 2 logh ( R/D) X 10“ 9 H. per cm. length. 

R is a large distance beyond which the total flux is insignificant. 
The voltage drops in the lines are 

V a — ^a Z s + + Ic^m 

V a = I A Z M + IjJZg + 

V 0 — I A Z M + IgZ M -f I c Z a . 



Fig. 184. General Three-phase Line 


The symmetrical components of the voltages are found in the 
following way— 

Vo = i(V A +V B + V 0 ) = i(Z a + 2 Z M ) (I A + I B + /,) 

— Join's + 

V\ = i(V A + AV b + X 2 V C ) = \Z a {l A + U B + XH C ) 

+ h Z Al(M A + A + Ib "4" MIB “f“ 1(3 4“ M 0 ) 

- /A + i z *(- J A - Mb - MI 0 ), 

using the relation 1 + A + M = 0. Therefore 
V 1 = I 1 (Z a -Z M ). 

Similarly V 2 = I 2 {Z a — Z M ). 

We have therefore 

Vq ~ 

V x = Z 1 I V l. .... (109a) 

and V 2 — Z 2 I i ,J 

where Z 0 = (Z a + 2 Z M )\ 

Z 1 ^(Z a ^Z M ) l . . .(1096) 

and Z % = (Z a -~ Z M ). J 
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We have thus the important result that the phase-sequence voltage 
drops are due to the separate phase-sequence currents . 

Impedances to the Various Phase-sequence Currents. It is seen 
from equations (109) that the impedances of a transmission line 
to the zero, positive, and negative phase-sequence currents are 
Z Q , Z v and Z 2 . The last two are equal to (Z 8 — Z M ), which is due to 
an inductance of 

L a ~ L m = [£ + 2 logh (.D/r )] X 10“ 9 H. per cm. length, 

which is the inductance to neutral in a balanced system. 

It is thus independent of the distance R> but depends only on the 
radius of the wires r and their spacing D. The zero phase-sequence 
impedance depends on I?, or more particularly it depends upon the 
return path for the current 7 0 which flows along the three wires in 
parallel, since the distance R is to be chosen to include the return 
path. It is difficult to calculate Z 0 and it is best found by experi¬ 
ment. If information is not available we may take Z 0 as twice or 
three times Z v It will be shown later that if the neutral is earthed 
through an impedance, three times this impedance must be added 
to Z 0 . 

In order to calculate unsymmetrical short-circuit currents it is 
necessary to know the various phase-sequence properties of the 
generators and transformers in the system. 

An alternator generates only a positive phase-sequence system of 
e.m.f.’s. We have already discussed in detail the impedance (or more 
simply the reactance) of the alternator to positive phase-sequence 
currents; there is the initial or transient reactance which increases 
to the synchronous reactance by reason of armature reaction. The 
initial reactance to negative phase-sequence currents is about 70 per 
cent of the previous transient reactance, and to zero phase-sequence 
currents 10 to 25 per cent. Under steady short-circuit conditions, 
the values are less. The following table gives approximate values 
in terms of the reactances to positive phase-sequence currents. 


- 

Reactance to 
Negative Phase- 
sequence Currents 
<%) 

Reactance to 
Zero Phase- 
sequence Currents 
(%> 

Transient 

| 

70 

10 to 25 

Steady Short Circuit 



Salient pole . 

30 

5 to 15 

Turbo-alternator . 

16 

^ Oto 6 


Decrement factors can be used in the way described above to find 
the currents at intermediate times. 
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The impedance of a transformer to negative phase-sequence 
currents is the same as to the positive system. The impedance to 
the zero phase-sequence currents is the same as for the other 
sequences provided there is a through circuit for the earth currents 
and the compensating currents can flow, otherwise the impedance 
is infinite. Thus in an unearthed star/unearthed star connection the 
zero phase currents cannot flow and the zero phase impedance is 
infinite. In the unearthed star/earthed star connection, if an earth 
fault occurs on the primary side no zero sequence current can flow 
and the impedance is infinite; if the earth fault occurs on the 
secondary side there is a complete path for the zero sequence 
current, but there is no path for the compensating currents in 
the primary windings, and the zero phase impedance is again 
infinite. In the earthed star/delta connection, an earth fault in the 

A_ 

A 
c 


Ej per phase 
Fig. 185. Application of Symmetrical Components 

primary circuit has a complete path and the compensating currents 
can flow in the delta, so that the zero sequence impedance is finite; 
if the fault is in the secondary circuit, the zero phase impedance 
is infinite. 

General Method Using Symmetrical Components. From the 
conditions of the fault we get three relations between the voltages 
V A , Vc an d the currents 1 A , 1 l c . For instance, if there is an 
earth fault on line C only, we have I A — 0, I B = 0, and V 0 = 0. If 
there is an earth fault on lines B and C , we have I A =0, V B = 0, 
and V 0 = 0. If the earth fault is across all three lines, we have 
V A = 0, V B = 0, and V 0 = 0. If there is a short between two lines 
B and C , we have I A — 0, I B I 0 — 0, and V B = V 0 . We can then 
express the currents and voltages in terms of their symmetrical 
components. We know that the separate phase-sequence voltage 
drops are due to the corresponding phase-sequence currents. We 
thus have two three-phase balanced systems and one single-phase 
system (the earth return system), and we can apply the simplified 
method used in a balanced system, in which we replace the system 
by a single line and impedances to neutral. 

As an example let us solve the case when there is a short between 
two lines, as shown in Fig. 185. The generator produces a positive 
phase-sequence e.m.f. only of E x per phase; it has impedances 
Z„ and Z& to the sequence currents. The line has impedances 
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Z L0 , Z LV alld Z LV Let V a> V Bf V 0 be the voltages and I A , I B% l v 
the currents near the fault. We have 

I a = 0, I B + I 0 = 0, and V B = F 0 . 

The phase-sequence currents are given by equations (106) as 

h — iCT* + + /,) = 0, 'j 

A = + A/. + A 2 / 0 ) = *(A- A 2 )/,, l . (110) 

h = + A 2 /, + A/ 0 ) = J(A 2 - A)/J 

The phase-sequence voltages are similarly given by 

v 0 = uv A + V B + v c ), , 

r l = i(V 4 + IV B + X 2 V 0 ) = J(F, + XV B + A 2 F*), l (111) 

V 2 = i(F. + X 2 V B + XV 0 ) = J(F. + A 2 F* + AFJ.J 

The phase-sequence e.m.f.’s are E v 0, 0, so that applying 
equations (108) we get 

F 0 = 0 — (Z o0 + = 0, since I 0 = 0. 

V 1 — E l ~ (Z ux + Z Ll )I v 
F 2 -0 - (Z M + Z tt )/ 2 . 

From equations (111) we see that V x = F 2 so that 

— (Z.i + Z Li)h = — (^02 + 

Substituting for / x and I 2 from equations (110) we get 

E x = (Z 01 + Z Ll )I x — (Z 02 + Z Lt )I 2 

— ( Z a\ + + Z uz) J (X — X 2 )1 b , 

~ (^<?1 + -^Ll 4- ^>02 + Z Li) (jlVS)lB' 

so that the magnitude of /* is 

(V3)gi 

z <n + Z ii + ^02 + Z vt 

Interference with Communication Circuits. When a communica¬ 
tion circuit runs parallel with a high voltage overhead line, high 
voltages may be induced in the former resulting in acoustic shock 
and noise. The induced voltages are due to electrostatic and electro¬ 
magnetic induction, and are reduced considerably by transposing 
the power lines as shown in Fig. 186. See example 9 on page 
236. The effect of transposition is to balance the capacitances of 
the lines, so that the electrostatically induced voltages balance out 
in the length of a complete set of transpositions; such a length is 
called a barrel . Transposition results also in a diminution of the 
electromagnetically induced e.m.f. on the wires, since the fluxes 
due to the positive and negative phase-sequence currents will add 
up to zero along the barrel. The flux due to the zero phase-sequence 
or longitudinal current is unaffected by transpositions of the power 
system, since it flows along the three wires in parallel. In order to 
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reduce the e.m.f. in the telephone circuit due to the zero phase- 
sequence current, which is called the longitudinal current , the tele¬ 
phone line is transposed, as shown in Fig. 186. By a proper co-ordin¬ 
ation of transpositions of the power and communication lines, the 
induced voltages can be reduced to very small proportions under 
normal working conditions. 


_ Power 

_ Line 


x== 

Fia. 186. 


X 


X 


Telephone 

Line 


Co-ordinated Transposition of Power and 
Communication Circuits 


At the ends of a barrel the induced voltage is small and we have 
silent points. At points inside the barrel there may be a high voltage 
on the telephone line. If it is desired to tap the communication 
circuit at such a point, it is advisable to insert an isolating trans- 



Fia. 187. Telephone Interference Factor Curve 
mi) 

former, the insulation between the line and telephone windings 
being adequate to withstand the voltage; the telephone winding 
is earthed at the mid-point or at one end, so that a high voltage 
cannot roach the telephone. 

The interference effect of an induced voltage or current depends 
greatly upon the frequency. The relative interference effect of 
different frequencies is shown in Fig. 187, which shows the T.I.F . 
curve, i.e. the telephone interference factor curve. 
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It is usual to express the interference currents in terms of a current 
at 800 cycles per sec. which produces the same degree of disturbance 
according to the curve of Fig. 187. Thus suppose that we have 
induced currents of 20 juA. at 250 cycles and 10 fiA . at 350 cycles; 
the disturbances caused by them are the same as caused by 800 cycle 
currents of 20 x 0*25 = 5 juA. and 10 X 0*3 = 3 //A., respectively. 



Fio. 188. Mutual Inductance between a Line and Earth 
Return and Another Line (Carson -Pollaczek Formula). 
Frequency: 50 Cycles 

Curves are for different resistivities of soil (in O. per cm. cube). 


The total disturbance is considered as due to an 800 cycle current 
of value V(5 2 + 3 2 ) — 5*8 fi A. 

It is clear that the harmonics in the power system should be kept 
as low as possible, as they have a high interference factor. 

When a short circuit occurs to earth, a large zero phase-sequence 
or longitudinal current flows along the wires in parallel and through 
the earth return. In this case the electromagnetic induction is large 
in magnitude, and depends upon the spacing betw&n the power 
and telephone lines, the resistivity of the earth, and the frequency 
of the current. The e.m.f. induced in the telephone line is 

E~-ju>MlI, 
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where I is the zero phase-sequence current, co = 2n X frequency, 
l is the length of the parallel, and M the mutual inductance between 
the power line circuit (with earth return) and the telephone line. 
Fig. 188 gives the value of M for 1 km. parallel as calculated by 



Fig. 189. Drainage Coil 


the Carson-Pollaczek theory for different spacings and earth resis¬ 
tivities, the frequency being 50 cycles per sec. It is noticed that M 
increases as the resistivity increases, because the current spreads 
out further in a soil of higher resistivity. 

The e.m.f. E is induced in each of the telephone wires, so that if 



Telephone 

Apparatus 


Fig. 190. Telephone Circuit Protective System 

the telephone circuit were perfectly transposed and balanced there 
would be no voltage between the two wires of a circuit. There would, 
however, be the e.m.f. E between each wire and earth, and the 
telephone insulators must be capable of withstanding this voltage; 
for if one wire flashes over to earth, the full e.m.f. is applied to the 
telephone circuit with a resulting acoustic and electric shock. The 
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potential between the wires of the telephone circuit is kept low by 
the use of drainage coils, shown in Fig. 189. The windings AB 
and BC are series aiding, so that the coil has a high impedance 
between the terminals A and C (of the order 6 000 |70° at 1 000 
cycles), and gives an attenuation of about 2 db. to voice-frequency 
currents. The mid-point B is earthed, so that the impedance of the 
coil is very low to currents flowing along the lines in parallel and 
back through earth. In this way the longitudinal potential of the 
telephone lines is reduced from the high value E to a very low value, 
which depends upon the degree of balance of the windings and 
their resistance. 

Acoustic and electric shock are minimized by the use of isolating 
transformers, drainage coils, spark gaps, and carbon block arresters. 
Fig. 190 shows an arrangement for the protection of a telephone 
circuit, as used in a successful installation which runs parallel with 
a 132 kV. power line in the Punjab. 

EXAMPLES VIII 

1. Discuss the phenomena of electrostatic and electro-magnetic induction 
from power transmission lines to adjacent telephone lines. 

State the factors upon which the magnitude of the induction depends in 
each case and the precautions taken in both the power and communication 
circuits to reduce it. ( Lond. Univ ., 1949.) 

2. Why is automatic voltage regulation required for modern alternators ? 

Explain, with a diagram of connections, the operation of an automatic 

voltage regulator suitable for use with a large turbo-alternator. 

{Lond. Univ., 1950.) 

3. A 3-phase overhead line has the following constants: series impedance 
per conductor, 20 -f j 50 Q ; shunt admittance of each conductor to neutral, 
0 j 800 micromhos. The line supplies, through a star/star transformer with 
a turn ratio of 4 to 1, a load of 40 MW. at 33 kV., unity power factor. The 
transformer, at 45 MVA. and 33 kV., has an impedance of 0*5 — j 6 per cent. 

Neglecting iron loss and magnetizing current in the transformer, determine 
the voltage and current at the supply end of the line, and the phase angle 
between them. {Lond. Univ.. 1954.) 

4. Describe and compare the methods of interconnecting the bus-bars of a 
generating station. 

Three generators A, B , and C\ each of 12% leakage reactance and of MVA. 
ratings 25, 50, and 25 respectively, are interconnected electrically by a tie-bar 
through reactors, each of 10% reactance based upon the MVA. rating of the 
machine to which it is connected. A 3-phase feeder is supplied from the bus¬ 
bars of generator A at a line voltage of 11 kV. The feeder has a resistance of 
0*1 Q/phase and an inductive reactance of 0-3 Cl phase. Estimate the maximum 
MVA. which can be fed into a symmetrical short-circuit at the far end of the 
feeder. {Lond. Univ., 1953.) 

5. Explain what is meant by the symmetrical components of a 3-phase 
4-wire system. 

The p.d.’s to neutral of such a system are — 36 4- j 0, 0% j 48 and 64 -f- 
j 0 V. respectively, and the currents in the corresponding line wires R, Y, and 
B are — 4 -f- j 2, — 1 -j- j 5, and 5 — j 3 A. Determine the negative-sequence 
power and reactive voltamperes. The sequence is RYB. 

{Lond. Univ., 1954.) 
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6. Explain briefly the advantages to be gained by the insertion of reactances 

in the bus-bars of a large generating station. A generating station contains 
four identical three-phase alternators A, B, C, and D each of 20 000 kVA., 
11 kV. rating and having 20% reactance. They are connected to a bus-bar 
system which has a bus-bar reactor rated at 20 000 kVA. and having 25% 
reactance inserted between B and C. A 66 kV. feeder is taken off from the 
bus-bar through a 10 000 kVA. transformer having 5% reactance. If a short 
circuit occurs across all phases at the high voltage terminals of the trans¬ 
former, calculate the current fed into the fault. (Nat. Cert., 1935.) 

7. The bus-bars of & power station are split into two sections A and B, 
separated by a 5% reactance (based on 10 000 kVA.). A 30 000 kVA. generator 
with 10% reactance is connected to section A and a 50 000 kVA. generator 
with 12% reactance is connected to section B. Each section supplies a trans¬ 
mission line through a 40 000 kVA. transformer with 6% reactance which 
steps the voltage up to 132 kV. If a three-phase short-circuit occurs on the 
high-tension terminals of the transformer connected to section A, calculate 
the maximum initial value of current which may occur at a short circuit. 

Describe how you would estimate the current which a circuit-breaker 
operating after 0-3 sec. would have to interrupt, and explain w T hy this value 
would be different from the maximum initial value as calculated. 

8. A three-phase system of voltages is given by 

V A = 1 000 [ 35° V B = 3 000 |10(F V 0 = 2 000 |270° 

Resolve these voltages into their symmetrical components, namely, a 
balanced positive sequence component, a balanced negative sequence com¬ 
ponent and a zero sequence component. 

Explain how the method of symmetrical components can be used for the 
calculation of short-circuit currents under unbalanced fault conditions. 

(Lond. Univ., 1934.) 

9. Two 3-phase, 6*6 kV. generators G x and 0 2 feed into common bus-bars, 
which are linked by reactors R to a second set of bus¬ 
bars : the latter are also linked to a grid system of largo 
capacity by an interconnector I. From the bus-bars, 
feeders F x and F 2 supply a network N, as in Fig. 191. 
The percentage reactances are as follows— 

O x and G 2 , each 15% at 50 MVA.; R, 5% at 10 MVA.; 
grid system through I, 10% at 40 MVA.; N , between F x 
and F t , 10% at 100 MVA. The impedance of each feeder 
is 0*01 -f y0*02 ohm per core. 

Determine the maximum symmetrical fault current 
that a circuit-breaker at X may have to clear, in the 
event of either one or the other of the feeders being 
Fig. 191 disconnected. (Lond. Univ., 1949.) 





CHAPTER IX 

SWITCHGEAR AND PROTECTION 

Introduction. With the continued progress of interconnection and 
the increasing capacity of generating stations the need for reliable 
protective devices and switchgear has become of paramount import¬ 
ance. When a short circuit occurs, an enormous power can be fed 
into the fault with considerable damage and interruption of service. 
The aims of protective gear are to achieve (1) complete reliability. 
(2) absolutely certain discrimination, (3) quick operation, and 
(4) non-interference with future extensions. 

Complete reliability is required, as the protective gear is added 
because it is intended to improve the reliability of the whole system. 
As protective relays are sensitive and must act within fairly fine 
limits, they should be simple, robust, and easy to inspect and 
to maintain; furthermore there should be as few as possible. 

Discrimination is important, as it is very inconvenient to cut out 
healthy sections on account of the necessity for synchronization on 
re-starting. Moreover the protective gear on healthy sections must 
not be made to operate as a result of fault currents on faulty feeders. 
This is specially important, as continuity of supply is expected and 
demanded by the users of electrical energy. 

Quick operation is required in order that no damage may be 
done to generators, transformers, and cables by the short-circuit 
currents. 

Before the various systems of protection are discussed a brief 
account of switchgear, circuit-breakers, and protective relays will 
be given; for it is necessary to know the characteristics of the relays 
and the circuit-breakers in order that the operation of a protective 
system may be understood. 

Principles o! Arc Extinguishing. At the instant when the contacts 
of a circuit-breaker begin to part there is a large current (several 
hundreds of thousands of amperes) and a small voltage drop. A 
small separation of the contacts does not result in an immediate 
cessation of the current, for as the contacts separate the resistance 
between them increases and the ohmic loss, 7 2 i?, generates sufficient 
heat to ionize the air or vaporize and ionize the oil. The ionized air 
or oil vapour acts as a conductor because of the large number of 
free electrons present, and the current flows without immediate 
change, across the arc thus formed. The potential drop between 
the contacts is just sufficient to maintain the arc and is quite small. 
Separating the contacts draws the arc out, but it is not practicable 
to draw the arc out to such a length that the voltage available is 
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6. Explain briefly the advantages to be gained by the insertion of reactances 

in the bus-bars of a large generating station. A generating station contains 
four identical three-phase alternators A, B , C, and D each of 20 000 kVA., 
11 kV. rating and having 20% reactance. They are connected to a bus-bar 
system which has a bus-bar reactor rated at 20 000 kVA. and having 25% 
reactance inserted between B and C. A 66 kV. feeder is taken off from the 
bus-bar through a 10 000 kVA. transformer having 5% reactance. If a short 
circuit occurs across all phases at the high voltage terminals of the trans¬ 
former, calculate the current fed into the fault. (Nat. Cert., 1935.) 

7. The bus-bars of a power station are split into two sections A and B, 
separated by a 5% reactance (based on 10 000 kVA.). A 30 000 kVA. generator 
with 10% reactance is connected to section A and a 50 000 kVA. generator 
with 12% reactance is connected to section B. Each section supplies a trans¬ 
mission line through a 40 000 kVA. transformer with 6% reactance which 
steps the voltage up to 132 kV. If a three-phase short-circuit occurs on the 
high-tension terminals of the transformer connected to section A, calculate 
the maximum initial value of current which may occur at a short circuit. 

Describe how you would estimate the current which a circuit-breaker 
operating after 0-3 sec. would have to interrupt, and explain why this value 
would be different from the maximum initial value as calculated. 

8. A three-phase system of voltages is given by 

V A = 1 000 | 35° V B = 3 000 |10(F V 0 = 2 000 | 270° 

Resolve these voltages into their symmetrical components, namely, a 
balanced positive sequence component, a balanced negative sequence com¬ 
ponent and a zero sequence component. 

Explain how the method of symmetrical components can be used for the 
calculation of short-circuit currents under unbalanced fault conditions. 

(Lond. Univ., 1934.) 

9. Two 3-phase, 6*6 kV. generators G x and 0 2 feed into common bus-bars, 
which are linked by reactors R to a second set of bus¬ 
bars : the latter are also linked to a grid system of largo 
capacity by an interconnector I. From the bus-bars, 
feeders F x and F 2 supply a network N, as in Fig. 191. 
The percentage reactances are as follows— 

G 1 and G 2 , each 15% at 50 MVA. ; R , 5% at 10 MVA.; 
grid system through 1 , 10% at 40 MVA.; N , between F x 
andF 2 , 10% at 100 MVA. The impedance of each feeder 
is 0*01 -f- y0‘02 ohm per core. 

Determine the maximum symmetrical fault current 
that a circuit-breaker at X may have to clear, in the 
event of either one or the other of tho feeders being 
Fig. 191 disconnected. (Lond. Univ ., 1949.) 
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SWITCHGEAR AND PROTECTION 

Introduction. With the continued progress of interconnection and 
the increasing capacity of generating stations the need for reliable 
protective devices and switchgear has become of paramount import¬ 
ance. When a short circuit occurs, an enormous power can be fed 
into the fault with considerable damage and interruption of service. 
The aims of protective gear are to achieve (1) complete reliability. 
(2) absolutely certain discrimination, (3) quick operation, and 
(4) non-interference with future extensions. 

Complete reliability is required, as the protective gear is added 
because it is intended to improve the reliability of the whole system. 
As protective relays are sensitive and must act within fairly fine 
limits, they should be simple, robust, and easy to inspect and 
to maintain; furthermore there should be as few as possible. 

Discrimination is important, as it is very inconvenient to cut out 
healthy sections on account of the necessity for synchronization on 
re-starting. Moreover the protective gear on healthy sections must 
not be made to operate as a result of fault currents on faulty feeders. 
This is specially important, as continuity of supply is expected and 
demanded by the users of electrical energy. 

Quick operation is required in order that no damage may be 
done to generators, transformers, and cables by the short-circuit 
currents. 

Before the various systems of protection are discussed a brief 
account of switchgear, circuit-breakers, and protective relays will 
be given ; for it is necessary to know the characteristics of the relays 
and the circuit-breakers in order that the operation of a protective 
system may be understood. 

Principles of Arc Extinguishing. At the instant when the contacts 
of a circuit-breaker begin to part there is a large current (several 
hundreds of thousands of amperes) and a small voltage drop. A 
small separation of the contacts does not result in an immediate 
cessation of the current, for as the contacts separate the resistance 
between them increases and the ohmic loss, PR, generates sufficient 
heat to ionize the air or vaporize and ionize the oil. The ionized air 
or oil vapour acts as a conductor because of the large number of 
free electrons present, and the current flows without immediate 
change, across the arc thus formed. The potential drop between 
the contacts is just sufficient to maintain the arc and is quite small. 
Separating the contacts draws the arc out, but it is not practicable 
to draw the arc out to such a length that the voltage available is 
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insufficient to maintain the aro; in high voltage systems a separation 
of many yards would be necessary for this purpose. 

The conductance (i.e. the reciprocal of the resistance) of the aro 
is proportional to the number of electrons per cm. 3 produced by the 
ionization, the square of the diameter of the arc, and the reciprocal 
of the length. As we have stated, we cannot do much by increasing 
the length of the arc to any reasonable value. What can be done is 
to decrease the density of the free electrons, i.e. reduce the ionization, 
and decrease the diameter of the arc. 

The process of arc extinction in a d.c. circuit is more prolonged 
than in an a.c. circuit, and will be discussed first. Free electrons 
are produced in an arc in two main ways: (1) by thermal ionization, 
i.e. ionization by collision of the atoms due to thermal agitation; 
(2) by ionization by bombardment of electrons which attain high 
speeds under the electrostatic field. Free electrons are withdrawn 
from the arc in two main ways: (3) by re-combination of electrons 
and positive ions; (4) and by diffusion of electrons out of the arc. 
Under steady conditions (1) -f (2) = (3) + (4). To extinguish the 
arc it is necessary to decrease (1) and (2), so that 

(1) + (2) < (3) + (4). 

The only possible way of doing this is to decrease (1) by cooling 
the arc. To find the cooling necessary, we imagine that the circuit 
voltage E acts through an external resistance R across the arc 
resistance R a . The rate of heat generated in the arc is 

E 2 RJ(R + R a ) 2 watts, 

and has a maximum value of E 2 f^R when R a = R. When the arc 
is new R a is small and the heat generated in the arc is small. If 
the rate of cooling is high, the arc will get cooler. If the rate of 
cooling is less than E 2 /±R, a point will be reached when the rate 
of heat generated in the arc is equal to the rate of cooling. The arc 
will then stay at this stable position of equilibrium. If, however, 
the rate of cooling is greater than E 2 /4:R , cooling is progressive until 
the arc is extinguished. It is therefore necessary that the rate of 
cooling bo greater than E 2 /4R for the extinction of a d.c. arc 
by cooling. 

Arc extinction in a.c. circuits differs from that in d.c. circuits 
because of the passing of the current and voltage through zero at 
intervals of T ^ T) sec. It can be shown that if the a.c. arc had to 
be extinguished by cooling like the d.c. arc, it would be necessary 
to have a rate of cooling greater than E 2 j2X , where X is the reactance 
of the circuit supplying the arc. A circuit-breaker large enough to 
dissipate heat at such a rate is many times larger than that required 
in practice. The extinction of an alternating current arc is illustrated 
in Fig. 192, which represents the mam features of many oscillograph 
records of a.c. arcs. The circuit current is taken as zero to begin with. 
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A short circuit is applied at the instant when the circuit voltage is 
zero, so that the doubling effect of the short-circuit current is 
obtained. The short-circuit current is shown as settling down from 
the unsymmetrical large value to a somewhat smaller and sym¬ 
metrical value, until the contacts begin to open 6 half-cycles later. 
Up to this point the voltage between the contacts is clearly zero, 
but the circuit voltage is gradually reduced by the effects of arma¬ 
ture reaction in the generators. When the contacts open, the arc 
Instant of 



is struck, the current is maintained as before, whilst the voltage 
between the contacts is of the form shown; this voltage is quite 
small to begin with. When the current reaches its zero position, 
the arc is automatically extinguished and the voltage between the 
contacts is zero. The voltage then increases in the opposite direction 
and soon reaches a value which is sufficient to restrike the arc; 
during the period of quiescence a certain amount of recombination 
of ions and cooling takes place, so that the restriking voltage is 
somewhat greater than the voltage previously required for the 
maintenance of the arc. This goes on for several half-cycles, at the 
end of which period sufficient recombination of ions and cooling has 
taken place for the circuit voltage to be insufficiently large to 
restrike the arc. The arc is then extinct, the circuit current is zero, 
and the circuit voltage recovers and increases finally to its normal 
value. The recovery voltage is somewhat less than the normal 
circuit voltage, because of armature reaction ; its value depends 
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also upon circuit conditions. The energy absorbed by the aro can 
be measured directly on the oscillograph or it can be calculated 
from the current and voltage curves; the form of the power curve 
is shown in Fig. 192. Experiment shows that 1 kW.-sec. of energy 
liberates about 60 cm. 3 of gas, and it is necessary to design the size 
and strength of the circuit-breaker to withstand the explosive 
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Fio. 193a. Air-blast 
Circuit-breaker 


Fio. 193b. Water Circuit- 
breaker 


( I.E.E. Student»' Journal) 


pressure due to this sudden formation of gas. There is an empirical 
formula for the arc energy, namely, 

arc energy = kVA. interrupted x 0*1 X arc time in sec. 

Thus if the kVA. interrupted is 500 000 and the arc is extinguished 
in 4 half-cycles, the energy is 

500 000 X 0*1 X 0*04 = 2 000 kW.-sec., 

and the gas liberated is 120 litres or about 4 ft. 3 In practice the arc 
may last for as long as 01 sec. or more. 

Any method of decreasing the diameter of the arc or reducing the 
density of the ions will result in an increased restriking voltage and 
a quicker extinction of the arc. 

There are various ways of achieving a reduced diameter and 
density of ions. 

Fig. 193a shows a sketch of the air-blast circuit-breaker. The 
breaker is closed by applying pressure at the lower opening, and 
opened by applying pressure at the upper opening. When the 
contacts separate, the cold air rushes round the movable contact 
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and blows out the arc. Fig. 193 b shows the principle of the water 
oircuit-breaker. The contacts are in water, which is turned into 
steam by the arc and rushes past the opening to blow out the ate. 
Both these forms of circuit-breaker are much smaller than the oil 
circuit-breaker, and operate in one or two half-cycles. 



Fig. 194. Cross-jet Explosion Pot 
(Outdoor High Voltage Switchgear (Todd and Thompson)) 

Fig. 194 shows a section of a cross-jet explosion pot. Below the 
female contact there is a shroud, consisting of a stack of insulating 
plates with channels at right angles to the arc. When the contacts 
part the arc breaks up the oil surrounding it into gas at high 
pressure, and the gas expels a cross-jet of cold oil from the side 
pocket through the channels across the arc as soon as the movable 
contact passes an opening. If the short-circuit current is heavy, 
the pressure of the gas is great and the cross-jet is sufficiently 
powerful to extinguish the arc at the first or second channel. In 
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order to break relatively low currents it is necessary to have more 
channels. Fig. 194 shows a 66 kV. breaker which has four channels. 
Fig. 195 shows a three-phase circuit-breaker operating at 33 kV., 
fitted with cross-jet contacts. 

A recent development is the single-break switch, which has the 
advantage of a much smaller construction. It is not much less 



Fig. 195. Thbee-phase 33 kV Circuit-breaker 
with Cross-jet Contacts 
( Metropolitan - Vickers) 


effective than the double-break switch for the following reason. 
Suppose that the fixed contacts A and C have capacitances of 
10 ju/uF. each to the moving contact J5, which has a capacitance 
of 40 jujuF. to earth (See Fig. 196). If an earth fault occurs on (7, 
the resulting capacitances are 10 jujuF. between A and B and 50 jujuF. 
between B and C. The voltage between A and C is then taken as 
to five-sixths by the gap AB and one-sixth by BC t so that the arc 
AB does nearly all the work, and a single-break switch would be 
nearly as effective as the double-break. Fig. 197 shows a single-break 
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switch, with cross-jet pot and gang-operated oil-immersed isolators 
on the bus-bar and cable sides. 

In the deion circuit-breaker (Fig. 198), a stack of iron plates is 
magnetised by the arc current, and the resulting magnetic field 
forces the arc along the cold surface of a grid of insulating stacks, and 
this results in a rapid cooling and deionization. The arc is in two 
parts, each of which flows by a stack of iron plates 1 1 (T in. thick, 
separated from each other by ^ in. and protected by an asbestos 
arc-resisting material. 

Rating of Circuit-breakers. 

The current is taken as the 
r.m.s. value at the instant that 
the contacts open. It is seen in 
Fig. 192 that the current has a 
d.c. component which decays 
rapidly: let the value of the d.c. 
component be I at the instant of 
contact separation. Let the a.c. 
component have peak valuo i. 

Then the r.m.s. value is 

va 2 + £* 2 )> 

and this is the value taken as 
the current broken. Continental 
practice ignores the d.c. component. The voltage is taken as the 
recovery voltage, which is somewhat less than the normal circuit 
voltage; American practice is to take the normal voltage. The 
product of the current and the voltage to neutral gives the kVA. 
rating per phase. The American rating is thus higher than the 
rating given in this country. Thus the ratings of a certain breaker 
according to Continental, British, and American practices are 
385 000, 456 000, and 526 000 kVA. respectively. 

The conditions of severity for circuit-breaker operation are the 
power factor of the load, the recovery voltage, and the rate of rise 
of recovery voltage. 

If the power factor of the circuit to be interrupted is unity the 
voltage is zero when the current is zero, so that when the arc is 
temporarily extinguished there is no voltage immediately available 
to rcstrike it. If the power factor is zero, the voltage is a maximum 
at this instant and the arc is more easily restruck. It is found that 
the duration of the arc is approximately proportional to sin (f> 
when the power factor is low. British practice requires that the 
breaker be capable of interrupting the rated current at 0*1 power 
factor, which corresponds to short-circuit currents under the worst 
conditions. 

The recovery voltage depends upon the circuit conditions, and 
there is a desire to consider it as a condition of severity. Thus if 
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there is a three-phase short to earth, the recovery voltage on the 
first breaker to open is equal to the phase voltage (less the drop 
due to armature reaction, etc.) if the neutral point of the generator 
is earthed, but times this if the neutral is not earthed. The 



rate of rise of recovery voltage has an effect on the extinguishing of 
the arc. When the current falls to zero the ions in the arc recombine 
and the dielectric strength rises at a rate between 10 and 200 V. 
per cm. per jusec. At this instant the voltage is zero and is rising. 
If the rate of rise of voltage is less than the rate of rise of dielectric 
strength of the gas the arc will not be restruck; if greater, the arc 
will be restruck. The rate of rise of recovery voltage is affected by 
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the high-frequency oscillations of the electrical system. If the 
capacitance of the system is high, i.e. the line is long, the frequency 
of the oscillations is comparatively low, about 300 cycles per sec., 
and the rate of rise of recovery voltage is smaller than if the line 
is short, the capacitance low, and the frequency high (say 3 000 
cycles per sec.). It is thus easier for the arc to be extinguished if 
there is a large capacitance in the system. Circuit-breakers are 
usually tested by direct connection to a generator, so that the 



Fig. 198. Deion Circuit-breaker 
(English Electric) 


capacitance is low and the conditions are as severe as will be met 
in practice. 

Air Circuit-breakers. These are much used for d.c. circuits and 
for low voltage alternating currents. Fig. 199 shows a heavy-current 
air circuit-breaker. It consists of an upper and a lower contact 
block fixed to the switchboard panel, and a moving brush contact 
which bridges under pressure the stationary contacts. In addition 
to the main contacts, auxiliary copper contacts are provided to 
protect the main contacts, and also springs carrying carbon contacts 
on which the final break is made. 

To obtain proper contact pressure the link mechanism is designed 
to toggle, and the links are held in position by a hardened latch, 
which is tripped by the operation of the various automatic release 
devices. Various automatic attachments may be provided for over¬ 
load trip with or without time lag, reverse current trip, under 
voltage trip, shunt trip, or tripping interlock to ensure simultaneous 
tripping of two or more breakers. The time delay device usually 
consists of a dashpot and plunger, which is retarded by oil or by 
air escapement. 

—(T.S4) 
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Fuses. The low-voltage fuse or fusible cut-out consists of a short 
length of conductor, which can carry a certain current indefinitely 
but will fuse if the current is greater. The time to fuse or blow 
depends upon the magnitude of the excess current. Small current 
fuses (up to 100 amperes) are usually the only protective devices 




included in domestic installa¬ 
tions. Fuses for large currents 
(up to 600 amperes) are made 
for low-voltage supply sys¬ 
tems ; one very successful 
fuse for large currents consists 
of parallel strips of silver; 
another consists of a copper 
strip with a waist which is 
cut and soldered together. 
These types of fuse are enclosed 
in cartridges of porcelain or 
synthetic heat-resisting sub¬ 
stance such as bakelite. 

In high-voltage rural dis¬ 
tribution schemes high-voltage 
fuses are used as alternatives 
to the oil circuit-breaker. 
Recent research has produced 
fuses with a breaking capacity 
of 900 000 kVA. at 132 kV. 
and 500 000 kVA. at 11 kV. 

The tetrachloride fuse con¬ 


sists of a strong glass tube, 
sealed at both ends with brass 
caps, and filled with carbon 
tetrachloride. A flexible 


0^ copper conductor is held by a 

strong spiral spring (usually 
v. < ' * of phosphor bronze); one end 

“ of the spring is fixed to an 

Fig. 199. Heavy-current, end cap, and the other end is 

Air Circuit-breaker held by a high-resistance wire 

which is in parallel with the 
copper conductor. When the current exceeds a certain value, the 
high-resistance wire fuses, the spring pulls back the copper conduc¬ 
tor, and the arc is quenched by the carbon tetrachloride vapour. 
The amount of metal vaporized is very small, and the explosive 
pressure is not unduly great. Qicenchol is used sometimes instead 
of carbon tetrachloride. 


There is a cartridge-type fuse consisting of a bakelized canvas 
tube filled with powdered quartz. The conducting element consists 
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of silver and high-resistance wires in parallel: the vaporized silver 
forms silver silicate which is non-conducting. 

Both the above types of fuse will clear a heavy fault in one or 
two cycles, and thus they compare favourably with a relay-operated 
circuit-breaker which takes 0*2 to 0*5 sec. The disadvantage of 
fuses is their complete lack of discrimination, as they will cut out 
any section which carries the excess current. 

Relays. There are many kinds of relays in service in protective 
systems, and there are many designs of relay for the same purpose. 
The name attached to a relay 
indicates its function, e.g. 
overload or over-current relay, 
reverse power relay with 
graded time-lag, etc. 

Fig. 200 shows an instan¬ 
taneous relay of the attracted 
armature type. The a.c. or 
d.c. through the winding 
attracts the armature and 
makes the contacts C and D. 

At the same time the catch 
E is released from the mov¬ 
able blade F which springs 
into the stationary jaws G , 
making another contact in 
parallel with CD. The blade 
F must be reset by hand, and 
serves as an indication of the 
operation of the relay. 

The solenoid and plunger type of relay can be used for instan¬ 
taneous action; a definite time-lag can be obtained by using an oil 
dashpot, an air escapement chamber, or clockwork mechanism. It 
is advisable that the dashpot or escapement chamber be widened 
at one end, so that there should be a free movement over the last 
part of the stroke : this makes for a good contact. 

As the time of blowing of a fuse varies inversely as the overload, 
the placing of a fuse in shunt with an instantaneous or definite time 
relay produces a relay system with inverse time-lag. In the former 
case the time tends to zero as the current becomes very great, in 
the latter to a definite time. 

Figs. 201 and 202 show an induction type overcurrent relay . The 
current enters a tapped primary, the turns of which can be chosen 
by a plug 7, which thus gives a current setting. A closed secondary 
is wound on the upper and lower magnets. The fluxes due to the 
primary and secondary windings are separated in phase and space 
and produce a torque, as in the shaded-pole induction disc motor. 
The disc experiences a torque, which depends on the ourrent, and 
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Fig. 200. Instantaneous Relay, 
Attracted Armature Type 
(D. T.-H.) 




Fig 201 Induction Type Overcurrent Relay 
(Metropolitan Vickers) 


RENT 

Fig 202 


Trip Trip 
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Induction Type Overcurrent Relay 
( Metropolitan - Vickers) 
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will move against a restraining spring provided the current is large 
enough. The time of travel is adjustable by means of the stop 6, 
which adjusts the distance of travel to the contacts 11. The torque 
is kept constant at all positions of the disc by means of graded slits. 
Since the torque increases with the current, the relay has an inverse 
time characteristic. 

A reverse power relay is obtained by having a winding on the 


TRIP TRIP 



Fig. 203. Reverse Power Relay 
(Metropolitan-Vickers) 


middle limb of the upper magnet operated by the voltage, and a 
separate winding on the two limbs of the lower magnet operated 
by the current: the current winding has tappings as before. (See 
Fig. 203.) When the power flows in the normal direction the fluxes 
in the windings tend to turn the disc in a direction away from the 
contacts 11. When the power flows in the reverse direction the 
torque is in the opposite direction and the contacts 11 are closed. 
The relay can be made very sensitive by having a very light control 
spring, so that a very small reversal of power will cause the relay 
to operate. 

A directional overload relay can be made of two induction disc 
type relays, one of which is a simple overload relay as shown in 
Fig. 202 and the other a reverse power relay as shown in Fig. 203. 
The two relays are fitted in one case. Their contacts are connected 
in series, so that the trip-circuit is not energized unless both operate. 
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Induction type relays have an inverse with definite-minimum 
time characteristic as shown in Fig. 204. The definite-minimum 
time is due to the self-braking effect of the fluxes which produce 


the driving torque. 

Distance or impedance relays are of several kinds; but a common 
characteristic of all is the production of a force or torque in one 
direction by the line current and in the other direction by the 

voltage. The force or torque 



due to the voltage tends to 
prevent the contacts from 
closing, but that due to the 
current tends to close the 
contacts. Suppose the forces 
are aV 2 and bl 2 ; the con¬ 
tacts will close if 

bl 2 > aV 2 , 
or V 2 // 2 < b/a , 


Fig. 204. Inverse with Definite* 


z < V( b l a )- 


minimum Time Characteristic Tllus the relay operates 

if the line impedance falls 
below a certain value, which can be set as equal to the impedance 
of a complete section. 

One form of impedance relay is like that shown in Figs. 201 
and 202, except that there are two magnet systems, one on each 
side of the disc. One system operates on the line current and the 
other on the line voltage, and the torques oppose each other. 
Fig. 205 shows another induction type impedance relay. A potential 
transformer supplies the cruciform iron path with a rotating flux, 
which causes drum D to rotate in one direction. A current trans¬ 


former supplies the iron path X, which has a shaded pole, with a 
flux which causes D x to rotate in the opposite direction. Fig. 206 
shows diagrammatically the solenoid-and-plunger type, whose action 
is obvious. 


Impedance relays operate very quickly if the impedance falls 
below a certain value. Impedance-time relays are designed so that 
the time of operation is small for a certain low impedance, but 
increases linearly as the impedance increases. In one type of 
impedance-time relay, the current drives a disc round by induction 
and a spring is wound up. This spring tends to close the contacts 
of the trip-circuit but is opposed by an armature attached to the 
spindle and attracted by a coil carrying a current produced by the 
line voltage. Until the spring exerts a force as large as the attraction 
on the armature the spindle does not turn; when the spring is 
sufficiently wound up, the armature leaves the voltage coil and 
the trip circuit is made at once. 

In many systems of protection it is required that a relay shall 
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operate when the currents at two points of the system are unequal. 
For example, if the currents at the two ends of an alternator winding 
are unequal there is either a fault to earth or between phases. 



Fig. 205. Induction Type Impedance Relay 
( I.E.E. Journal) 



Fig. 206. Solenoid-and-plunger Type Impedance Relay 

Fig. 207 shows a method whereby the relay R can be made to 
operate when I x is not equal to / 2 . The current transformers, C.T., 
are identical and are connected so that their secondary e.m.f.’s are 
in the directions shown. Their secondary currents i x and tj therefore 
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flow in opposite directions through R, so that there is no current 
when I x — I g and i 1 — i 2 . This method is called the circulating 
current method. 

Fig. 208 shows an alternative method, known as the opposed 
voltage method. The relay is in series with the two secondaries, 
which are connected so that their e.m.f.’s oppose. 


Alternator Alternator 



Fig. 207. Circulating Current Fig. 208. Opposed Voltage 

Method of Testing Balance Method of Testing Balance 


A very important disadvantage in simple balance systems is due 
to the inequalities of current transformers. Thus an external fault 
may lead to a large current; then, although the currents in the 


Alternator 

C T. Winding £ jr 



primaries of the current transformers are equal, they may produce 
e.m.f.’s which vary by more than the permissible difference if they 
are ten or twenty times the normal current. 

This disadvantage is overcome by the use of bias. Fig. 209 shows 
a biased beam relay. The system is still the circulating current 
system of Fig. 207, but there is in addition a restraining coil which 
carries both circulating currents. Thus if the currents are large, 
there is a comparatively large restraining force which cannot be 
overcome by an error in the current transformers. It can be seen 
that the relay operates when the ratio differs from unity by 
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more than a certain amount, which is adjustable by varying the 
number of turns of the restraining coil. 

A similar result can be achieved by biasing the relay mechanically 
by moving the fulcrum nearer to one side, or magnetically by 
having two operating coils each of a different number of turns. 

Protection of Alternators and Transformers. It is not considered 
advisable to have overload protection for alternators, which are 
now designed to withstand their complete short-circuit current 
without danger. They are disconnected by hand. 

If the steam supply is cut off, there is no occasion to disconnect 
the alternator, as it will run as a motor and take a small current. 



Fig. 210. Merz-Price System for Alternator 
(Automatic Protective Gear (Henderson)) 

It will keep in synchronism, and operate when the steam supply 
is restored. 

The result of a failure of the field of an alternator is very uncertain 
and depends upon the load and the condition of the machine. The 
machine can be switched out by means of an under-current relay 
in the field circuit. The occurrence of a field failure is, however, 
rare, and automatic protection is not often provided. 

The most dangerous fault in an alternator is a failure of the 
insulation, for then the machine will feed current into its fault and 
destroy itself. 

If an earth fault occurs on the stator windings whose star point 
is earthed, power will flow through the fault to earth. If this power 
is greater than the load supplied, the machine will receive power 
from other generators and reverse power protection will suffice. 
The reverse power relay can contain two wattmeter elements, as 
used in measuring three-phase power, or three single-phase watt¬ 
meter elements. As the reverse power relay will not act unless the 
power sent into the fault is greater than the output of the machine, 
the method is not satisfactory and is obsolescent. 

Self-balance protection is the most useful method for alternators 
and transformers. Fig. 210 shows the Merz-Price system, in which 
three pairs of current transformers are connected to relays. When 
the currents at both ends of each winding are equal, equal e.m.f.’s 
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are produced in the secondaries of the current transformers and no 
current passes through the relays. The Merz-Price circulating 
current system just described is clearly effective for earth faults 
and faults between phases. If another generator feeds current into 
the fault, it is seen that the currents in a pair of current transformers 
are opposing and the total current will flow through the relay, and 
thus operation is aided. The Merz-Price system is, however, unable 
to operate when there is a fault between turns on the same phase, 
as the currents at the ends of the phase are still equal. 

The alternator can be protected for leakage by means of the 
leakage relay shown in Fig. 211. 


OVERLOAD FUSEb 



Fig. 211. Merz-Price System for Transformers 
(Automatic Protective Gear (Henderson)) 


The Merz-Price system is available for the protection of trans¬ 
formers. Fig. 211 shows the system applied to the protection of 
a star/delta connected transformer, in which overload and leakage 
protection is added. The latter is performed by the leakage relay. 
The former is achieved by the use of overload fuses in the pilot 
wires between the three pairs of current transformers. When the 
overload blows a fuse, one of the pair of current transformers is 
disconnected from the relay, which receives the current from the 
remaining transformer. The balance is thus upset and the relay 
operates. 

It must be remembered that the currents in the windings of a 
transformer are not equal, and the current transformers must have 
the proper numbers of turns, so that their secondaries have equal 
currents during normal operation. Thus in a star/star connection 
with a ratio of 11 kV./66 kV., the current transformers must have 
a turns ratio of 66/11. 

Different power-transformer connections demand different con¬ 
nections of the protective transformers. Thus for star/star power 
transformers, the protective transformers must be connected in 
delta on both sides, since a fault on one phase of the secondary 
appears in two phases of the primary. Fig. 212 (a) shows the case 
where the protective transformers are connected in star/star forma¬ 
tion for a star/star transformer with earthed neutral in the secondary. 
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Suppose that an earth fault occurs outside the transformer on the 
secondary side as shown, and let the fault current be I. We may 
assume that the transformer has unity ratio for the purpose of 
explaining the action. Then the currents in the primary windings 




Fig. 212. Merz-Price System 
( a) In star/star connection. ( b ) In delta/delta connection. 


are £/, £/, and J/, the directions being those in the figure; the 
m.m.f.’s in the three limbs of the transformer are due to in a 
winding and they oppose each other, whilst the primary current 
has no zero phase sequence current, since it is isolated. The currents 
in the secondaries of the current transformers are $i, fi, and % 
as shown, so that each relay has a current and they operate 
although the transformer is sound. Fig. 212 (6) shows the ease 
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where the protective transformers are connected in delta/delta. 
With the same power transformer and earth fault as in Fig. 212 (a), 
the distribution of currents in the protective system is as shown in 
Fig. 212 (b). It is seen that no current passes through the relays, 
and the healthy transformer is not switched out. 

If the power transformer is delta/delta connected, the protective 
transformers can be star and star. If the power transformer is 
star/delta connected, “ the current transformers on the star side 
of the power transformer must be connected in delta in the same 
way as the power transformer, while the current transformers on 



Fia. 213. Biasing by Intentional Unbalance 
(Automatic Protective Gear (Henderson)) 

the delta side of the power transformer must be connected in reversed 
star relative to the power transformer.” (Henderson, loc. cit.) 

The Merz-Price system cannot be used with tap-changing trans¬ 
formers unless the protective transformers can be varied at the same 
time, so that the turns ratios are the same in both cases. This is 
a highly undesirable complication, and the Merz-Price system is 
replaced by the simpler self-balance method of protection illustrated 
in Fig. 210; both sets of transformer windings are treated in the 
same way as the alternator windings. 

We have already stated that the self-balance method cannot 
indicate the presence of short-circuited turns, as the currents at the 
end of each winding are the same. The Merz-Price system is 
nominally able to indicate such a fault, since the presence of short- 
circuited turns causes a change in the turns ratio between the 
primary and secondary. In practice it is usually too insensitive 
to do so. 
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Biased protective systems are being increasingly used, to offset 
the inaccuracies of current transformers with very high currents. 
The method is shown in Fig. 209. A biasing method using an 
intentional unbalance is shown in Fig. 213. The current transformer 
at the star point is arranged to take 7*0 amperes in the secondary, 
while the current transformer at the bus-bar takes 7*5 amperes. 
The relay, which is a reverse-power relay, has under normal condi¬ 
tions a current of 0*5 amperes which keeps the relay in the open 
position. When a fault occurs, the current near the star-point 

increases whilst that at the bus-bar 
end decreases and then reverses; 
both effects tend to reverse the cur¬ 
rent in the relay, and if the fault 
current is greater than the set 
unbalance of 0-5 ampere, the relay 
operates. 

The Buchholz relay is used for 
the protection of transformers, and 


Fia. 214. Overload Protection Fig. 215. Z-connection 

depends upon the formation of gas from the oil. The relay consists 
of two floats which carry contacts. The upper float indicates the 
presence of gas which is formed comparatively slowly, and it rings 
an alarm. The lower float is affected only by a sudden rush of gas 
formed by a heavy fault current, and when it drops, its contacts 
complete the trip circuit. 

Protection of Lines and Cables. The methods used for alternators 

and transformers are suitable, with modifications, for bus-bars and 
lines: the modifications required are due to the length of the lines, 
capacitance currents, and other reasons. Moreover, the need for 
discrimination in supply networks has called forward many pro¬ 
tective schemes which have no application to the comparatively 
simple cases of alternators and transformers. 

Overload Protection. Fig. 214 shows a simple system of 
overload protection. Fig. 215 shows the well-known Z-connection, 
which requires only two relays for the protection of a three-phase 
circuit. 
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It is, of course, highly undesirable that all the overload relays 
in a system should operate as soon as a fault occurs, for then the 
whole system is shut down. 

In a radial system the smallest possible part of the system is 



Fig. 216. Radial System with Graded Time-lag 


switched out by having relays with an inverse time characteristic 
with a definite minimum. The minimum time is arranged to 
decrease from the generator outwards, as shown in Fig. 216. The 



Fig. 217. Protection of Parallel Feeders 


same applies, of course, to a number of feeders in series, but not 
to feeders in parallel. 

Parallel feeders may be protected by overload ( A and B) and 
P , reverse power relays (C 

(3 V— — / ( C )——- —— (D j and D), as shown in Fig. 

Vs *T| 133 / Jt) A3 3 if 217. If a fault occurs at 

l Tf 0-66 0-66 f X, power flows round 

1 / ACDX and relay D oper- 

l^/*66 1-66 f / ates. Then I? will operate 

0'3j n$ 3 a nd the faulty feeder is 

cut ou ^‘ ^kis me fkod * s 
Qr" not satisfactory unless the 

2$ec. JT,— N T|-?5ec fault is heavy and re- 

/T verses the power at D. 

\ Station) If is advisable to apply 

J differential protection to 

~ 010 a 1 — ~ both ends of the parallel 

Time-lag feeders in addition to 

overload protection. 

Ring mains can be protected by graded time-lag directional 
overload relays, as shown in Fig. 218. A relay of this kind is repre¬ 
sented by an arrow and a number; the arrow indicates the direction 
of the power which can make the relay operate, and the number is 


2$ec. j t ? sec 

(Generatifik 
V Station J 

Fig. 218 . Ring System with Graded 
Time-lag 
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the definite minimum time of operation in seconds. At the generator 
station the relays are non-directional, and are indicated by double¬ 
headed arrows. The scheme of time-grading is obvious. If a fault 
occurs at F t the power fed into 
the fault is fed by two paths, z £ 

ABF mi&EDCF. The first relay puj 

to operate is that between C 1 

and F, and then the power can I Q 

flow only via ABF ; then the 

relay between B and F operates, ^ *- ttt -'TJWRXTu * j J? 

and the fault has been cleared. Mg] ^ ^ 6 

The time grading cannot be T -j jH ° w 

closer than | to \ sec., and as A Q-rf sr o 

the longest time that a fault W £8 L J ^ g 

should be fed is 2 sec., the maxi- a $ 

mum number of sections that g S 

can be protected in this way is r > 0 “ 


The interlock system has been 3 * | III 

designed to overcome the dis- J x ^ *§ 

advantages just described, and r -g § w 

it can be used for any number o> o o ^ 

of sections with a very short ^ --£ 5 z 5 ^ 

time-delay. It can be used for f°l r~] ~ < 3 - 

radial or ring systems. Fig. 219 M ^ U] 0 ® * jj 

shows the method applied to a JL Ub £ g & 

radial system. If a section is U ag L -J g g | 

healthy the same current passes all 

at both ends and the overload h5 | 

relays operate. The operation “ ^ 

of the relay at the beginning < S 

of the section completes the o v 6 

circuit of the trip coil (contact | 5 ^ £ 

B ), but the operation of the relay g £: ^ 

at the end of the section closes ^ - £ 

A y and causes the locking relay [ 8 

to operate and thus break the ^ \ l o 

trip circuit. If the fault occurs _ 

within the section, the current [i] ^ UflflJ ^ <_ 
entering is high, and causes the S* 

contact B to close, but the “ 1 

current leaving is small, and the 55 Lff I 

locking relay does not operate. hu * 

In order to apply the method to a ring main or any interconnected 
system, it is necessary merely to have directional relays to close the 
oircuit for the locking relays. 

In the above method it is necessary that the looking relay shall 


»JL ui m 
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be capable of operating before contact B is closed, and for this 
reason relay B is made to act in 0*3 to 0*5 sec. Methods have been 
designed for avoiding this delay by sending tripping impulses instead 
of stabilizing or non-tripping impulses. Duplex telegraph circuits 
may be used for the transmission of these impulses. Carrier tele¬ 
graphy along the high-tension line itself has also been used. 



(Automatic Protective Gear (Henderson)) 


Balanced Protective Systems. The principle of balanced 
protective systems is shown in Figs. 207 and 208, and examples of 
the Merz-Price system are shown in Figs. 210 and 211. The use 
of the McColl biased system to eliminate error due to imperfect 
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Fig. 221. Beard-Hunter Sheathed Pilot System 


balancing of current transformers is shown in Figs. 209 and 213. 
Fig. 220 shows the Merz-Price opposed voltage system applied to a 
three-phase line. The 3-wire pilot consists of a 3-core, 7/0*029 in. 
cable. Distributed-air-gap transformers are required in order that 
they may not be saturated when heavy short-circuit currents flow. 

When a short-circuit current passes through a healthy line, the 
current transformers may have induced in their secondaries equal 
e.m.f.’s of about 1 000 volts. Although these e.m.f.’s oppose, the 
capacitance currents that flow may be large enough to cause false 
operation. The capacitance currents are diverted from the relays 
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by the Beard-Hunter sheathed pilot cable. In this cable each 
conductor is surrounded by a metallic screen which is divided at 
the centre of its length, as shown in Fig. 221. The capacitance 
currents flow in the local circuits formed by the pilot, sheath, and 
transformer, and do not flow through the relays. 

The translay system is one of the modem modifications of the 
Merz-Price opposed-voltage system. Fig. 222 shows a simple form 
of translay protection for a single-phase feeder. “So long as the 
feeder is healthy, the line current transformers 10 and 10a at opposite 
ends of the feeder carry equal currents and the coils 11 and 11a 
connected to them induce equal e.m.f.’s in the windings 12 and 12a 
respectively. Coils 12 and 12a are connected in opposition by means 
of the pilot wires, with the operating windings 13 and 13a in series 
with them. ,, 

The translay relay is of the induction disc type, the novel feature 
being of a transformer character. 

Fig. 223 shows a modified scheme for the protection of a three- 
phase feeder, employing type H (single-element) translay relays. 

The upper magnetic circuit has three windings, two primaries, 
and a secondary. The upper and smaller primary is a phase-fault 
winding and is connected across the red and blue protective current 
transformers, whilst the mid-point is connected to the yellow. The 
lower and larger primary acts as a leakage winding, and is connected 
between the B transformer and the star-point of the current trans¬ 
formers. The secondary on the upper magnetic circuit behaves like 
the opposed-voltage transformer in the Merz-Price system and is 
connected in opposition to a similar winding, via two pilot wires, 
at the other end of the feeder. The windings on the lower magnetic 
circuit are in series with the pilot wires. The moving disc is com¬ 
posed of two sectors. Under normal conditions no current flows in 
the pilot wires as the opposed voltages are equal. When a fault 
occurs, the voltages in the windings are unequal and a current flows 
through the lower elements and the pilot wires. The flux produced 
in the lower magnetic elements interacts with the leakage flux of the 
upper magnetic elements to give a forward movement of the disc: 
the phase relation required for this is obtained as in a watt-hour 
meter. The capacitance currents lead the voltages and tend to 
rotate the disc in the opposite direction because of a closed copper 
ring near the end of the projecting limb of the upper magnetic 
circuit (see 18 and 18a of Fig. 222); thus the main disadvantage of 
the Merz-Price method has been avoided. 

The translay relay can be biased by an unsymmetrical phase 
adjustment, which gives a backward torque when the flux in the 
upper element is large. 

Split-conductor protection has the advantages of a balanced method 
of protection without the disadvantage of pilot wires. Fig. 224 
shows the basic idea of the Merz-Hunter split-conductor system. 



Current Transformer Single Phase Feeder Current Transformer 



Fig. 222. Simplified Scheme of Connections for the Protection of 
Single-phase Feeder by means of the Translay System 
(Metropolitan - V ickers ) 
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Each phase of the line is split into two sections which are only 
lightly insulated from each other. A single-turn current transformer 
is inserted at each end of the split conductor in the manner shown; 
the arrangement is identical with that of the well-known clip-on 



_pilot W|RES 

Fig. 223. Connections of Translay Relay 
( Metropolitan- Vickere) 


ammeter. When equal currents flow along the two splits, there is 
zero flux and e.m.f. in the transformers. When a fault occurs one 
of the splits takes more current than the other, and the relays R 



Fig. 224. Split-conductor Protection 


are energized. In the best arrangement, which is shown diagram- 
matically in Fig. 224, the splits are carried into the circuit-breakers, 
so that the splits are both opened by the breakers. The reason is as 
follows. If the fault is at the receiving end of a long line, the 
receiving-end breakers operate first ; then if the breakers merely 
open the common end of the splits but leave the splits connected to 
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a common end, the sending-end impedances will be nearly the same 
and the sending-end breakers will not operate. If the splits are both 
opened, as indicated, the healthy section takes no current and the 
faulty section takes a current which operates the sending-end 
breakers. 

Distance or Impedance Protection. The cost of pilot wires 



(c) 



on long overhead systems is prohibitive, and distance protection has 
been designed to give discriminative protection without pilot wires. 
Fig. 225 (a) shows the simplest system consisting of feeders in series, 
such that the power can flow only from left to right. If a short 
circuit occurs at P between C and Z), the impedances at A , B, and C 
are Z A + Z B + Z , Z B + Z y and Z respectively. The relays are set 
to operate with impedances less than Z Ay Z B , and Z c respectively, 
so that only relay G will operate. Similarly, if the fault occurs 
between B and <7, only relay B operates. The principle of operation 
and some types of impedance relays have been described. (See 
Figs. 205 and 206.) 
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A system with instantaneous impedance relays, set to act on 
impedances less than or equal to the impedance of a section, would 
be difficult to adjust; a fault near the junction of two sections is 
likely to cause the operation of two relays. Furthermore, if a fault 
of finite resistance occurs near the end of a section, it is possible 
that the total impedance is greater than that for relay operation. 
For these reasons it is advantageous to use impedance-time relays, 
the characteristics of which are shown in Fig. 225 (6), for the system 
of Fig. 225 (a). 

If a fault occurs on the right- 
hand side of a junction, B say, 
relay B operates in the minimum 
time t m and the breaker at B 
operates t B sec. later. If t B is 
made less than the time difference 
between consecutive relays, only 
one relay will operate. 

Suppose that the fault at P 
has a resistance which causes 
the total impedance at C to be 
represented by the point P' 

(the fault resistance being 
PP'). Relay C operates in time 
F'C", whereas in the previous 
system it would not operate 
at all. 

An impedance-time relay is a 
delicate mechanism, and it is 
considered worth while to replace 
it by three simple impedance- 
relays with a definite time of operation. The series combination 
can be arranged to give a three-step-time characteristic, as shown 
in Fig. 225 (c), which does the same thing as the previous linear 
characteristic. 

The effect of arc resistance or the resistance of the earth return 
path of a fault can be avoided by the use of a reactance relay , which 
operates when the reactance is less than a certain value and ignores 
the resistance of the circuit. The reactance relay is made in the 
same way as the impedance relay, but the flux due to the potential 
coil is shifted in phase. 

Bus-bar Arrangements. There are two types of switches, circuit- 
breakers and isolating switches. The former must be capable of 
breaking the maximum short-circuit currents; the latter are oper¬ 
ated only under conditions of no current, are much cheaper, and 
are merely knife switches in air or oil. 

In Rmall substations there is a single bus-bar, and the arrangement 
is as shown in Fig. 226. The bus-bar may be section&lized by a 



Fig. 22(n Single Bus-bar 
Layout 
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circuit-breaker and isolating switches, so that a fault on one part 
does not cause a complete shut-down. 

Fig. 227 shows a ring bus-bar system. The circuit-breakers are in 
series with the ring, and each feeder is supplied by two paths, so 
that the failure of a section does not cause any interruption of 
the service. 

Fig. 228 shows a single circuit-breaker station which was 
introduced by the C.E.B. and is working successfully. The pro¬ 
tective current transformers are so arranged that, when a line or 


XT 

/ < - Isolating Switch 

[J] = Circuit Breaker 
Fig. 227. Ring Bus-bar System 


transformer fault occurs, both the 132 kV. breaker and the low 
voltage breaker on the fault side are opened. 

On a large system with many circuits it is usual to have duplicate 
bus-bars. A typical diagram is shown in Fig. 229, in which both the 
high and low voltage bus-bars are duplicated. In this case it is 
possible to split the plant into two entirely separate systems, which 
can be worked at different voltages if so desired. If it were desired 
to switch a circuit from one bus-bar to another without interruption 
of service there would have to be two circuit-breakers per circuit. 
This is too expensive, and the scheme of Fig. 229 is adopted, in which 
there is only one breaker per circuit and the service must be 
interrupted for a switch-over. The bus-bar coupling switch is 
required to effect a quick and easy transfer; the use of a bus-bar 
coupler and sectionalizing breakers converts the duplicate bus-bars 
into a ring system, which has great flexibility. 

Testing ol Transmission Systems. It is necessary to carry out 
regular and exhaustive tests, in order that the elaborate systems of 
protection be kept in perfect working order. When a system is 



132 kV . 132 kV 

i Supply from Grid 



1 i 

wjpC Transformers X|CC 
Low Voltage Breakers 


Low Voltage Bus - bar 5 
Fig. 228. Single Circuit-breaker Station 
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first installed, it must be tested with short circuits of the various 
kinds under normal conditions of voltage; alternatively fault cur¬ 
rents may be produced at low voltage, but this is not quite so good 
as the former method. 

Staged faults at normal voltage can be carried out by putting an 
isolating switch between a phase and earth, or arranging a copper 
conductor to fall across two phases: an arcing earth can be simulated 
by inserting a fusible link between a phase and earth. The time for 
a staged fault must be chosen so that extensive preparations against 



Copper 

Bond 


disturbances can be made ; important consumers must be provided 
with an alternative circuit of supply or they must be advised of 
the interruption. Considerable organization is required so that the 
system can be made normal as soon after the test as possible; for 
instance, telephone communication between the various stations 
should be maintained throughout the duration of the test. 

Fault Location. The most usual types of faults are earth faults 
and open circuits; occasionally there is a short between two 
conductors without an earth. 

Loop tests are used for earth faults; the fall of potential method 
can be used for earth faults or short circuits; capacitance tests are 
used for open circuits; and induction methods can locate earth faults. 

If a core has shorted to earth, the ordinary Murray loop test is 
available for location. If the fault seals up after breakdown and 
is only apparent at high voltage, the H.V. Murray loop test shown 
in Fig. 230 is usually successful. A healthy cable is bonded with 
the faulty cable at the far end, and the bridge is supplied with 
high voltage d.c. through a valve rectifier. The voltage is raised so 
that a small current is registered by the milliammeter A x and a 
preliminary balance is made. The current is then increased and 
the balance is more closely approached. At balance 

R _ Resistance of (CD + BP) _ r 2 CD + r x BP 
Q Resistance of AP r x AP 

( r i + r 2 )AB— r x AP 
‘ r x AP 
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“ thlt ap -wtM* ab ’ 

where r x is the resistance per unit length of AB and r 2 of CD. If 
equal gauge cables are available, r x = r 2 and 

AP = 1 + RjQ X AB ‘ 

Although there is very little voltage on the cable when the fault 
is present, the voltage will rise to a dangerous value if the fault 
clears. It is therefore necessary to insulate the controls for the full 
voltage applied and to use a safety gap. Moreover the galvanometer 
should be protected by a spark-gap. 

Fig. 231 shows the Murray loop test as applied to the location of 
a short between two cores. The distance A1 J is found as before. 



Bond 


Fio. 231. Murray Loop Test for Short between Cores 


The Werren (overlap) method is used to locate a fault involving all 
conductors, when the conductors are not broken and there is no 
sound core available. The cores are tested for resistance to earth, 


oc 



and the core with the lowest resistance is used in conjunction with 
that of highest resistance in the way shown in Fig. 232. The loop 
test is performed from the left end, keys S 2 and S z being closed and 
S x and S t open; then the test is repeated at the right end, keys 
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S 1 and S t being closed and S 2 and S a open. The distance of the 
fault is given by 

x = iP'-Q') i 

(P'-Q') + (P-Q) ■ 

The method fails if the cores have equal resistances to earth, 
since in that case P = Q and P' = Q f . 

The fall of potential method is illustrated in Fig. 233. The current 



Fig. 233. Fall of Potential Method 


is adjusted to a reasonable value and the voltage between A and C 
is read; suppose it is V v If the current is i and the resistance per 
unit length is r, 

V x = rxi , 

since the resistance of the voltmeter is high compared with that 
of the conductors and all the current flows along AP . Let now the 
same current be fed in at C instead of A , and let the voltmeter 
reading be F 2 . Then 

V 2 — r(2l — x)i. 

We have therefore 



giving x = 

} 2 


Vi 

V 1 +V i 


21 . 


A short between two cores can be located by measuring the 
resistances between the cores at each end, the cores being open 
circuited at the other. Fig. 234 illustrates the method. The 
resistance at A is 

r A = 2x + 2 , 

where z is the resistance of the fault between the cores and x is now 
the resistance of the line up to the fault. 

Similarly 

r B = 2 R — 2x + z. 

Subtraction gives 

4x —2 R = r A — r B 

x = \R + \(r 4 — r H ). 


or 
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Knowing the total resistance and the resistance per unit length 
we can calculate the distance of the fault. 

In the induction method of fault locating, current is passed along 
the faulty cable through an interrupter. A search coil, which is 
connected to a telephone, is moved along the cable. A buzzing 
noise will be heard until the ^ 

search coil passes the fault, ^ ^ 

when the noise ceases. The ° oc T ~~ 

presence of a lead sheath or A 3 

armouring makes this method 0 JC _]_ Q 

of detection uncertain. If the Fm 234 Faxjlt between Cobes 
position of the fault is known by Resistance Measurement 
approximately, a very effec¬ 
tive method of finding the exact position is to use a telephone 
diaphragm attached to one end of a long stick, the other end of 
which has a blunt nail driven into it. The blunt nail is run along 



Fia. 235, Ballistic Method of Finding a Break 


the sheath, and when the position of the fault is reached a loud 
buzzing is heard in the telephone. 

The capacitance method of locating a clean break, in which the 
insulation resistance to earth is high, is indicated in Fig. 235. The 



Fio. 236. A.C. Bridge Method of Finding a Break 


cable is charged up to a potential V at end A and then discharged 
through a ballistic galvanometer B.G. The kick is 

d x = kCxV, 

where C is the capacitance per unit length, AP = x, and k is a 
constant of the galvanometer. 
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The procedure is repeated at end B when the kick is 

d, = kC(l-x)V. 

By division we have 

dj<h = x/(l — x), 

If the ends of the broken conductor have resistances and S ? 
to earth, an a.c. bridge can measure the capacitances. Fig. 236 
shows the method. In the condition shown a balance is attained when 

Cx = (alb)C x and S x — ( b/a)Si . 

C(l — x) can be found from a similar measurement at end B 
and x can be calculated as before. 

EXAMPLES IX 

1. Discuss the essential considerations in the design of an air-break circuit- 

breaker for medium power. How can a delay action be incorporated in the 
switch itself? ( Faraday House, 1935.) 

2. Describe the usual method of rating circuit-breakers. What circuit 
features decide the severity of the conditions to !>e met by the breaker? How 
do these affect the design of either air-blast or oil circuit-breakers ? 

{Lonri. r»iv ., 1954.) 

3. Describe the essential equipment of a short-circuit testing station. What 
are the special features of the main generator and its exciter? What recon Is 
are usually taken in testing a large circuit-breaker ? 

(Loud. I'mv., 1954.) 

4. Describe the process of arc rupture m (i) an air-blast a.c. circuit-breaker, 
(ii) an oil-break a.c. circuit-breaker with arc control. Discuss the advantages 
and disadvantages of air-blast and oil-break circuit-breakers for large powers 
and high voltage. 

Describe, with a sketch, the arrangement of the contacts and operating 
mechanism of one form of air-blast circuit-breaker. 

(Low/. Unir. % 1953.) 

5. Give a comparison between the translay, solkor and balanced-voltage 
systems of protection. 

Draw a diagram of connections and explain the operation of one of these 
systems providing protection at a particular part of a supply network. 

(Lonii, Univ ., 1948.) 

6. What are the main causes of surgos on overhead transmission lines? 
Explain how the waveform of a surge is specified. 

Discuss the protection of the terminal equipment of a line from surges, and 
describe one method of protection. (Low/. Univ., 1950.) 

7. Describe the principle and construction of a relay whoso operation in 
tripping the circuit-breaker of a faulty feeder depends upon the impedance 
of the arc between the circuit-breaker and the fault and show how such a 
relay can be used to give selective protection to a network. 

Show that with a system protected in the above manner the minimum 
possible clearance time for a fault at the far end of a section of a transmission 
line consisting of a number of sections separated by substations is equal to 
twice the time taken for the circuit-breakers to operate plus the time taken to 
start the relay, 
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What modification to the above system of protection can be made in order 
to render the operation independent of the resistance of the fault? 

8. Discuss the advantages of “end balance” methods of protection and 
explain the principal difficulties to be overcome in the design and operation 
of such a system. Describe one system applied to the protection of an alter¬ 
nator, stating what controls must be operated by the protective gear. 

(Nat. Cert., 1935.) 

9. Explain, with the aid of a diagram of connections, the principle of 
operation of a current-balance system of protection against earth and inter¬ 
phase faults for a star-connected 3-phase generator. 

A 3-phase, 2-pole, 11-kV., 10 000-kVA., star-connected alternator has a 
reactance per phase of 2*4 f2. and a resistance per phase of 0*25 Q. and the 
neutral is earthed through a resistance of 7 f2. If the machine has current- 
balance protection, which operates when the out-of-balance current exceeds 
20% of full load, determine the percentage of the alternator windings protected 
against an earth fault on one phase. (Lond. Univ ., 1950.) 

10. Discuss the protection of an alternator running in parallel with others 
against reverse power and describe in detail a suitable relay system with 
inverse time limit for operating the isolating circuit-breaker. 

(Faraday House, 1935.) 

11. Describe, with a diagram of connections, a form of biased relay protec¬ 
tion for either a generator or a transformer, stating how the correct bias may 
be given to the protection. 

A three-phase transformer of 220/11 000 line volts ratio is connected 
star/delta and the protecting transformers on the 220 V. side have a current 
ratio of 600/5. What must be the current ratio of the current transformers 
on the 11 000 V. side and how should they be connected ? 

(Lond. Univ., 1931.) 

12. Write a short account of protection of cables against overload and 

leakage, giving details of methods employed. (Faraday House , 1935.) 

13. Describe the principle and draw a connection diagram of the Merz- 
Price balanced protective system as applied to the protection of a three-phase 
transmission line. 

What are the possible causes of false operation of the above system and 
what modifications can be made to it to guard against this ? 

(Lond. Univ., 1933.) 

14. Explain briefly the difficulties associated with balanced systems and 
with distance systems of protection for the overhead lines of a power system. 

Describe a form of interlock protection designed to overcome these 
difficulties and state the circumstances in which it can be satisfactorily 
applied. (Lond. Univ., 1934.) 

15. Describe with sketches the construction of an over-current relay of the 
induction type and explain the action. Describe how the over-current and 
time-lag settings are adjusted, ami sketch a typical current-time characteristic. 

What ail vantages has such a relay over one of the plunger type with time-lag ? 

( Lond. Univ., 1949.) 

1<>. Sketch one form of over-current relay ojierating on the induction 
principle. Explain its action, and how the current and time settings are 
adjusted. Draw a diagram of connections and sketch a typical characteristic 
curve. Discuss the adv antages of a relay of this type over one of the plunger 
type for the over-current protection of a.e. circuits. (Lond. Univ., 1947.) 

17. Describe a mothod of locating each of the following types of fault on a 
two-core cable, both ends being available for testing. 

(i) A short circuit between two cores, one core being completely broken 
through but neither core being earthed. 

(ii) A complete break in both cores with no earth at the break. 

(tii) An earth fault on one core only, which seals itself as soon as the voltage 
is removed. 

In a test to locate a short circuit between the cores of a two-core pilot 
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cable AB having length of 3 miles, the following readings were taken by 
means of a Wheatstone bridge— 

Resistance between cores measured at end A with end B open-circuited 

-10 a 

Resistance between cores measured at end B with end A open-circuited 

= s is a 

Resistance per mile of each core = 1*77 £1. 

Determine the position of the fault. (Lond. Univ., 1932.) 

18. Give a diagram of coimections for, and explain the working of, a system 
of protection suitable for a 3-phase delta-star distribution transformer. There 
are three line conductors on each side. 

What precautions are advisable in current transformers intended for 
operating protective gear with the likelihood of heavy through faults, and 
what is the meaning and purpose of “restraint”? {Lond. Univ., 1948.) 

19. Explain the nature and behaviour of the arc in an ordinary circuit- 
breaker. 

Describe briefly methods which are being developed with a view to reducing 
the duration of the arc in circuit-breakers of both the oil and other types. 

{Lond. Univ., 1936.) 

20. Draw a diagram of connections and explain the principle of operation 
of a current-balancing system of protecting a 3-phase turbo-alternator against 
internal faults (earth and inter-phase). 

A 3-phase, 20-MVA., 11-kV., star-connected generator is protected by the 
above system. If the ratio of the current transformers is 1 200/5, the minimum 
operating current of the relay is 0*75 A. and the neutral-point earthing resis¬ 
tance is 6 H., calculate the percentage of each phase of the stator winding 
which is unprotected against earth faults when the machine is operating at 
normal voltage. {Lond. Univ., 1947.) 

21. A 5 000 kVA., 6 600 V., star-connected alternator has a synchronous 
reactance of 2 D. per phase and 0*5 £1. resistance. It is protected by a Merz- 
Price balanced-current system which operates when the out-of-balance current 
exceeds 30 per cent of full load current. Describe this method of protection 
and determine what proportion of the alternator winding is unprotected if the 
star point is earthed through a resistance of 6*5 £2. {Lond. Univ., 1937.) 

22. Explain the terms “symmetrical breaking current,” “asymmetrical 

breaking current,” “making current,” as applied to oil circuit-breakers, and 
show how these currents are determined from oscillograms taken during 
short-circuit tests on a 3-phase circuit-breaker. Explain why at least one of 
such oscillograms of current in a 3-phase short-circuit test shows asymmetry. 
What is meant by the rated MVA. breaking capacity of a 3-phase circuit- 
breaker? {Lond. Univ., 1947.) 

23. Describe the “star” or “tie-bar” method of interconnecting bus-bar 
sections and compare it with other bus-bar arrangements. 

A generating station contains three bus-bar sections, to each of which is 
connected a generating unit of 60 000 kVA. having 15% leakage reactance, 
the bus-bar reactors having a reactance of 10%. Calculate the maximum 
kVA. fed into a fault and also the maximum kVA. if the number of bus-bar 
sections is increased to infinity. (Lond. Univ., 1949.) 

24. Explain why it is necessary to provide surge protection in the terminal 
transformers of an overhead transmission line, and briefly describe two methods 
whereby such protection is obtained. 

An overhead line is connected to a transformer by a short cable. If a 50-kV. 
surge travels along the line towards the transformer, estimate the voltage of 
the surge reaching the transformer. The inductance per mile of cable and line 
are 0*56 mH. and 2*8 mH. respectively while the corresponding capacitanbes 
per mile are 0*4 fx F. and 0*01 /iF. Deduce any formula used other than 
surge-impedance = VL/C. (Lond. Univ., 1949.) 
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VOLTAGE TRANSIENTS AND LINE SURGES 


Introduction. There are various ways in which a transmission line 
may experience voltages greater than the working value, and it is 
necessary to provide protective apparatus to prevent or minimize 
the destruction of the plant. Internal causes producing a voltage 
rise are (1) resonance, (2) switching operations, (3) insulation 
failure, and (4) arcing 

earths: a very impor- & _ 

tant external cause is a 

lightning. 

Resonance. The effect __ s 

of resonance is most easily E C m T Km V 

understood by consider- j 

ing the voltage at the end 

of a lightly loaded cable * - • —.. — »■ ■ — » 

of short length. The Fig. 237. Resonance 

alternator and transfor¬ 
mers may be represented by their leakage inductance L, and the 
cable by a capacitance C. The system is then as shown in Fig. 237, 
where R represents the resistance of the alternator winding, trans- 
formers and cable, and r the resistive load. The total impedance of 
the circuit is 

Z = R } jioL 4- = li + jioL T , r , 

J l/j(oG + r J 1 + jcoCr 

the current is 

/ = El Z, 

and the voltage on the cable is 

V = I X r/(l + jioCr), 

since the latter expression represents the impedance of the parallel 
combination of C and r. Substituting for I in terms of E we get 




1 + jioCr, 


1 + (R + jwL) (1/r + jtoC) 

__ 1 _ 

(1 — <o*LC +- R/r) -f* j(u(L/r + CK) 

The magnitude of (VfE) is 

\V/E\ = [(1 - (o*LC + R/r)* + a>*(L/r + <?«)*] -* 
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Let us consider the case of an unloaded line first. In this case 
r = oo, so that 

\V/E\ = [(1 - co 2 LC) 2 + a) 2 C 2 R 2 ] - * . . (112a) 

If we consider that C can vary, by the insertion of different 
lengths of cable, | V/E \ varies in the manner shown in Fig. 238. 
The maximum value occurs when 

„ 1 _ 1 1 
° “ oPL + R 2 /L (d 2 L( 1 + R 2 /co 2 L 2 ) ~ co 2 L’ 

when \ V/E \ = ojCR ^ {l + ~ ojCR ~ ~R' 


A reasonable value of L in a 33 kV. system is 0*05 henry, and the 
resonating capacitance is then 

21 - 



Fig . 238. Resonance 


which is the capacitance of some 
hundreds of miles of cable. Resonance 
in short lines will thus never occur at 
the fundamental frequency. If we con¬ 
sider the fifth harmonic, which is often 
present to the extent of 2 or 3 per 
cent, we see that resonance can occur. 
The capacitance required is 


° (2 n . 250) 2 X 0-05 8-1 


which is provided by a cable of length about 28 miles. If we assume 
a 10 per cent harmonic, the value of F 6 is 

\V,\ = \E,\x2ti. 250 L/R = 0*10 | E x | X 2n . 250L/R, 

where E x is the fundamental, and E b the fifth harmonic. If we take 
R = 5, we find that 

17,1 = 1-671^1. 

so that the fundamental voltage of E x = 33 kV. has a fifth harmonic 
of magnitude 52 kV. (r.m.s.). The peak value between phases may 
then be \/2 x 85 kV. in place of the normal value of \/2 x 33 kV. 

The effect of a load is seen by comparing equations (112a) and 
(112). It is seen that the term ( R/r) is an additive constant in the 
first term on the right-hand side of the equations and alters the 
condition for the neutralization of reactance, whilst the term (L/r) 
causes a considerable damping of the resonance. Let us take r = 200 
ohms, which corresponds to a load of 5 000 kW. Then with the 
values of L, C } and E s taken above, we find that 

1 - co 2 LC + R/r - 5/200 = 0-025 
and o)(LJr 4- CR) = coCR(l + LJCRr) = l-2cuCR = 0-46. 
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The first term is thus negligible compared with the second, so 
that we may take 

I V ^ E& I — m(L/r + GR) = l-2coOR ~ TVR' 

so that F 5 is reduced by the factor 7*2 and has a magnitude of 
52 ~ 7-2 = 7*2 kV. The resonance voltage has been therefore 
effectively damped by the load. 

Switching. A switching operation produces a sudden change in 
the circuit conditions, and is accompanied by a transient state which 
leads from the earlier to the later steady (a.c.) states. The behaviour 



Fig. 239. Switching-in an Inductive Resistance 


of the system can be explained with exactness only by means of 
travelling waves , which will be explained later; but in short systems 
the behaviour is sufficiently well explained if we consider the circuit 
to be composed of lumped resistances, inductances, and capaci¬ 
tances. The method used is that given on pages 214-16, where 
we showed that a current of twice the normal peak value can be 
obtained when an alternator is short-circuited. 

Transients in Circuits with Lumped Constants. There are two 
interesting cases which we will solve, the switching-in of an induc¬ 
tive load and the switching-in of an open-circuited line. 

Fig. 239 (a) represents the switching-in of a load of inductance L 
and resistance R. The equation for the circuit is 

L(di/dt) + Ri = E sin (cot -f- 0), 
of which the solution is (see page 215) 

•' “ A, ~' m " + 7iFTTSi?f in ("‘ + * - *“-*Tr) 


xo—(T.54) 
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The constant A is determined by the fact that i = 0 at the time 
( = 0, so that we find that 

+ vw+ W] "°(”* + 9 ~ tan ~’ tt) ■ (103) 

The first term represents the transient current which decays 
exponentially. It has an initial value equal and opposite to that 
of the a.c. component at the time of switching (so that the initial 
current is zero). 

If the circuit is very inductive coL !> R, and we may put 
y/[R 2 + (coL) 2 ] ~ coL 
and tan -1 (coL/R) = n/2. 

The current then becomes 

i = ( E/a>L) [sin (cot + 0 — tt/2) — e ” ( R I L ) 1 sin (0 — n/2)] 

= (E/coL) [e ” cos 0 — cos (cot + 0)]. 

During the early period after switching e ~ does not decay 
rapidly from the value of unity, and the current is therefore 
approximately 

i = (E/coL) [cos 6 — cos (cot + 0)], (113) 

and varies between the values of (E/coL) [cos 0 — 1 ] and (E/coL) 
[cos 0 + 1]. The peak value is thus 

(EfcoL) (1 + | cos 0 |), 

i.e. (1 + | cos 0 |) times the normal peak value. The maximum peak 
is thus obtained when 0 = 0 and is twice the normal peak. This 
condition occurs when the circuit is closed at zero voltage and 
the current is 

i = (E/coL) [1 - cos cot] f . . . (114) 

which varies between zero (at t = 0) and (2E/coL) (at t = n/co). 

It can be shown that, whatever the power factor of the circuit 
may be, the maximum “ doubling ” effect is obtained when the 
circuit is closed at zero voltage. Fig. 239 (6) shows the normal 
sinusoidal current. If the circuit is switched in at A the transient 
has initial amplitude AA V if at B the amplitude BB lt and if at C 
the amplitude CC V The transients corresponding to these switching 
points are represented by the curves ++', BB' f CC' and must be 
subtracted from the sine wave. The total current at any instant is 
thus the vertical distance between the sine wave and the appro¬ 
priate transient curve. It is clear that if the circuit is switched in 
at position B the current is greater than if switched at any other 
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position, since the transient curves have the same time factor 
e -Rt/L anc i have the same decay rate. The topmost curve is 
clearly seen to be that whose slope at the point of contact with the 
sine wave is equal to the slope of the sine wave. Let us consider 
this as the time t = 0. Equating slopes we get 

0H e - tan_i x) £_ w£) ‘] t =o 

= [co cos ^ cot + 0 — tan” 1 ^ 
i.e. — (o oL/R) = tan [6 — tan” 1 (coL/JK)], 



which gives 6 = 0 or 7i. If 0 = 0 or n the voltage is zero at t = 0, 
i.e. the maximum doubling occurs if the circuit is closed at the 
instant of zero voltage. 

Suppose the load has a power factor of 0-8 lagging, 
coL/R = 0-6/0-8 = 0*75. 

If the circuit is closed at zero voltage the current is 

E T • / ,coL\ 

*- vt««+ («.!■)•] ‘ l) 

+ sin ^ tan -1 

= Vl* + W) [,in ( "‘ - 36 ‘ 52 '> + 

For this case the voltage and currents in Fig. 239 (6) must be 
reversed. The maximum current occurs when di/dt — 0, i.e. when 

cos (cot - 36° 52') = 0-6 X 1 -33s- 1 -*** = 

Let cot — 36° 52' = <f>, so that 

cot = cf> + 36° 52' = <f) + 0-64 radians. 

The equation becomes 

e 1,33< * cos <f> — 0-8£~ 0,858 = 0-34. 



*■ 

1 

1-5 

1-54 


3-78 

7-39 

7-76 

COS 

0-540 

0-0707 

0-0308 

€ l COS </> 

2-04 

0-52 

0-24 
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We may take <j> = 1-53 radians = 87° 40', so that 


^ max 


E 

V[B 2 + (c«L) 2 ] 

E 

viz 2 + («>m 

E 

VW + (wL) 2 ] 


[sin 87° 40' + 0-6£- 1,33 “'] 


[1 + 0-34f~ 1-33 x 1,633 ] 
[1-044], 


and the peak does not exceed the normal value by more than 
4-5 per cent. 

Fig. 240 represents the switching-in of an open-circuited line; we 
assume for simplicity that the e.m.f. is constant and equal to E, 


t 


E 




R L 
a/vw-- 

Q 

-Q 


C 


Fig. 240. Switching-in an Open-circuited Line 


but the same method is applicable for an a.c. case. The equation 
for the current is 

L(di/di) + Ri + Q/C = E 

where i = dQ/dt. 

The voltage at the end of the line is V — Q/C. Substituting for 
i in terms of Q we get 

L(d*Q/dt 2 ) + R(dQ/dt) + Q/C = E , 

the solution of which is 

Q = CE + £~( r I 2LS > 1 (A cos a.t + B sin a/), 

where a = \Z[(l/LC) — (R 2 /4:L 2 )), and A and B are constants which 
are determined by the initial conditions. At the instant, t = 0, of 
switching-in Q and i are zero. These conditions give 

A = — CE and B = AR/2Ltx, 

so that V = Q/C = E — Ee“( R l 2L > t [cos a t + (R/2Lv.) sin at] 

= E-E[l/aLV(LC)]e- imL * cos [at- cos" 1 (ol^(LC)], 
and i = dQ/dt = ( E/olL ) £-( R fi L ) t sin cut. 

If the resistance is negligible the voltage and current reduce to 
V = E-E CO* [t/V(LC)] ) 

and i = [EV(C/L)] Bin [t/V(LC)],) ' * ( 

since a = 1 jV(LC) in this case. 
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The voltage in this case oscillates sinusoidally between 0 and 2 E, 
whilst the current is a sine wave of peak value E\/(C/L). Fig. 241 
shows the voltage and current for the case of no resistance (curves A) 
and for some resistance (curves B). 



EoJiC/l) 

(b) 0 

-Ey/(C/L) 

Fig. 241. Open-circuited Line 
( a ) Voltage. ( b ) Current. 

Switching Surges. We have found that when an e.m.f. E is 
switched on to a line, which we replaced by an inductance L and 
a capacitance C, the voltage oscillates sinusoidally between 0 and 2 E 
whilst the current varies similarly between — E\/(C/L) and 



A X 


Fig. 242. Switching Surge on Open-circuited Line 

+ E\Z(C/L). It is clear that this does not represent the state of 
affairs with exactness, for any transfer of energy must travel with 
a velocity less than that of light, so that the far end of a line is 
unaffected for the finite time that it takes the energy wave to reach 
it. It therefore follows that part of the line may be passing current 
and maintaining a voltage whilst a further part has neither current 
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nor voltage. We will consider the case of the switching-in of an 
unloaded line from this point of view, and will make the simplifying 
assumption that resistance and leakage are negligible. Fig. 242 (a) 
shows the arrangement; the line has inductance L and capacitance C 
per unit length and is open at the far end XX . 

At the instant of switching an e.m.f. E is placed on the line at A A, 
and a current i passes to the right in the upper conductor and to 
the left in the lower conductor. Suppose that in a very small time 
8t the conditions of a.current i and a voltage E are established along 
a length dx of the line. The e.m.f. E is balanced by the back e.m.f. 
generated by the magnetic flux which is produced by the current 
in this length of the line. The inductance of the length dx is Ldx , 
so that the flux built up is iLdx and the back e.m.f. is the rate of 
build-up, viz. iL(dx/dt). We have therefore 

E = iL(dx/dt) 

= iLv, .(116) 


where v is the velocity of the wave. 

The current i carries a charge idt in the time 8t , and this charge 
remains on the line to charge it up to the potential E. Since the 
capacitance of the length dx of the line is Cbx, its charge is ECdx. 
We have therefore 


idt = ECdx, 

or i — EC(dxfdt) 

= ECv .(117) 

The switching of an e.m.f. E on to the line results therefore in a 
wave of current i and velocity v where i and v are given by equations 
(116) and (117). Multiplying these equations we get 

Ei = iLvECv = EiLCv\ 
so that v—\ l\/(LC). 

Substituting for v in equation (118) we find that 
i = E\Z(C/L) = E/Z) 
where Z = y/(L/C). ) 

Z is called the surge impedance or natural impedance of the line; 
it is a pure resistance for a line without resistance or leakage, and has 
a value of 400 to 600 ohms for an overhead line and 40 to 60 ohms 
for a cable. The velocity of the wave on an overhead line is approxi¬ 
mately equal to the velocity of light, for 

L = [1 -f 4 logh (Djr)] X 10 “ 9 H. per cm. 

~ 4 logh (D/r) X 10 ~ 9 H. per cm. 


. (H8) 

. (119) 
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and C ~ 71 — . 7777 - cm. per cm. 

~ 4 logh ( Djr) r 

= 9 x 10 11 4 logh (Djr) F ‘ P ® r ° m ' 

so that v = = y^lO 9 X 9 X 10 11 ) cm. per sec. 

y(LC) 

= 3 X 10 10 cm. per sec. 

= c, 

the velocity of light. 

The velocity in a cable is c/\/e, where e is the dielectric constant. 
v is thus about 186 000 miles per sec. on an overhead line, and 
186 000 i- \/3*6 = 98 000 miles per sec. in a cable. 

We have shown that a wave of voltage E and current i = E/Z , 
travels towards the right along the line with a velocity v. Such a 
wave is called a pure travelling wave . At any part PP of the line 
nothing happens until the wave reaches it (at time t = x/v), and then 
the current jumps from zero to i and the voltage from zero to E. 
This goes on until the wave reaches the open end of the line (XX) 
at time t = l/v. When the wave reaches XX, the current there is i ; 
but this current has no capacitance to charge up, so that it must 
cease immediately. 

The open end of the line has thus a disturbing influence which 
neutralizes the current completely; this disturbing influence then 
travels back along the line towards A A, and can therefore be 
represented by a pure travelling wave moving towards the left and 
carrying a current — i. A travelling wave must possess a voltage 
and a current whose ratio is Z , the surge impedance of the line. 
If the current is to the left in the upper conductor and to the right 
in the lower from the end XX, it is seen from Fig. 242 (b) that the 
voltage is E, i.e. the upper conductor is E volts above the lower. 
For if an e.m.f. E were switched in at XX the current would be in 
the direction required and as shown. The disturbing effect of the open 
end of the line is thus to introduce another pure travelling wave, 
which moves to the left with velocity v , has a voltage E , and a current 
t in the opposite direction to that previously flowing. It is con¬ 
venient to consider a current to the right in the upper conductor 
as positive, and a current to the left in the upper conductor as 
negative. The new travelling wave, which moves to the left, has 
therefore a voltage E and a current — E/Z. In general, a wave 
(E lt t\) moving to the right satisfies the relation 

i\ = EJZ, .... (120) 

while a wave (E 2 , i 2 ) moving to the left satisfies the relation 

i 2 = - EJZ. 


( 121 ) 
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The result of the new travelling wave is to establish an extra 
voltage E at any point of the line that it passes so that a resulting 
voltage of 2E is produced, whilst the current is neutralized. Thus 
the conditions at the point PP of the line are such that its voltage 
and current values are (0, 0) from t = 0 until t — x/v , (E y i) from 
t — x/v until t — (21— x)/Vj and (2 E } 0) from t = (21 — x)/v onwards. 
This goes on until the disturbing wave reaches the generator at A A 
at time t — 21/v ; by this time the line has voltage 2 E and zero 
current at every point. When this instant occurs, the voltage at 
the generator terminals is 2E. But the generator is supposed to 
maintain a voltage E at A A, so that another wave is called into 
play to reduce 2E to E. This wave must therefore have potential 

— E y and as it moves to the right it must have a current — E/Z = — i 
by equation (120). As this wave travels from A A to XX it reduces 
the voltage to E and produces a current — i. Thus the voltage drops 
from 2 E to E at the point PP at time t = (21 + x)/v and the current 
jumps from zero to — i. When this third wave reaches XX it 
establishes a current — i there, which must be neutralized by a 
fourth wave travelling to the left with current + i, and voltage 

— iZ = — E by equation (121). As this fourth wave travels from 
XX to AA } the current vanishes at any point it passes, and the 
voltage becomes E — E = 0 at every point. The line is thus 
completely discharged and has no current, and a complete cycle 
of travelling waves has been finished. If the line were com¬ 
pletely without resistance and leakage, this cycle would be 
repeated indefinitely. The current at A A, the current and voltage 
at the mid-point of the line, and the voltage at XX are shown in 
Fig. 243. 

It is interesting and instructive to compare the exact description 
of the switching phenomenon with the approximate description 
derived by considering the line as composed of a lumped inductance 
and capacitance. In both descriptions the potential at any point 
varies between 0 and 2E; but in the exact description the time- 
variation of the potential depends greatly upon the point considered 
(see Fig. 243, last two curves) and changes in jumps, whilst in the 
approximate method the time-variation is sinusoidal. The current 
varies between -f i and — i in both cases, where i — E/Z and 
Z = \/( L/C); but again the time-variations are radically different. 
There is one further difference, viz. the periodicity of the two 
descriptions. In the approximate method the frequency is 
\J2n\/(LC) ; whilst in the exact method a complete cycle is of 
duration 4 Ijv, so that the frequency is 

v/Al = 1/4 W(LC) = 1/4V(AA)> 

where L 0 and C 0 are the total inductance and capacitance. The 
difference is therefore in replacing the 2n by 4. 

Before entering on a somewhat more general description of 
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travelling waves, it is worth while considering the energy properties 
of the simple waves we have described. 

Energy Considerations. A wave of voltage E and current i 
carries a power of Ei. A simple travelling wave therefore transmits 
a power Ei with a velocity v. As this wave travels it establishes a 
magnetic field with energy \Li 2 per cm. length of the line and an 
electrostatic field with energy \CE 2 per cm. length. From equations 

L_ 21 3L 41 5l_ 61 ZL §L 
vvuvvvvv 



of I me 

Fig 243 . Current and Voltage in Switching Surge 

(116) and (117) it is seen that the magnetic and electrostatic energies 
delivered by a simple wave are equal, for 

iLi 2 = l(iLv) (i/v) = \(Eijv) 

= i(E/v) (ECv) = ICE 2 , 

Each of these is equal to \Eifv , which is half the total energy 
delivered by the wave in the time it passes along the part of the line. 
The energy of the wave is thus half absorbed as magnetic and half 
as electrostatic energy. 

When a pure travelling wave of voltage E and current i moves 
to the right and meets an open-circuited line, we said that the dis¬ 
turbing effect of the open end is to bring into action a reflected 
wave of voltage E and current — i (travelling to the left). It will 
be seen that this is consistent with the conservation of energy, and 
is in fact demanded by this principle. For suppose that the distur¬ 
bance engenders a wave with a current — i, the latter being required 
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in order to neutralize the current at the open end of the line. Sup¬ 
pose that the voltage attached to this wave is E When the wave 
has travelled a distance X ¥ (Fig. 244), the voltage over X Y is E + E' 
whilst the current is zero. The energy associated with this part 
of the line is now 

\C . XY . (E + E')\ 

whereas previously it was 

\C . XY . E 2 + \L . XY . i 2 = C . XY . E\ 

since \Li 2 = \CE 2 . The gain in energy has been derived from the 
first (incident) wave, which feeds energy into the section 17 at a 
rate Ei ; the gain is thus Ei multiplied by the time that the reflected 
wave takes to travel from X to 7, viz. Ei X (X Y/v). If the principle 
of conservation of energy is to hold, then 

\C . XY . (E + E') 2 = C .XY ,E 2 + Ei(XY/v), 
or i (E + E') 2 = £ 2 + Ei/Cv = E 2 + E 2 

(by equation (117) ), 

so that (E + E') 2 — 4 E 2 , 

i.e. E ' = E. 

The principle of the conservation of energy thus demands that the 
reflected wave at an open end shall have a voltage equal to that of the 

incident wave ; the current is equal 
and opposite to that of the incident 
wave since no current can leave the 
open end. 

Sudden Interruption of a Circuit. 

We have described in full the 
surge that takes place when a 
generator is suddenly switched on 
to a line that is open at the far 
end. The phenomenon that takes 
place when the far end is termin¬ 
ated by a finite impedance will be considered in the section on the 
reflection and transmission of travelling waves. The method 
employed above serves to describe the events that occur when a 
current in a circuit is suddenly interrupted, by the action of a 
circuit-breaker, say. 

Suppose that a circuit has a current i, which is suddenly inter¬ 
rupted by the breakers S , S (Fig. 245). The disturbance produces 
two travelling waves moving from S t S to the right and to the 
left. The wave travelling to the right has a current — i, and must 


L 


Y X 


Y X 


Fig. 244. Energy Considera¬ 
tions in Surges 
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therefore have a voltage — E , where E = iZ; line A is therefore 
— E volts above line B. The wave travelling to the left has a 
current — i, and must therefore have a voltage + E , where E = iZ; 
G is therefore + E volts above D. These waves progress in a normal 
manner until they meet abrupt changes in the line, when they are 
reflected and transmitted in the ways described later. It should be 

_ i _ i _ 

Line C S L ine A 

_£_ i _ 

LineD S LineB 

Fig. 245. Sudden Interruption or a Circuit 


noted that if only one break is made, so that B and D are always 
commoned, the voltage between A and G is 2 E. 

The surge voltage E is superposed on the normal voltage in that 
part of the line which remains connected to the generator. 

PE, E/Z) 

A - > ■ -— 

E/Z / E/Z 

/2E/Z 

' > ' > >S> '77TT77 * *>> * >>**>>>>>*>, 

Fig. 246. Surges due to a Failure or Insulation 

Insulation Failure or Earthing of a Line. Suppose that a line 
AB , at potential E , is earthed at a point P. The effect of earthing 
is to introduce a voltage — E at P, and two equal waves of voltage 
— E travel along PA and PB. The wave travelling to the right has 
a current of — E/Z , and that to the left + E/Z. Both these currents 
pass through P to earth, so that the current to earth is 2E/Z. Fig. 
246 shows the waves and currents in the system. 

As these waves travel to the ends of the line they reduce the 
voltage to zero; and when they reach the open ends, reflected 
waves are set up which reduce the voltage to E — E —- E y 
i.e. — Ey and the current is neutralized. When the reflected waves 
reach P, the portions of the line along which they have travelled 
will be charged to — E. The current at P can be reversed by a 
flashover in the opposite direction, and the result is a periodic flash- 
over with reversals of potential on the line and currents at P until 
the stored energy is dissipated by damping. 

Reflection and Transmission of Travelling Waves. Suppose that 
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a travelling wave (. E , i) moves along a line of surge impedance Z 
and meets a termination of resistance R (Fig. 247). If R is not 
equal to Z, the end of the line cannot have the voltage E and 
current i since E/i = Z. There is therefore a disturbance which 



PTg. 247. Reflection of a Travelling Wave 

produces a reflected wave ( E ', i') moving towards the left. The 
following relations exist. 

E = iZ, 

E' = - i'Z. 

The total voltage at the end is E -f E‘ and the total current is 
i + i', so that 

E + E' = R(i -(- »'). 


These equations give 

Z(i - i') = R(i + i') 

so that i' = \(Z — R)/(Z + R)]i 

and E' = - i'Z = [(R - Z)/(Z 

The total current and voltage are 

i + i' = [2Z/(Z + R)]i ) 
and E + E 9 = [2R/(Z + R)]E.) ' 

If the line is open at the end, R — oo so that the total current is 
zero and the total voltage is 2 E, as found before. 

If the line is shorted at the end, R — 0 so that the current is 
doubled and the voltage drops to zero. 

The case for a finite resistance termination is given by equations 
(122) and (123). When the termination is not a pure resistance, 
the result is still given by these equations but they must be evaluated 
by the operational calculus. 

Junction of Two Lines. Fig. 248 shows the case of two lines 
of surge impedances Z A and Z B . A wave (E, i) travels along the 
left-hand line and meets the junction. So far as a travelling wave 
is concerned the right-hand line can be considered to have an 
impedance Z B1 so that the case is the same as that shown in Fig. 247, 


+ R)]K> 


( 122 ) 


(123) 
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provided Z is replaced by Z A and R by Z B . The reflected wave is 
thus (E\ i') where 


and 


»' = Ma - z b )I(Z a + z B )]i j 
E’ = [(Z B -Z A )l(Z A + Z B )]i.) 


The transmitted wave must clearly have a voltage equal to the 
total voltage at the junction and a current equal to the total. Thus 
the transmitted wave is (E", i") where 


(" = i + i- - PW. + W ) _ 

and E" - E + E’ = <2ZJ(Z d + Z t )]E. ) 1 1 


Example. Deduce a simple expression for the natural impedance of a 
transmission line. A transmission line has a capacitance of 0*0125 jjlF. per 
mile and an inductance of 1*5 mH. per mile. This overhead line is continued 


(E, i) ■ 


Za 




(E ,I )■ 


Zb 


-o- 

Fig. 248. Effect of a Sudden Change in the Line on 
Travelling Waves 


by an underground cable with a capacitance of 0*3 fiF. per mile and an induc¬ 
tance of 0*25 mH. per mile. Calculate the rise of voltage produced at the 
junction of the line and cable by a wave with a crest value of 50 kV. travelling 
along the cable. ( Lond, Vniv. y 1931.) 


The natural impedance is y / ( L/C ). The value for the cable is 

z ‘ = “ vm “ 289 

whilst the value for the overhead line is 

•5 X 10- 3 




y[ oWVTFi ] = V120 000 - 340-4 a 


•0125 X 10-«_ 

The reflected wave has a crest voltage 

E' = [(Z £ - Z A )I(Z B + Z A )]x 50 kV. 

= (317-5/375-3) X 50 kV. = 42-3 kV., 


so that the maximum voltage at the junction is 92-3 kV. 

The next example shows the calculation of the reflected and 
transmitted waves at a point where a line forks. 


Example. Obtain the law for the behaviour of a voltage surge with ver¬ 
tical wave-front which, after travelling in a transmission line of inductance 
L and capacitance C per unit length, reaches a fork where the line splits into 
two sections having line constants L l C l and L % C t respectively. Negleot 
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resistance and'attenuation and obtain the distribution of voltage and current 
immediately after the wave-front has reached the fork. 

An overhead transmission line has a surge impedance of 700 £}., and a 
voltage wave of 10 000 V. travelling along it. The wave is assumed to be of 
infinite length and the wave-front is vertical. At a certain point the over¬ 
head line terminates and the circuit is continued by two cables in parallel. 
The surge impedance of one cable is 100 £}., and that of the other is 200 £1. 
Calculate the voltage and current in the overhead line and in the two cables 
immediately after the travelling wave has reached the fork. 

( Lond . Univ ., 1927.) 

Fig. 249 represents the arrangement schematically. The surge 
impedances are 

Z = #/C), Z x = V(LJGJ, and Z 2 = V(W 


Let the incident wave be (E, i) travelling to the right, the reflected 

wave (E\ i') travelling to the left, 
and the transmitted waves ( E ", i x ") 
and (E" y i 2 ") travelling towards the 
right. The transmitted waves clearly 
have the same voltage as they are 
in parallel. Equations (120) and (121) 
give the relations 


and 

The current entering the fork must be equal to the current 
leaving, so that 

i + i' = t/' + 4 " . . . . (124) 

The voltage at the junction is 

E + E' = E" . (125) 

These six equations are sufficient to find E\ E", i , i', \ and t 2 " 

for an incident wave of given magnitude E. Substituting for the 
currents in terms of the voltages we see that equation (124) becomes 


E = iZ, 

E' = - i'Z, 
E" = H"Z lt 
E" = i 2 "Z ? . 


_ (E, i)~- 

Z 


Fig. 249. Travelling Waves 
at Junction of Lines 



Adding this to equation (125) we get 

2 E = E"{ 1 + Z/Z x + Z/Z t ), 
so that the voltage at the fork is 

2 E „„ 1/Z 


E" = 


= 2 E 


1 + Z\Z X + Z\Z % l/Z + lfZ x + IIz; 
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The transmitted currents are 

h" = E ,f /Z 1 and i 2 " = j£"/Z 2 , 
whilst the incident current is i = E/Z. 


The reflected voltage is 


E' = E" - E = E 


l/Z - 1/Z, - 1/Z 2 
IIZ + l/Z, + 1/Z 2 


and the current is i' = — I2'/Z. It is seen that the reflected wave 
is zero when 

l/Z = l/Z, + 1/Z 2 , 

i.e. when the parallel combination of the surge impedances of the 
outgoing lines at the fork is equal to the surge impedance of the line 
along which the incident wave travels. 

In the example Z = 700, Z, = 100, Z 2 = 200, and E = 10 000. 
We then have 


i = 10 000/700 - 14*3 A., 


E ' = 10 000 


1 

700 


1 

100 


200 


J_ + JL + _L 

700 ^ 100 ^ 200 


= - 8 260 V. 


»' = - E'/Z = 8 260/700 = 11 8 A., 

E" = E + E' = 10 000 — 8 260 = 1 740 V., 
h" = = 17-4 A. and i," = tf"/Z a = 8-7 A. 


G?, tj- 


The cables thus have the beneficial effect of reducing the surge 

voltage from 10 kV. to 1-74 kV. 

Effect of a Capacitance. Sup¬ 
pose that a wave (E y i) meets a 
termination composed of the parallel 
combination of a capacitance C and 
resistance R , as shown in Fig. 250. 
The problem is the same as that 
shown in Fig. 247, except that R in 
equations (123) must be replaced by 


=*= Vl 


Fig. 250. Effect of Shunt 
Capacitance on Travelling 
Wave 


(lfpC)R R 

1 )pG + R ~~ 1 + pGR 9 


where p = d/dt. 
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The voltage at the termination is thus 

222/(1 + pCR) 


E r = E + E' = 
2 R 


Z + 22/(1 + pCR) 


E 


Z( 1 + pCR) 4- 22. 


E. 


It must be remembered that p = d/dt and E is a voltage which 
is zero until t = 0 and E after 2 = 0. E T may be found in the follow¬ 
ing way. 

*, Z(l+pCB) + B v 

E = - 222 - Et 

= \(pCZ + Z/R + 1 )E t 
= \GZ{dE T /dt) + 

This is a linear differential equation for E T of which the solution is 
9 TP 

E m = _—_U + 

T Z/R + l^ 

where A is an arbitrary constant and is determined by the fact that 
E t can rise at a finite rate from its zero value. This gives 

A — — 2EKZ/R + 1) 

so that E t = v [1 - e-K* + mczRY] 

Z/li + I 

where E T0 is the voltage at the end when there is no capacitance. 

Fig. 251 shows the graph of E T . 
The effect of the capacitance is to 
cause the voltage at the end to 
rise to the full value gradually 
instead of abruptly, i.e. it flattens 
the wave front. It is usual to 
specify the condition of the wave- 
front by stating the time the wave 
takes to increase from 10 to 90 
per cent of its value and multiplying by 1-25. If the wave reaches 
x of its value in time t 



Time 

Fig. 251. Flattening of Wave 
due to Shunt Capacitance 


1 _ £ -[(Z + R)ICZR]t _ X) 

The specifying time in this case is therefore 

1-25 . [CZRI(Z + 22)] [logh 10- logh Ml] sec. 
= 2-75 CZR/(Z + R) sec. 
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In the case of a capacitance at a point of a line which stretches 
in both directions away from it, Z = R and the time is 

l'SICZ sec. 

Thus a 10 000 jujlcF. capacitance in a line of surge impedance 
500 ohms flattens the wave so that the time of the wave-front 
becomes 

1-37 x 10~ 8 X 500 sec. = 6-9 fi sec. 

Flattening the wave-front has a very beneficial effect, as it reduces 
the stress on the line-end windings of a transformer connected to 
the line. 

Lightning. With the increase of high-voltage overhead lines the 
problem of lightning is assuming greater importance, and much 



damage is done yearly by lightning. There are two main ways in 
which lightning affects a line : by a direct stroke, and by electrostatic 
induction. The way in which thunderclouds get charged up to very 
high potentials is complicated and not known precisely. 

A direct stroke can take place in several ways. In one way the 
charged cloud induces a charge of opposite sign on tall objects, 
such as tall masts, church spires, etc. The electric stress at the top 
points of these objects causes ionization of the air, and eventually 
a direct stroke takes place between the cloud and the object. Such 
a stroke is known as the A stroke , and is characterized by the 
comparatively long time taken to produce it and the fact that it 
strikes the highest point, usually a lightning conductor. Another 
way results in a much more sudden stroke, which is produced in 
the manner shown in Fig. 252. Three clouds are involved, and the 
potential of cloud 3 is decreased by the presence of the charged 
cloud 2. When cloud 1 flashes over to cloud 2, both these clouds 
are discharged rapidly; then cloud 3 assumes a much higher 
potential and flashes to earth very rapidly. This is the B stroke , 
and is characterized by its rapidity and the fact that it ignores tall 
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objects and reaches earth in a random manner. A direct stroke may 
cause a potential of 10 million volts, and shatter insulators and 
towers in its vicinity. The most that can be hoped from protective 
devices is that they will limit the damage and prevent the resulting 
travelling waves from affecting the plant. Fortunately direct 
strokes are rare. 

The majority of surges in a transmission system are due to 
lightning, and are caused by electrostatic induction in the manner 



indicated in Fig. 253. A positively charged cloud is above the line 
and induces a negative charge on the line by electrostatic induction. 
The induced positive charge leaks slowly to earth via the insulators. 
When the cloud discharges to earth or to another cloud, the negative 
charge on the line is isolated as it cannot flow quickly to earth over 
the insulators. The line thus acquires a high negative potential, 
which is a maximum at the place nearest the cloud and falls slowly 

Original Voltage 


Fig. 254. Propagation of Voltage Distribution 




to a small value at a distance. The charge will flow from a higher 
to a lower potential and the result is travelling waves in both 
directions. The two waves will be equal and thus each will have 
half the potential of the charge at the time of the discharge of the 
cloud; they will also have the space-voltage distribution of the 
original charge, as shown in Fig. 254. The waves travel in exactly 
the same way as the waves due to switching, so that the current 
at any point of the line is the voltage divided by the surge impedance. 
In a line without resistance or leakage the waves travel without 
change of shape, but the effect of resistance and leakage is to 
attenuate the wave and to flatten the wave-front. 

The steepness of the wave-front depends upon the space-voltage 
distribution. If the wave reaches its maximum in 1 000 ft., the time 
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that it takes for the wave to reach the maximum when it passes 
a point is 


1 000 

186 000 X 5 280 


sec. = 102 jbtsec. 


Waves have been recorded with wave-fronts of 1 to 80 fi sec. 
and wave-tails of 3 to 200 ^sec. A very steep wave-front may be 
obtained when a thundercloud is near a building which the line 
enters. The building screens the line inside from the cloud, so that 
the induced charge stops abruptly at the building. Extra pre¬ 
cautions are therefore necessary where an overhead line enters 
a building. 

Arcing Earths. In the early days of transmission it was the 
practice to insulate the neutral point of three-phase lines, for then 



an earth on one phase would not put the line out of action; this 
also eliminated the longitudinal (or zero phase-sequence) current 
and resulted in a decrease of interference with communication lines. 
Insulated neutrals gave no trouble with short lines and comparatively 
low voltages, but it was found that when the lines became long and 
the voltages high a serious trouble was caused by arcing earths , 
which produced severe voltage oscillations of three to four times 
the normal voltage. These oscillations were cumulative, and hence 
very destructive. Arcing earths are eliminated in this country and 
in America by solid earthing of the neutral, whilst in Germany the 
neutral is earthed through an inductance (a Petersen coil). 

There are two accepted theories of arcing earths, in one of which 
the arc is extinguished at the normal frequency, and in the other 
at the frequency of oscillation of the line. Let us consider the 
normal-frequency arc-extinction theory for a three-phase line. 

Fig. 255 shows a three-phase line. Suppose that line 3 aros to 
earth when its voltage to neutral is a maximum — E . At this 
instant lines 1 and 2 have voltage + \E. Before the arcing earth 
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occurs the capacitances of the lines cause the neutral to be at or 
near the earth potential, so that the earthing of line 3 causes a 
sudden voltage of + E to be applied to lines 1 and 2. The ultimate 
steady state would then be for the lines 1 and 2 to be at potential 
$E. But we have shown that when an e.m.f. E is suddenly switched 
into a circuit of low resistance, the voltage in the circuit oscillates 
between 0 and 2 E wdth a frequency 1/2 tz\/(LC) (see equations (115a) 
et seq.), where L and C are the inductance and capacitance in the 
circuit. The voltage -of lines 1 and 2 will therefore oscillate rapidly 
between the original value of \E and \E + 2E = | E. The high 
frequency oscillation dies out rapidly. The arc is fed through the 
capacitances of the lines, as shown in Fig. 255, and will go out 
when the sum of the capacitance currents passes through zero. 
The capacitance currents lead the voltages by 90°, so that when 
their sum 7 X + 7 2 is zero the line voltages are E x = — ‘iE y 
E 2 = — %E, and E 2 = 0. If the arc were to remain extinct, the 
voltages would have to be these values plus E , viz. E 1 = — \E y 
E 2 = — \E y and E 3 == -\- E. Thus the faulty line 3 would have a 
maximum voltage again, and so arc to earth again. In other words, 
when line 3 arcs to earth the capacitance currents of lines 1 and 2 
maintain the arc until the voltage of line 3 attains its opposite 
maximum voltage wdth respect to the neutral; then at the instant 
when the capacitance currents would allow the arc to go out, line 3 
arcs again to ground. We saw that at the instant that the arc is 
extinct the lines are at potentials — £E, — §E y and 0. The charges 
due to these potentials diffuse rapidly through the system in an 
oscillatory manner, with the average voltage J(— \E — $7? + 0) 
= — E as the mean position. This is equivalent to an insertion of 
an e.m.f. of \E in lines 1 and 2, so that an added voltage E is applied 
to these lines. When the arc restrikes, lines 1 and 2 acquire potentials 
of — |7£ plus this new value — E , so that the maximum voltage is ^E, 
We see therefore that the healthy lines are subjected to a voltage 
of 3£ times the normal value. As this state can be maintained for 
a considerable length of time, in a known case 30 min., by the 
continued arcing, it is very dangerous. 

Petersen Coil. We have seen that the capacitance currents 
7 t and I 2 maintain the arc even when the voltage of the faulty line 3 
is too low to restrike it. In fact these currents have the particularly 
harmful effect of maintaining the arc until the very moment when 
the voltage of line 3 is sufficiently high to restrike it. If the neutral 
is earthed through an inductance L of such a value that the current 
it passes neutralizes + the normal frequency follow current 
through the arc is 

7 X + 7i -f I 2 = 0. 

The arc is then extinguished except for the brief moments when 
the voltage of line 3 passes through its maximum value and can 
restrike it. 
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It has been found that the Petersen coil is completely effective in 
preventing any damage by an arcing earth, and is therefore used 
extensively on the Continent. The coil is usually provided with 
tappings, so that its value can be adjusted to suit the capacitances 
of the system. It is found that effective operation is secured when 
the inductance is 90 to 110 per cent of the theoretical value for 
exact neutralization of the capacitance currents. 



Lightning and Over-voltage Protection. The insulation of a 
transmission system is always designed to withstand voltages of 
twice the normal value for a reasonable length of time, as switching 
surges often produce voltages of this magnitude. It is clearly 
uneconomical to design the system so that the insulation can 
withstand the very high voltages that may be encountered from 
extraneous or fault conditions, and recourse is had to protective 
devices which are adjusted to break down before the insulation, 
or otherwise prevent a dangerous voltage from damaging the 
insulation. 

Dangerous voltage rises are found to be due to the following: 

(1) surges due to direct lightning strokes or induced voltages, 

(2) arcing earths, (3) comparatively low-voltage high-frequency 
oscillations, (4) static overvoltage. The protective apparatus for 
these classes are: (1) ground wire and lightning arresters, (2) earth¬ 
ing of neutral solidly or through a Petersen coil, (3) surge absorber 
or capacitance, (4) water-jet earthing resistance, earthing inductance, 
or solid earthing of the neutral point. 

It is true to say that with the advent of high-voltage overhead 
lines, such as the Grid, the main cause of damage is lightning. We 
have seen that most travelling waves due to lightning are caused 
by electrostatic induction. The latter can be reduced considerably 
by the use of earth wires running above the transmission line and 
earthed at every pole or tower. If C x is the capacitance of the cloud 
to the line and C 2 the capacitance of the line to ground, the induced 
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voltage on the line is C l l(C 1 + C 2 ) times the cloud voltage. The 
presence of the earth wire above the line causes a considerable increase 
in C 2 and reduction of the line voltage. The induced voltage could 
be very much reduced by an array of earth wires above the line, 
but this is too expensive to install in practice. 

The earth wire also provides considerable protection against direct 
strokes (of the A type), provided the earth resistance of the earth 
wire is kept low. If the current in the stroke is I and the earth 
resistance is R , the voltage of the earth wire is IR, and unless R 
is low this voltage may be sufficient to cause a flash-over from the 

earth wire to the lines. The 
earth resistance should be of 
the order of 10 to 20 ohms. 

The earth wire affords an 
additional protective effect by 
causing an attenuation of any 
travelling waves that are set 
up, by acting as a short- 
circuited secondary. For this 
reason its resistance should 
not be too large. It is usually 
made of steel, which has a high permeability and thus possesses 
a resistance which increases with frequency. 

Having reduced the magnitude of induced voltages by means of 
an earth wire, we still find it necessary to install protective apparatus 
to prevent, or at least minimize, the damage due to the surges 
that do occur. It is, moreover, essential that the system shall be 
considered as a whole from the point of view of protection, so that 
the least essential and most accessible parts protect the more 
important apparatus; this involves the co-ordination of system 
insulation . The problem is rendered difficult by the fact that the 
breakdown voltages of the various parts of the system and of the 
protective apparatus behave differently with time; thus a horn 
gap which is set to flash-over at 100 kV. at 50 cycles may require 
200 kV. in a wave lasting for 20 //sec., or 300 kV. in a wave lasting 
for 5 //sec. We define the impulse ratio of any piece of apparatus 
as the ratio of the breakdown voltage of a wave of specified duration 
to the breakdown voltage of a 50-cycle wave; thus the horn gap 
has an impulse ratio of 2 at 20 //sec., and 3 at 5 //sec. When a 
method of co-ordinated insulation is considered, the impulse ratio 
of the various parts must be known or the protection will not be 
adequate. Fig. 257 illustrates the point. Suppose that the insulation 
of a transformer to be protected has the breakdown voltage-time 
characteristic shown. Gap A may be set to break down at a lower 
voltage than, say, 80 per cent of the breakdown voltage of the 
insulation at 50 cycles. The gap, nevertheless, does not protect 
the transformer, as its characteristic rises more rapidly than that 


Breakdown 

Voltage 



Transformer 

insu/ation 


GapA 

GapB 


Microseconds 

Fio. 257. Variations of Breakdown 
Voltage with Time of Application 
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of the transformer insulation as the duration of the wave decreases. 
Then for waves of duration less than t x the transformer insulation 
breaks down before the gap. It is necessary to narrow the gap s6 
that the characteristic is as shown for gap B before the transformer 
is completely protected. In practice it is not possible to narrow the 
gap so much that the insulation is protected for waves of the smallest 
duration, as then the gap would flash over at very low voltages at 
50 cycles; a compromise is reached by protecting the insulation 
for voltages of waves down to a certain minimum time, which is 
found experimentally to be comparatively harmless. 

Sphere Gap. A sphere gap in which the spacing is small compared 
with the diameter of the spheres has the useful advantage that the 



Fig. 258. Horn Gap with Choke Coil and Resistance 

impulse ratio is unity. If then the apparatus is protected against 
50-cycle waves, it is protected against a wave of any duration. 
Unfortunately, when the sphere gap flashes over, the power current 
maintains the arc, which requires only a very low voltage to main- 
tain it, and the arc is not self-extinguishing. The circuit-breakers 
would have to intervene to break the arc current and the service 
is interrupted. For this reason the sphere gap is not of use. 

Horn Gap. Fig. 258 shows a simple sketch of the horn gap. The 
gap is set so that a flash-over occurs between A and A' at a voltage 
of 150 to 200 per cent of the normal voltage. The power current 
creates an arc, which may be considered to be a flexible conductor. 
A flexible electric circuit moves so as to embrace as many lines of 
magnetic force as possible, so that the arc is forced up to the position 
BB'. Another factor tending to blow the arc up to BB ' exists when 
BB' is above AA', for then the arc heats the air and forms a vertical 
draught. The result is that the arc is forced up to BB\ where the 
gap is wide and the normal voltage is insufficient to maintain it. 
The arc is thus extinguished, usually in about 3 sec. 

The horn gap cannot rupture aro currents much in excess of 
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10 amperes, and as the arc is a dead short circuit it is necessary to 
limit the current to a small value. This is done by inserting a 
resistance, between the line and the horn on the line side, which 

reduces the current to about 5 amperes. 
The efficacy of the horn gap is seriously 
reduced by the resistance. The resist¬ 
ance is a water column, oil-immersed 
metal wire, carbon rod, or carborun¬ 
dum, and is made as non-inductive as 
possible. 

It is found that high-frequency 
waves concentrate at the line-end 
turns of a transformer, so that although the magnitude of the wave 
on the line is not very great, the stress at the turns near the line is 
very high and may cause puncture between turns. This difficulty 
is overcome by the insertion of choke coils, as shown in Fig. 258. 



Fig. 259. Horn Gap with 
Auxiliary Electrode 



Fig. 260. Burke Arrester 
( Metropolitan - Vickert ) 


The high-frequency wave is then reflected back to the horn gap, 
where the doubled voltage causes a flash-over. The choke is without 
effect on the low-frequency power wave. 

For small settings the horn gap is sensitive to corrosion or pitting 
of the horns, so that it does not maintain its setting. This difficulty 
is overcome in the arrester shown in Fig. 259. The main gap is 
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set for a voltage well above that to be protected. The auxiliary 
gap has a platinum electrode, which possesses the character of 
permanence. When an over-voltage occurs the auxiliary gap 
flashes over and ionizes the air, and then the main gap flashes 
over. 

Burke Arrester. Fig. 260 shows the Burke arrester. The line 
current passes through a triangular pancake choke coil, one side of 
which forms half of the main gap. Severe over-voltages flash across 
the main and auxiliary gap direct to earth. Less severe voltages 
flash over the main gap only, and 
the current is then limited by the 
resistance. 

Multi-gap Arrester. This consists 
of a number of small gaps in series 
with a limiting resistance. Another 
resistance is placed across some of 
the gaps adjacent to the limiting 
resistance. 

Impulse Protective Gap. It was == 
pointed out that the sphere gap 555 
has an impulse ratio of unity, but 555 Arrester 
suffers from the disadvantage that 

the arc between its electrodes is Fig. 261. Impulse Gap with 
not self-extinguishing. The horn- Electrolytic Arrester 
gap, however, extinguishes the arc 

but has a high impulse ratio, 2 or 3. The impulse protective gap is 
designed to have a low impulse ratio, even less than unity, and to 
extinguish the arc. Fig. 261 shows a diagram of the impulse gap. 
S ! and S 2 are sphere-horn electrodes, and are connected to the line 
and an electrolytic arrester, respectively. An auxiliary needle elec¬ 
trode E is placed mid-way between S x and S 2 , and is connected to 
them via ( R y C) and C . At the power frequency the impedance of 
the capacitances C is very much greater than that of R, so that the 
potential of E is mid-way between those of S x and S 2 and the 
electrode has no effect on the flash-over between them. At very 
high frequencies the impedance of C is small, so that E is at the 
potential of S 2 and the gap is effectively half the previous value. 
Flash-over takes place between S 1 and E at a voltage less than 
that required to flash-over between S x and S 2 . An impulse ratio less 
than unity v«,n thus be obtained. The electrolytic arrester on the 
earth side extinguishes the arc. 

Electrolytic Arrester. This is the earliest type of arrester with a 
large discharge capacity. The action depends upon the fact that a 
thin film of aluminium hydroxide immersed in electrolyte presents 
a high resistance to a low voltage, but a low resistance to a voltage 
above a critical value. The critical breakdown voltage is about 
400 volts, and voltages higher than this cause a puncture and a free 
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flow of current. The insulating film of hydroxide is formed by 
applying a direct voltage up to the critical value to aluminium 
plates immersed in the electrolyte; during the formation of the 


Glazed porcelain cap is securely sealed 
on to container with a high melting 
point weatherproof compound. 


Line lead cable- 
socket is extension 
of top electrode of 
spark-gap. 
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intimate contact 
with the top end oj 
the pellet column 
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tion between pellets 
and bottom electrode 
of spark-gap. 





Openings for earth 
leads on opposite 
sides of container. 


Fig». 262. Oxide-film Arrester 
( B. T.-H.) 

film, current passes fairly readily, but when the film is formed 
the current ceases. 

Stacks of films are arranged one above the other and the total 
critical voltage is equal to the critical voltage of each film multiplied 
by the number of films. 

Daily supervision and reforming of the films is essential, and for 
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this reason the arrester is being replaced by the more robust oxide- 
film and auto-valve arresters. The electrolytic arrester is used in 
conjunction with an impulse gap, for the continual leakage and 
capacitance currents would damage the arrester. 

Oxide-film Arrester. Fig. 262 shows the construction of the oxide- 
film arrester of the pellet type. The lead peroxide pellets are in a 
column of 2| in. diameter, the length of the column being 2 in. 
per kV. of rating. The tube contains a series spark-gap. A single 
tube system is available for voltages up to 25 kV. when the neutral 
is solidly earthed, and 18 kV. when the neutral is isolated or earthed 
through an inductance coil. For higher voltages several units are 
placed in series. 

The pellets have a diameter of approximately ^ in. and are 
made of lead peroxide with a thin porous coating of litharge. 

Auto-valve Arrester. This consists of a number of flat discs of a 
porous material stacked one above the other and separated by thin 
mica rings. The material is made of specially prepared clay with a 
small admixture of powdered conducting substance. The discharge 
occurs in the capillaries of the material and is thus constrained to 
be a glow discharge, in which there is a voltage drop of about 
350 volts per unit. The narrow gaps between the blocks are of 
sufficient total width to prevent flash-over due to the normal voltage, 
so that no current flows in the arrester under normal conditions. 
This arrester is very effective, robust and cheap, and is being 
rapidly introduced into modern high voltage systems. 

Thyrite Arrester. Thyrite is a dense inorganic compound of a 
ceramic nature, which has a resistance that decreases rapidly from 
a high value at low currents to a low value at high currents. The 
current increases 12*6 times when the voltage is doubled; thus if 
the current-voltage relation for a given block of thyrite is 

E = kl\ 

then 2 E = *(12-67)", 

so that 2 = 12*6 n , 

i.e. n = log 2 4- log 12*6 = 0*27. 

Thus the voltage varies approximately as the fourth root of the 
current. Fig. 263 shows the current-voltage curve of the 11 kV. 
thyrite arrester of Fig. 264. There are eleven thyrite discs sprayed 
on both sides to provide a good surface contact; each disc has a 
diameter of 6 in. and thickness f in., and will discharge several 
thousand amperes without the slightest tendency to flash over the 
outside edge. When passing 2 000 amperes each disc has a voltage 
of only 5 kV. At the normal voltage of 11 kV. to earth, the peak 
voltage is (ll\/2 4- \/3) kV. = 9 kV. and the current in the arrester 
is only 3-2 amperes. When one phase is earthed the peak voltage 
on the other phases is 11 X \/2 = 15*6 kV. and the arrester passes 
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25 amperes. A series gap is provided to prevent current from 
flowing at the normal voltage. The value of k for the stack is 6 500, 
or 600 per disc. 

When the gap and arrester flash over, a high current flows for the 
duration of the surge, which is discharged to earth rapidly as is 
shown by oscillographic records; there appears to be absolutely 
no time-lag in the thyrite itself. The normal frequency follow- 
current is very small, 3-2 amperes in a healthy system, and only 
25 amperes in a system with an earthed phase. The gap is easily 
able to clear this small follow-current. 

Some modern modifications of the thyrite arrester include a type 
in which resistance blocks of a ceramic nature are spaced at equal 
distances from one another. The total gap length is adjusted so 



Fig. 263. Voltage-current Curve of Thyrite Arrester 

that the gaps flash over at twice normal voltage; it is claimed that 
the distributed gaps behave better than a single gap. Round knobs 
are provided between the electrodes of the gaps so as to reduce 
the time-lag. The action of the resistance blocks is similar to that 
of thyrite. 

Condensers. We have shown on pages 290-22 that the effect 
of a condenser, placed between the line and earth, on a travelling 
wave is to reduce the steepness of the wave-front. This effect 
protects the windings of a transformer near the line, since a steep 
wave-front causes very high stresses in these turns. 

The condenser, moreover, protects the transformer against 
comparatively low-voltage, high-frequency waves. The normal- 
frequency voltage produces only a very small current in the 
condenser, so that negligible loss is caused during normal operation. 

The latest type of condenser used for protective purposes has a 
dielectric of acetyl cellulose, the electrodes being silver plating on 
the strips of the dielectric. 

Surge Absorber. A pure condenser of the type described in the 
previous section cannot dissipate the energy in the wave-front of 
a travelling wave or in a high-frequency oscillation. It merely reflects 
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the energy away from the apparatus to be protected, and the energy 
is dissipated'in the resistance of the line conductors and the earthing 
resistances. If a resistance is placed in series with the condenser, 
the combination can dissipate part of the energy in addition to 
diverting it from the apparatus. Such a combination is called a 
surge absorber 

Another type of absorber consists of an inductance across which 
is placed a resistance. This combination is placed in series with the 
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Fig. 264. 11 kV. Thyrite Arrester 
{International General Electric Co. of New York , Ltd.) 


line. Steep wave-fronts or high-frequency waves find the inductance 
a high impedance path and are forced through the resistance, where 
they are dissipated. The normal-frequency currents find the 
inductance a low impedance path and pass through it without 
much loss. 

The Ferranti surge absorber consists of an inductance coil, which 
is coupled magnetically, but not electrically, to a metal shield and/or 
the steel tank which contains it. The coil is of a cylindrical or 
pancake form, depending upon the voltage; for voltages above 
33 kV. the coil is cylindrical and has inside it a metal shield in 
which currents are induced. The absorber is enclosed in a cylindrical 
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boiler-plate tank, provided with porcelain-guarded terminals, and 
is vacuum-impregnated with a light transformer oil. Fig. 266 shows 
a 66 kV. surge absorber of this kind. The equivalent circuit of this 
absorber is shown in Fig. 266. There is a filter effect which prevents 
high frequency currents from passing freely through the absorber; 



Fig. 265. Ferranti Surge Absorber 
(I.E.E. Students' Journal ) 

also energy is transferred from the wave by the mutual induction 
between the coil and the shield and tank into the latter two, where 
the energy is dissipated as heat. 

Recording of Transmission Line Surges. There are three methods 
of recording transmission line surges, by the high-voltage cathode- 
ray oscillograph, the klydonograph, and the surge-crest ammeter. 
These will be described briefly. 

High-voltage Cathode-eay Oscillograph. This is the only 
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instrument capable of delineating the voltage-time characteristic 
of a wave. Fig. 267 shows a high-speed cathode-ray oscillograph 
manufactured by Metropolitan-Vickers. The tube is continuously 
evacuated and the pressure in the deflection tube is 10 “ 4 mm. of 
mercury or less. The cathode is cold and at a potential of 50 or 60 kV. 
above the anode, which is earthed. 

The essential process is the following. A supply of electrons is 
obtained by the ionization of the residual gas in the discharge tube, 
and these are made to travel with an enormous velocity under the 
accelerative effect of the applied voltage. The electrons pass through 
a hole in the anode and proceed in a straight line, until they pass 
between the time deflection plates. The time deflection plates have 
applied between them a voltage which varies rapidly and uniformly 


Line 





Apparatus 


Fig. 266. Equivalent Circuit or Fig. 268 


from zero to a maximum value; the electron beam then undergoes 
a deflection, that is proportional to the time from a given instant. 
The beam then passes between the voltage deflection plates, between 
which the wave (or a fraction of it) is applied: The voltage deflection 
plates produce a deflection at right angles to the time deflection, so 
that the electron beam, which strikes the photographic plate at the 
end of the tube, traces out the voltage-time curve of the wave. 

In order to photograph waves of only a few microseconds duration 
the utmost sensitivity is required. This sensitivity is achieved in 
the following way. The electron beam impinges directly on the 
sensitive plate, which must therefore be inside the evacuated tube. 
The velocity of the electrons must be very great, and a high voltage 
of 50 kV. or more is used to accelerate the electrons. It is quite 
clear that the electron beam must not impinge on the plate when 
there is no wave, otherwise the plate would be completely fogged. 
The beam is diverted from the photographic chamber by beam trap 
plates and a beam trap tube. When there is no wave, there is a voltage 
between the beam trap plates which deflects the beam from the 
straight path that leads through a small hole in a diaphragm at 
the bottom of the beam trap tube. It is seen that the axis of the 
discharge tube is inclined at an angle to the axis of the main tube. 
The reason for this is that although the electron beam is prevented 
from reaching the photographic plate by means of the beam trap 
plates during the absence of a surge or wave, there are retrograde 




Fig. 267. High-speed Cathode-ray Oscillograph 
(Metropolitan- Vickers) 
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rays consisting of atoms that are not much affected by the beam 
trap. These rays consist of relatively heavy particles and are thus 
not easily deflected, so that if they are moving along the axis 
towards the plate they will do so whether the beam trap is operating 
or not. Their very property of not being deflected easily is used to 
get rid of them by inclining the axis of the discharge tube. The 
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Fig. 268. Potential Divider and Delay Cable 


retrograde rays and the electron beam travel along the axis of the 
discharge tube towards the anode. Magnetic coils then deflect the 
electron beam along the main axis, so that the beam can enter 
the beam trap tube; but the retrograde waves are not deflected 
from their inclined path and are prevented from entering the 
main tube. 

The electron beam is focused and positioned by magnetic coils. 

When a surge arrives it is sent direct to a trigger device which 
removes the voltage between the beam trap plates, and the electron 
beam travels to the 
plate. Meanwhile the 
surge is put across a 
potential divider con¬ 
nected to a delay cable, 
which transmits a 
known fraction of the 
wave to the voltage 
deflection plates after 
a delay of a fraction of 
a microsecond. The 
delay cable is a con¬ 
centric cable, with air or rubber dielectric. Fig. 268 shows the 
arrangement of the potential divider and the delay cable; R is 
equal to the surge impedance of the cable. If the capacitance C l 
is ten times the capacitance of the cable, no distortion is introduced 
and the ratio of step-down is C 1 /(C 1 -f C t ). 

Fig. 269 shows a cathode-ray oscillograph of the voltage appearing 
across 10 per cent of the line end turns of a transformer winding.* 
It is seen that in this case the time base is not quite linear. 





o seci* 


Fig. 269. Voltage Across Line Turns 
of Transformer 
(/ E.E. Journal) 


* Reproduced by kind permission of the Institution of Electrical Engineers 
from the paper by Miller and Robinson, Journal of the I.E.E. 
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Klydonograph. It is found that if a potential dilference is 
applied between the faces of a photographic plate, the emulsion is 
affected and on developing a figure is obtained. When the emulsion 
side is at a higher potential than the other side, the figure consists 
of fine lines radiating from the point of contact; when it is at a 
lower potential, the figure is a complete and fairly definite circle. 
The latter, or negative, figure is the more useful as its size is definite. 
The magnitude of the figure depends upon the magnitude of the 
potential and its frequency or steepness of wave-front. Thus 
50-cycle potentials produce only a small figure, whilst high-frequency 
or steep-fronted waves produce a large figure. If the film is allowed 
to run past the electrodes (that on the emulsion side is usually pointed 
and the other flat), the developed film gives a long line with wide 
bands. The long narrow line corresponds to the normal operating 
voltage, and the wide bands to high-frequency discharges or steep- 
fronted surges. Useful qualitative information has been obtained 
by the use of the klydonograph, but because of the dependence 
of the size of the figure on frequency or steepness of wave-front the 
results are not quantitative. 

Surge Crest Ammeter. The principle of this instrument is the 
measurement of the residual magnetism in a piece of magnetic 
material, which has been magnetized by the surge current. From 
the residual magnetism the peak of the surge current is deduced. 


EXAMPLES X 

1. Explain what is meant by the surge impedance of a transmission line 
and derive its value in terms of the line constants. Derive expressions for the 
values of the transmitted and reflected waves of current and voltage relative 
to those of the incident waves at a point where the surge impedance changes 
from Z x to Z 2 . 

A rectangular wave of 200 kV. amplitude travels along a line having a 
surge impedance of 500 fl. to a transition point where it is connected to a 
line of 50 £X surge impedance. Determine the values of the transmitted and 
reflected voltage and current waves. ( Lond. Univ., 1954.) 

2. Describe and explain the occurrences immediately following the sudden 
application of a steady voltage to one end of a transmission line open at the 
far end. 

A surge voltage e is travelling along a line of surge impedance Z . connected 
at its far end to a line of surge impedance Z B . Show how to calculate the 
magnitude of the voltage surges transmitted through and reflected from the 
junction, explaining all assumptions and approximations. 

(B.Sc. Lond. XJniv. t 1933.) 

3. Describe with the aid of sketches one good type of lightning arrester. 

What auxiliary equipment is used in conjunction with the arrester to safe¬ 
guard the apparatus in the power stations? (Nat. Cert., 1935.) 

4. An overhead line is joined to a three-phase underground cable. What 
apparatus is necessary to protect the cable against surges? Give a diagram 
of connections. Knowing the surge impedance of each circuit show how to 
calculate the proportion of the surge that enters the cable. 

(B.Sc. Lond. Univ., 1931.) 
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5. Enumerate and explain briefly the causes of surges in a transmission 
line. Describe methods of preventing such surges and of protecting 
substation apparatus against damage due to them other than by the use of 
lightning arresters which discharge the surge to earth. 

(Lond. Univ., 1932.) 

6. Explain the reasons leading to the general practice of earthing the 
neutral point of a power system and discuss the relative merits of earthing 
it (a) solidly* and (6) through an impedance. 

An earth electrode consists of a pipe 6 ft. long and 1 in. dia. buried vertically 
with its upper end at ground level in soil having a uniform resistivity of 
10 000 Cl. per cm. per cm. 1 Estimate the potential difference between the 
electrode and a point on the ground 5 ft. away from it when 100 A. are flowing 
through the electrode to earth. (Lond. Univ., 1934.) 

7. Explain the principle of the cathode-ray oscillograph and describe 
briefly the construction of such an instrument suitable for recording trans¬ 
mission line surges. 

What means are employed in an instrument used for this purpose to secure 
good photographic sensitivity and to prevent fogging of the recording plate 
by the ray before and after the passage of the surge 7 

(Lond. Univ., 1933.) 

8. Two single transmission lines A and B with earth return are connected 
in series and at the junction a resistance of 2 000 Q. is connnected between the 
lines and earth. The surge impedance of line A is 400 Q. and of B 600 Cl. A 
rectangular wave having an amplitude of 100 kV. travels along line A to the 
junction. 

Develop expressions for and determine the magnitude of the voltage and 
current waves reflected from and transmitted beyond the junction. What 
value of resistance at the junction would make the magnitude of the transmitted 
wave 100 kV. 7 (Lond. Univ., 1949.) 

9. An underground cable having an inductance of 0*3 mH. per mile and a 
capacitance of 0*4 /xF. per mile is connected in series with an overhead line 
having an inductance of 2*0 mH. per mile and a capacitance of 0*014 fx F. 
per mile. 

Calculate the values of the reflected and transmitted waves of voltage and 
current at the junction due to a voltage surge of 100 kV. travelling to the 
junction (a) along the cable, and (b) along the overhead line. 

Explain how the waves would be modified if the cable and line were of 
considerable length. (Lond. Univ., 1947.) 

10. Explain the function and principle of operation of an arc-suppression 
coil for use on a 3-phase system. 

A 33-kV., 3-phase, 50 c/s, overhead line, 50 miles long, has a capacitance to 
earth for each line of 0*016 fx F. per mile. 

Determine the inductance and kVA. rating of the arc-suppression coil 
suitable for this system. (Lond. Univ., 1947.) 

11. Describe the construction and explain the operation of a modem type 

of surge or lightning arrester, and explain at what part of the circuit it would 
be most satisfactory. (Lond. Univ., 1947.) 

12. Describe with the aid of diagrams, the function and operation of the 

Petersen coil protective device, and derive an expression for the reactance of 
the coil in terms of the capacitance of the protected line. What are the merits 
and demerits of the system? (Lond. Univ., 1949.) 



CHAPTER XI 

ILLUMINATION 


Introduction. Illumination was one of the earliest applications of 
electrical engineering, and is still to-day the most widespread field 
of use of electrical energy. Illumination by electric lamps is cheaper 
and more convenient than by any other method; in fact, it is likely 
that the electrical industry could not have developed at more than 
a fraction of its speed if it were not for the early profits it made 
from electric lighting. In return the industry has provided the 
community with abundant light at a very low cost, and the field 
of illumination has been extended in ways impossible without the 
use of electricity. 

The lighting of streets and arterial roads with discharge lamps 
makes motoring at night less fatiguing to the driver and safer to 
the motorist and pedestrian. The cinema and theatre owe much to 
electric lighting, and the ordinary house is much cleaner and brighter 
because of it. 

Industry has found that proper illumination reduces the strain 
of the worker and improves his efficiency, especially in occupations 
such as type-setting; thus it was found that when the illumination 
was 2 f.c. the total error in type-setting was T4 per cent, and when 
25 f.c. only 0*5 per cent. The cost of providing the extra illumination 
is paid for many times over by the improved output. 

The elementary mistake of confusing good illumination with 
bright lights should not be made; the reader may recollect some 
shop windows, usually displaying jewellery or glass-ware, in which 
bright naked lights make viewing a painful task. The problem of 
illumination is concerned with the disposition and character of the 
lights as well as with their magnitudes. 

Light. Light is an electromagnetic radiation like radio waves, 
but of a much smaller wavelength. The relation between the 
wavelength and the frequency is 

/A — 3 X 10 10 cm. per sec., 

where 3 X 10 10 is the velocity of the wave in cm. per sec., / is the 
frequency and A the wavelength. Thus if / is a million cycles 
per sec., A = 3 X 10 4 cm. = 300 metres; if A = 6 X 10 ~ 6 cm., 
/ = 5 X 10 14 . An electromagnetic wave of wavelength 300 metres 
is a medium length wireless wave, whilst that of wavelength 
6 X 10 ~ 6 cm. is light of an orange-yellow colour. Fig. 270 shows 
how the character of an electromagnetic wave varies with the 
wavelength or frequency, and Fig. 271 shows how visible light lies 
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m a range 
letter A 


of wavelength between A = 4 
stands for the Angstrom unit 



000 and A = 7 500 A. The 
, which is 10“ 10 metre or 
10 “ 8 cm.; sometimes the 
wavelength is expressed 
in terms of the micron (ju) 
which is 10~ 6 metre or 
10 ~ 4 cm. Thus the wave¬ 
length of yellow light is 
5 700 A. or 0-57 fi. 

The Spectrum of Light. 
Visible light can have a 
wavelength between 4 000 
and 7 500 A., and the 
colour varies in the way 
shown in Fig. 271. As 
one would expect, the 
sensitivity of the eye to 
lights of different wave¬ 
lengths varies, and Fig. 
272 shows the relative 
sensitivity of the “nor¬ 
mal ” eye (i.e. the average 
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Fig. 270. Spectrum of Electromagnetic 
Waves 
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value of a large number of tests). The value of unity is given to 
the wavelength of greatest sensitivity, which is 5 500 A. and cor¬ 
responds to yellow-green light; light of this wavelength is the 
most efficient, but its colour makes it unsuitable for most purposes. 
The relative sensitivity at a wavelength A is written K* and is 
called the relative luminosity factor , 
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The energy radiated by a hot body or other source is usually 
composed of waves with wavelengths distributed over a band. In 
most cases the wavelengths are distributed continuously over the 
band, and we have what is known as a continuous spectrum ; in some 
cases there are several waves of definite wavelengths and we have a 
line spectrum. Suppose that the energy of the waves, whose wave¬ 
lengths lie between A and A + dX, is E*dX; then the visual effect 



Fig. 272. Visual Sensitivity of Normal Eye 


corresponding to them is kKxE^dX, where k is a constant. If we 
know the energy spectrum of the wave, i.e. the variation of E* with 
wavelength, we can find the total visual effect as 

A*' K A E x dX, 

J K 

where X 1 and Ag are the limiting wavelengths of the visible light. 
The total energy emitted is 

E \dX, 

and if this were concentrated at the wavelength of maximum 
sensitivity (i.e. 5 500 A.) the visual effect would be k times this. 
The luminous efficiency of the wave is thus 




KjJEtxdX] -r 



E x dX] 
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This must not be confused with the fraction of the energy in the 
visible spectrum, which is clearly 

[ r E k dX\ -r [ r 

A Jo 

and is called the radiant efficiency of the body. Fig. 273 shows the 
frequency spectra of the waves emitted by a blue sky, a vacuum 



Fig. 273. Frequency Spectra of Various Light Sources 


lamp whose filament is at 2 350° K., and a large gas-filled lamp 
whose filament is at 2 950° K. The radiant efficiencies are about 20, 
2, and 5 per cent, respectively. 

The unit of light flux is the lumen, which will be defined later. 
It is found that a power of 1 watt of a wave of wavelength 5 500 A. 
produces 670 lumens, so that k = 670. The visual effect of 1 watt 
of sunlight is thus rx t 

670 / K a E x dX y 

A 

where E* represents the spectrum of sunlight, and the total energy is 

E x dk = 1. 

E* is substantially constant for sunlight over the visible band, 
and we put it equal to E* 0 . The visual effect is thus 

6702?*. K x dX = 670E*, K a (^ - X x ), 
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where K* is the mean of K* over the visible band and is found to 
be about 0*37 from Fig. 273. E^ (Ag — A x ) is the energy in the visible 
range and is 20 per cent of the total energy, viz. 0*2 watt. The 
right flux produced by 1 watt of sunlight is thus 

670 X 0*2 x 0*37 = 50 lumens. 

If the whole of the energy were concentrated in the visible band 
with a uniform distribution the flux would be 

670 X 0*37 = 250 lumens. 

This is the figure to aim at. The gas-filled and vacuum lamps 
mentioned above produce 12 and 5 lumens per watt respectively. 
The latest type of sodium vapour lamp gives about 50 lumens 
per watt. 

The reason for the improved performance of the gas-filled lamp 
over that of the vacuum lamp is because of the larger radiant 
efficiency, and this is due to the higher filament temperature. It is 
found that the frequency of maximum energy of the waves emitted 
by a hot body increases as the temperature rises. This is seen by 
the fact that as the filament temperature rises, the first rays to be 
given off are heat rays, then dull red rays, then bright red, and finally 
yellow and white rays. The filament should therefore bo run at as 
high a temperature as is permissible with a long life of working. 

In discharge lamps the phenomenon of incandescence is not 
limited by the temperature of a solid filament, and high efficiencies 
are thus obtained. 

Standards Of Light, Luminous flux is defined as “the rate of 
passage of radiant energy evaluated according to the luminous 
sensation produced by it.” The unit of luminous flux is the lumen 
(1.), and is the luminous flux emitted in a unit solid angle (steradian) 
by a source of 1 candle-power (c.p.). 

The British standard of candle-power is provided by the Harcourt 
pentane lamp, for a description of which see Electrical Measurements 
and Measuring Instruments * by E. W. Golding. This lamp is costly 
and requires careful maintenance, and sub-standard electric lamps 
are often used: the sub-standard lamps must be used with the 
stipulated voltage, and they often have carbon filaments. The lamp 
does not radiate energy equally in all directions, but this is not 
important so long as the luminous flux in a small solid anglef in a 

* Chapter X, Third Edition. 

t Fig. 274 illustrates the meaning of a solid angle. Let a cone of any shape 
have an apex O, and let a sphere of radius r cut the cone in the area A. The 
solid angle of the cone is defined as co = A/r 2 , and is clearly independent of r 
since A is proportional to r 2 . The solid tingle subtended by a complete sphere 
is 4 nr^r 1 — 4n units of solid angle, since the area of the surface of a sphere is 
47tr % : this is called a complete solid angle. The unit of solid angle is called 
the steradian, 
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given direction is constant. If the small solid angle i& co and the 
candle-power is unity in this direction, the flux in the solid angle 
is 1 X co ~ co lumens. 

As a complete solid angle is 4 jt, the flux emitted by a source which 
is 1 candle-power in all directions is 4jz lumens. 

The luminous intensity (I) in any given direction is the luminous 
flux per unit solid angle emitted in that direction. If a flux F is 
emitted in a solid angle co, the luminous intensity is I = F /co. The 
standard candle-power has a luminous intensity of 1 lumen per 
steradian in a horizontal direction; and the lumen is the luminous 
flux per unit solid angle of the 
standard in the horizontal direction. 

The inclusion of the words “evalu¬ 
ated according to the luminous sensa¬ 
tion produced by it” in the definition 
of luminous flux is necessary, since 
the visual sensation depends upon the 
wavelength as well as the rate of 
emission of energy. If we consider 
the wavelength of optimum sensi¬ 
tivity, we can express the luminous 
flux (in lumens) in terms of the rate 
of emission of radiant energy (in 
watts). It is found that at this wave¬ 
length of 5 500 A. 

1 lumen = 0-0015 watts 
or 1 watt = 670 lumens. 

This relation is called the mechanical equivalent of light . 

The illumination at a point of a surface is defined as the luminous 
flux per unit area at the point, the value being expressed as lumens 
per square metre or lumens per square foot. An illumination of 
1 1. per m. 2 is called 1 lux , whilst 1 1. per ft. 2 is called 1 foot-candle. 
The distinction between illumination and luminous intensity is 
easily seen from Fig. 274. Suppose that a standard candle-power 
is situated at 0 and the narrow cone is along the horizontal direction, 
so that the luminous flux in this cone is co lumens. The luminous 
intensity at any point along the cone is co lumens per co steradians, 
i.e. 1 lumen per steradian. The illumination at any point of the 
cone, at a distance r from O, is 

cojA lumens per unit area. 

Since the solid angle is co, A = cor 2 , so that the illumination is 
co/cor 2 = 1/r 2 lumens per unit area. 

The illumination is 1/r 2 f.c. if r is in feet, or 1/r 2 lux if r is in metres. 
The illumination thus varies as the inverse square of the distance 
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from the diverging source, but the luminous intensity is constant 
along a fixed direction. 

In general, if the luminous intensity in a given direction of a 
diverging source is I lumens per steradian , the illumination at a point 
distance r from the source is I/r 2 f.c. (r being in feet). This is known 
as the inverse-square law , and is widely used in calculations of 
illumination. 

In the case considered above, the surface was normal to the 
axis of the light cone. If the surface is not perpendicular to the axis 

the illumination is less. Suppose 
that the normal to the surface 
makes an angle 6 with the axis, 
as shown in Fig. 275. The area 
A then receives the same light 
as the area shown dotted, which 
has an area A cos 6 . If the 
Fig - 275 luminous intensity is I lumens 

per steradian, the dotted area 
(which is normal to the rays) has an illumination of (I/A cos 0) 
f.c., whilst the inclined surface has an illumination of (1/^4) f.c. 
Thus the inclined surface has an illumination which is cos 0 times 
that on the normal surface. This is the cosine law. 

The light from a surface may be due either to the emission of 
light or to reflection. The brightness of a surface is defined as the 
luminous intensity per unit projected area of the surface, i.e. the 
candles per unit area as viewed. A piece of white paper with an 
illumination of 4 f.c. has a brightness of about 1 c. per ft. 2 The 
brightness of a surface depends largely upon the character of the 
surface if it is itself not an emitter. Thus if light is shining upon 
a polished surface, the brightness depends upon the angle of viewing; 




but if the surface is matt and the diffusion is good, the brightness 
is approximately independent of the angle of viewing. 

Suppose that we have a surface which is perfectly diffusing, so 
that the brightness is constant, B say, at all angles. Fig. 276 shows 
the surface, which is considered small and has area a, at 0. At 
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a point A on a hemisphere with centre 0, the brightness is B. The 
luminous intensity at A is B a cos 0, since B is the brightness and 
the area has a projected value which is cos 0 times its actual value <z. 
Consider a zone of the hemisphere between 0 and 0 + dd. The 
width of this zone is Rdd and its length is 2nR sin 0 so that its area 
is 2ttR 2 sin 6 dd and its solid angle is 2n sin 0 dd. The luminous flux 
passing through this zone is 

B a cos 0x2 n sin 0 dd. 

The total luminous flux leaving the surface is then 

n/2 

27 rBa cos 0 sin 0 dd = tzB a. 

Thus the brightness of a perfectly diffusing surface is (1 /ti) times 
the flux leaving it from unit area. Thus if the surface receives 
41. per ft. 2 and its coefficient of reflection is 80 per cent, 3*2 1. per ft. 2 
leave it and the brightness is 3-2 /tc = 1*02 c. per ft. 2 

Values of Illumination. The following list gives the value of 
illumination required for various purposes. 


Purpose 

1 

Illumination 

(foot-candles) 

Average thoroughfare at night. 

0 02 to 0*5 

Main thoroughfare at night 

0-5 to 2-0 

Waiting rooms, bedrooms, etc. 

2 to 4 

Living rooms by night 

4 to 8 

Living rooms by daylight 

20 to 30 

Offices by night .... 

10 to 20 

Shop windows at night 

20 to 50 

1 



It may be mentioned that full sunlight at noon provides 10 000 f.c., 
a cloudy sky about 500. 

The visual effect is approximately proportional to the logarithm 
of the illumination, so that a rise from 1 to 2 f.c. is as effective as 
a rise from 4 to 8. This is the Weber-Fechner law. 

Polar Curves. In most lamps the luminous intensity is not the 
same in all directions. Suppose that the lamp is held with its axis 
vertical and we measure the candle-power (i.e. luminous intensity) 
at all directions in a horizontal plane through the lamp. The curve 
of candle-power against direction is plotted as shown in Fig. 277, 
which shows the horizontal polar curve of a gas-filled lamp with a 
horizontal circular filament; the drop in candle-power along OA' 
is due to the break in the ring where the current enters and leaves. 
The mean of the candle-power in this curve gives the mean horizontal 
candle-power , and is found by taking the mean at the angular 
positions, 0, 10°, 20° . . . 350°. The luminous intensity (or candle- 
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power) in any given direction is measured by means of a Bunsen, 
Lummer-Brodhun, or flicker photometer. For detailed descriptions 
of these instruments and their use see Electrical Measurements and 
Measuring Instruments * by Golding. Recently photo-cells and 
electronic cells have been used for the measurement of illumination. 

The mean spherical candle-power (m.s.c.p.) is the mean of the 
candle-power in all directions radiating from the lamp, and is the 
total flux divided by 4 n. It would be a very difficult thing to 
measure the candle-power in all directions and take the mean. The 
measurement of the total luminous flux emitted by a lamp is 
therefore measured by the integrating or Ulbricht sphere (see Golding 




Fig. 277. Polar Diagram 

for details). The principle of the test is the following. The lamp is 
put inside a sphere, the inside of which is painted white and diffuses 
the light. A small screen is viewed through a hole in the sphere, 
and its brightness is compared with that produced by a comparison 
lamp outside by means of a photometer. The lamp inside the sphere 
is replaced by a standard lamp and the process is repeated. The 
brightness of the screen is proportional to the luminous flux pro¬ 
duced by the test or standard lamp, so that the ratio of the luminous 
fluxes is found for the two cases, and thence the flux for the test 
lamp since the standard lamp has a known flux. 

The ratio of the mean spherical candle-power to the mean hori¬ 
zontal candle-power is the reduction factor of the source. 

Rousseau Diagram and Russell Angles. There is a special case for 
which the mean spherical candle-power can be found from a polar 
curve, viz. when there is an axis of symmetry. Suppose that the 
axis of symmetry is vertical, so that the candle-power is constant 
in any horizontal direction; the polar diagram in any horizontal 
plane is then a circle. We have then to find the polar curve in any 
one vertical plane XOY f as shown in Fig. 278. To do this we can 
either move our photometer round a circle in this plane, or, more 

* Chapter X, Third Edition. 
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conveniently, we can keep our photometer fixed on the bench and 
rotate the lamp about the axis OZ which is perpendicular to OX 
and OY. Suppose that the polar curve is as shown in Fig. 279. 
Consider a unit sphere with the point 0 as centre. The zone PQP'Q' 
between the angles 0 and 0 + dd has an area 

2n.RP . PQ 
= 2n cos 0 . dO , 

so that the solid angle subtended by this zone at 0 is 2n cos 0 dd. 
Let the luminous intensity along the direction 0 be I; then the 



Fig. 278 



Fig. 279. Rousseau Diagram 


luminous flux across the zone is 2nl cos 6 . dd , and the total flux 
emitted by the lamp is 



2tiI cos 0 . dd. 


This integration is best performed graphically by replacing sin d 
by s. The integral becomes 



If we therefore plot I against «?, i.e. sin 0, the integral is the area 
under this curve. The plot is performed by Rousseau’s method 
shown in Fig. 279. The radial line is drawn to meet the circle, 
which is the section of the unit sphere, and a perpendicular is drawn 
to the axis of s. At the point p of the axis of 5 a line of height I is 
drawn. The extremity of this line is on the I —s curve, which is 
found from a number of these constructions. The method is rendered 
simple by having a card on which the circle, radial lines, and per¬ 
pendicular lines are printed. The area under the curve can be found 
by means of a planimeter, but it can be found also by taking the 
mean of I at a number of close values of s. Thus we can take the 
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values of I at 5 = — 0*95, — 0*85, — 0*75, ... — 0*05, + 0*05, 
+ 0-15, . . . 0*85, 0*95, and we multiply the mean of these values 
by 2 x 2 = 4tt, since the length of the 5-axis is 2. If we take the 
0 Y axis as the line from which the angles are measured, the angles 
corresponding to these values of 5 are 18-2°, 31*8, 41-4, 49*5, 56*6, 



Fig. 280. “Osira” 400 W. Lamp 

( OEC) 


63-3, 69-5, 75-5, 81*4, 87 1, 92-9, 98-6, 104-5, 110-5, 116-7, 123-4, 
130-5, 138-6, 148-2, and 161-8. These are called the Russell angles . 
The total luminous flux is then 47r times the mean of the luminous 
intensities at the Russell angles. 

Light Fittings and the Polar Curve. The polar curve of most 
lamps is widespread and has an axis of symmetry; there are certain 
directions of low luminous intensity due to breaks in the filament 
or the shading by a cap. The polar distribution is unsuitable for 
almost any use, and light fittings are used to achieve desirable 
distributions of the light. 

Thus in many industrial cases it is required that the light should 
give a uniform illumination on a horizontal surface and no light 
upwards. Fig. 280 shows an “Osira” lamp (400 watts, 17 000 
lumens) and an industrial reflector unit. The polar curves of the 
lamp without a reflector, and with reflectors of different angles, are 
shown in Fig. 281. Curve C gives uniform illumination over a wide 





Fig. 282. Polar Diagram of “Osira” Lamp 
with Industrial Reflector 
(O.B.C.) 
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horizontal surface. Fig. 282 shows the polar curves of the same 
lamp with a 45° angle-type industrial reflector. 

The distribution of light in street lighting is most important, in 
order that the power used may not be excessive and the lighting be 
best for viewing.* In order to avoid glare, the ratio of the maximum 
intensity to that in the downward vertical should not exceed about 
6 , and the maximum intensity in candles should not exceed one-half 
the numerical value of the flux emitted by the bare lamp in lumens. 
To prevent apparent “shadows” near the post, the distribution 
between the downward vertical and the maximum should give a 
flat-bottomed polar curve, i.e. should follow approximately the law 



Fig. 283. Lantern for Street Lighting 
(I E E Journal) 


Iq = I 0 sec 6. To give long, wide, bright areas and to avoid waste of 
flux, the region of maximum intensity should extend from about 
77to 87£°, above which angle it should diminish as rapidly as 
practicable.. Fig. 283 shows a lantern for street lighting: the lantern 
has reflectors and refracting prisms to achieve a distribution with 
the qualities outlined above. 

In semi-indirect lighting the light is to be diffused from the ceiling 
and walls and the direct light is reduced to a small fraction of that 
received by diffusion. Fig. 284 shows a Holophane totally-enclosed 
fitting for indirect lighting. 

Reflection and Absorption. When light strikes a surface, a portion 
is reflected and the rest absorbed. The coefficient of reflection is the 
ratio of the luminous flux leaving the surface to the flux incident 

* See “The High-pressure Mercury Vapour Lamp m Public Lighting/* by 
Wilson. Dament, and Waldram, Journal of the I.E.E., 1936 
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on the surface. Good white paper reflects 80 per cent, common white 
paper and white wood about 40 per cent, dark brown paper 15 per 
cent. A white ceiling reflects 40 to 70 per cent. 

When light passes through a transparent material some is 
absorbed. The ratio of the light absorbed to the light entering is 
called the coefficient of absorption. Frosting the surface causes an 
absorption of 5 to 10 per cent. Modem internal frosting forms no 



Fia. 284. Holophane Totally-enclosed Fitting 
(Holophane, Ltd.) 

sharp scratches and the absorption is less than 5 per cent; the 
outer surface is smooth and easily cleaned. 

Lighting Calculations. It is often required to calculate the 
illumination provided by a given set of lamps and reflectors (or 
shades). It is necessary to know the polar curve of the sources and 
fittings, and then the use of the inverse square and Lambert’s 
cosine laws provides a simple solution. The following two examples 
illustrate the method. 

Example. Gas-filled lamps with suitable shades are employed to illuminate 
a corridor. The lamps are spaced 25 ft. apart and are suspended 16 ft. above 
the centre line of the floor. If each lamp emits 100 c.p. in every direction 
below the horizontal, determine (a) the maximum and ( b ) the minimum value 
of the illumination on the floor along the centre-line. Make a sketch to scale 
showing the distribution of the illumination along the floor between a pair 
of lamps. (Lond. Univ., 1928.) 

The polar curve is given as a semi-circle of magnitude 100 c.p. 
Fig. 285 shows five of the lamps, B, B l5 B 2 , B 3 , B 4 . At a point P at 
distance x from B 2 the illumination due to B a is 

100 100 . „ 




326 


ELECTRICAL POWER 


The total illumination at P is thus 

(100/16 2 ) (cos 3 B x + cos 3 0 2 + cos 3 0 3 + cos 3 0 4 + . . .), 

where d v 0 2 , 0 3 , 0 4 . . . are the angles which B X P, B 2 P, B 3 P, 
B 4 P . . . make with the vertical, so that 

tan 0 X = (25 + x)/l6, tan d 2 = z/16, tan 0 3 = (25 —* a;)/16, 
tan 0 4 = (50 — x)/16, . . . 



Fig. 285 

It can be shown that the maximum illumination occurs directly 
under a lamp and the minimum mid-way between two lamps. 

For 

(d/dx) (tan 6 X ) = sec 2 6 X ddjdx = 1/16, 
so that 

ddjdx = cos 2 0/16 
and similarly 

ddjdx = cos 2 0/16, ddjdx = — cos 2 dj 16, 
ddjdx = — cos 2 dJlQ. 

The illumination is a maximum or minimum when 

lx [w ^ COs3 01 COs3 02 + cos3 03 + cos3 °4 + • • )J = 0 

i.e. when — X 3 ^ cos 2 0 X sin d 1 ” + • • . ^ = 0 
100 X 3 

= — 202 x 16 ^ * * cos4 cos4 8 * n ® 2 — co ® 4 8 * n ® 8 

— cos 4 0 4 sin 0 4 . . .). 

When P is mid-way between B 2 and B 3 wc have 0 2 = 0 3 , d x = 0 4 , 
etc., so that the terms cancel out in pairs; there is thus a maximum 
or a minimum, and it is clearly the latter. When P is directly 
underneath B 2 , 0 2 = 0, d x = 0 3 , etc., so that the 0 2 term is zero 
and the rest cancel out in pairs; the illumination is clearly a 
maximum. 
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The illumination directly under B 2 is found from the general 
expression by putting x = 0, so that 0 2 = 0, d x = 0 S = tan*" 1 (25/16), 
0 = 0 4 = tan -1 (50/16), etc. We then construct the following table— 


0, = 0 

cos 6 t = l 

cos* 0, = 1 

0, = 57° 23' 

cos 0 8 = 0-539 

cos* 0, = 0-157 

0 4 = 72° 16' 

cos 0 4 = 0-305 

cos* 0 4 = 0-028 

0. = 77° 57' 

cos 0 # = 0-209 

cos* 0 § = 0-009 


It is unnecessary to go further, and we find that the maximum 
illumination is 

(100/16 2 ) (1 + 2 x 0157 + 2 x 0 028 + 2 x 0*009) 

= (100 X l-39)/16 2 = 0*54 f.c. 


The minimum illumination occurs at the point mid-way between 
B 2 and B 3 at which point d 2 = d 8 — tan “ 1 (12-5/16), 8 1 — 0 4 = tan ~ 1 
(37-5/16), etc. We find 


0, = 38° 

cos 0 8 = 0-7 88 

cos* 0 3 — 0-489 

0 4 = 66° 57' 

cos 0 4 = 0-392 

cos* 0 4 = 0-062 

0, = 76° 39' 

cos 0 # = 0-248 

. cos* 0, = 0-016 


so that the minimum illumination is 

(100/16 2 ) x 2 x (0-489 -f 0-062 + 0-015) 
= (100 X 2 x 0-566)/16 2 = 0-44 f.c. 


At a point mid-way between the positions of maximum and 
minimum illuminations x = 6*25 ft. 


« tan - 1 (0-25/16) = 21° 21' 

cos Q t — 0-931 

= tan - 1 (18-75/16) = 49° 33' 

cos 0, = 0-649 

= tan - 1 (31-25/16) = 62° 64' 

cos d x — 0-456 

= tan - 1 (43-76/16) = 69° 57' 

cos 0 4 = 0-343 

= tan ~ 1 (66-25/16) = 74° 9' 

cos 0 ='Oji73 

= tan - 1 (68-75/16) = 76° 64' 

COS 03 = 0-f7T^ 


cos* 0* = 0-807 
cos* 6 t - 0-273 
cos* B x = 0-095 
cos* 0 4 = 0-040 
,«ps* 0 *= 0-020 

c&s* o 4 « 


The illumination at this point is 

(100/16 2 ) X 1-247 = 0-487 f.c. 

Fig. 286 shows the distribution of illumination along the centre 
line of the corridor. 

Example. A space is illuminated by a lamp, which is suspended 10 ft. 
above the ground, and which gives uniform candle-power in all directions in 
the lower hemisphere. Find (a) the ratio of the ground illumination at a point 
directly under the lamp to that at a point 20 ft. away, (6) the position of a 
similar lighting unit in order that the minimum illumination on the ground 
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along a line joining the points vertically below the lamps shall not be less 
than half the maximum value. 

Indicate your view of the relative importance in practice of the illumination 
falling vertically on the ground and that incident on a surface perpendicular 
to the ground. In case ( b ) above, estimate the relative values of these quan¬ 
tities (i) at the base of a lamp, and (ii) half-way between two lamps. 

(Lond . Univ ., 1933.) 

Let the intensity of luminous flux be I in all directions in the 
lower hemisphere. At a point directly under the lamp the illumina¬ 
tion is I/10 2 . At a point 20 ft. away the illumination is 

(I/10 2 ) cos 3 0, 

where tan 0 = 20/10 = 2. The ratio is thus 

1/cos 3 0 — sec 3 0 = (1 + tan 2 0)** = 5~ = 11*2. 



Let a similar lamp be placed at distance 2x. The maximum 
illumination occurs under each lamp and is 

I/10 2 + (I/10 2 ) cos <f> 

where tan <f> = 2x/l0. The minimum illumination is mid-way 
between the lamps and is 

2(I/10 2 ) cos 3 y), 

where tan \p = a;/10. (See Fig. 287.) The minimum illumination 
is to be one-half of the maximum, so that 

1 + cos 3 <f) = 4 cos 3 rp 

or 1 -+--- r =- - - 

(1 + 4z 2 /100) s (1 + z 2 /100) 4 

It is difficult to solve this equation for x by an exact method, 
but an approximate value of x is easily found. For 

4 

(1 + z 2 /100)* > ’ 



so that 
or 
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1 + x 2 /100 < 4 s = 2-52, 
x 2 /100 < 1-52, 
i.e. x < V152 = 12-3 ft. 

If we try x = 10, we find that the maximum illumination is 


— (1 + cos 3 6) = — 
10 2 10 2 



— X 10895, 
10 2 


whilst twice the minimum illumination is 
I 4 = I 

10 2 (1 + 1 ) § _ 10 2 2 ’ _ 10 2 


X 1-414. 


B B 



The ratio 

Twice minimum illumination __ 1*414 
Maximum illumination 1*0895 

If we try x = 12, this ratio is found to be 


( 2 - 44 *) : 0 + 6-76 3 ) 3-82 x 1-057 °'"° 


x is thus just less than 12 ft., so that the distance between the 
lamps is 24 ft. 

In modern street lighting the conscious aim is to view people and 
objects as silhouettes against a light background. It has been found 
that most objects reflect only a small amount of the light incident 
on them; thus a fawn-coloured mackintosh reflects only 15 per cent 
of the light. The method then is to illuminate the r%ad surface as 
much as possible, even by giving the road a polished surface. If 
the road were to extend in all directions, the best method would 
be to leave the people and objects perfectly black, i.e. to have no 
light in a plane perpendicular to the ground. But roads have a 
finite width, and it is necessary to illuminate the walls and houses 
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running along the road so that they form a bright background for 
the silhouettes of the people and objects. The method aims, 
therefore, at having a bright road surface, small illumination on 
planes which are perpendicular to the road and in the road, and 
bright illumination on the walls and houses bounding the road. 

In case (6) the illumination on the ground at the base of a lamp is 

-iri + 1 , 

10 2 L .(1 + 5-76)* 


1 = — X 1-057. 

J 10 2 


The illumination at this point on a surface perpendicular to the 
ground is 

(I/10 2 ) sin (f> + (I/10 2 ) cos 2 <f> . sin <f> 

10 2 24 


1 0 2 COs2 ^ 8in ^ 1 0 2 X 1Q2 _J_ 24 2 

I 100 24 I nioc 

— 10 2 X 676 X 26 ~ 10 2 X °’ 136 ' 


X 


V(10 2 + 24 2 ) 


The ground illumination is thus 1-057 -f- 0-136 = 7-8 times the 
illumination on a vertical plane, and conditions are very good for 
the formation of a distinct silhouette. 

At a point half-way between the lamps the ground illumination 
is half the maximum, viz. 

JjL x 1-057 = jL x 0-528. 

The illumination on a vertical plane depends on the position of the 
plane; the plane of brightest illumination is that which is perpen¬ 
dicular to the line joining the lamps, and it receives the light of only 
one lamp on each of its faces. The illumination is thus 

(I/10 2 ) cos 2 rp sin y> 

I 10 w 12 I w 10 w 12 

- 10 2 x 10 2 _|_ 12 2 X -y/(10 2 + 12 2 ) _ 10 2 x 244 x IfrG 
= (I/10 2 ) X 0-0314. 

The ratio of ground and vertical plane illuminations is thus 16-8, 
which is again satisfactory. 

Calculation of Light Required. An important problem of frequent 
occurrence is the calculation of the light required for a desired 
illumination. For this purpose one must be given the coefficient of 
utilization , which is the ratio of the light incident on the illuminated 
surface to that emitted by the sources. A usual value is 70 or 80 per 
cent. The value of the coefficient is considerably diminished by the 
deposition of dirt on the lamps, shades and reflectors, which should 
therefore be easy to clean and be cleaned as often as required. 
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Another problem is the design of reflector (or calculation of the 
polar curve) to give a desired distribution of illumination. The 
following example illustrates the methods. 

Example. It is desired to illuminate a circular space 30 ft. in diameter 
at a uniform intensity of 10 f.c. by means of a single lamp suspended 10 ft. 
above the centre of the space. If the lamp has an output of 191. per W. and 
is used with a reflector having a coefficient of utilization of 70 per cent, find 
the size of lamp required and draw the polar curve which the lamp and 
reflector should have. ( Lond . Univ., 1934.) 

The area to be illuminated is 

(71/ 4) X 30 2 = 708 ft. 2 , 
so that the total light required is 

708 x 10 = 7 080 1. 



The light output of the lamp must therefore be 
7 080 X (100/70) = 10 1001., 
which necessitates a power of 

10 100/19 = 530 W. 

Let the luminous intensity of the lamp and reflector be I at an 
angle 6 with the vertical. The illumination on the surface is 

(I/10 2 ) cos 3 6 = 10 f.c., 

so that 1 = 1 000 sec 3 6. 

This is the equation of the polar curve within the limiting angle 
of tan^ 1 1-5; outside this angle I is zero. Fig. 288 shows this 
polar curve. 

Sources of Light. There are three practicable ways of producing 
light, by incandescence of a heated filament, by an arc, and by a 
glow discharge. All three methods are used in modem illumination, 
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and modern research on a large scale is continuously devoted to the 
first and third methods. 

The incandescent filament was made in a practical form in 1878 
by Swan and Edison simultaneously and independently, and has 
since then been improved and developed without interruption. Its 
main field of use in the future is in domestic lighting. 

The arc lamp is mainly useful in large outdoor lamps, but a 
modem descendant in the form of the “ Pointolite ” lamp is applicable 
to indoor use. 

The discharge lamp was first made in a useful form by Moore in 
1905, and suffered neglect for about twenty years, because of the 
rapidly improving incandescent filament lamp. In the last ten 
years, however, the discharge lamp has come to the fore, and has 
already revolutionized the illumination of streets and public lighting 
generally. 

The Incandescent Filament Lamp. When a body is heated 
to a temperature t° (absolute) it emits radiant energy in the form 
of electromagnetic waves; the energy radiated is proportional to 
r 4 — r 0 4 , where r 0 is the temperature of the surrounding medium. 
As the temperature r increases the wavelength of the emitted 
radiation decreases until some of the energy falls in the visible 
range, which stretches from 7 500 A. (red light) to 4 000 A. (violet 
light). As the temperature rises, the body appears red, then yellow, 
and finally white. 

A rise in the temperature of the filament causes an increase of 
the light for two reasons: (i) the radiant energy increases approxi¬ 
mately as t 4 , and (ii) a greater part of the radiant energy lies in 
the visible part of the spectrum. Fig. 273 illustrates the latter 
effect; the radiant efficiency of a filament at 2 350° absolute is 
about 2 per cent, and at 2 950° about 5 per cent. If the same 
filament were concerned, the energy radiated at the higher tempera¬ 
ture would be (2 950/2 350) 4 — 2*5 times that at the lower tempera¬ 
ture, and the light flux would be 2*5 X (5/2) = 6*25 times as great. 
For practical lamps it is found that the light emitted is proportional 
to the twelfth power of the temperature, and this shows the 
importance of operating at as high a temperature as possible. 

The influence of the dimensions of the filament on the heating is 
found easily if it is assumed that the heat lost by convection is 
negligible compared with that lost by radiation. Let the filament 
be of length Z, diameter d y and resistivity p. The power supplied by 
a current I is 

PR = P{pll\nd 2 ), 

and this equals the power radiated, which is 
ek X area x (t 4 — r 0 4 ) 

= ek X ndl X (r 4 — r 0 4 ) 
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where e is the emissivity of the surface and is unity for a black body 
and less for a polished body; and & is a constant. Equating these 
powers we get 



If we consider two filaments of the same material at the same 
temperature, we see that I is proportional to $ or d is proportional 
to I*. 

Example. Find the ratio of the radii and lengths of the filaments of lamps 
of the same candle-power, efficiency and material, operating at 200 V. and 
240 V. 

As the efficiencies are the same, their temperatures must be 
the same. [This is true of lamps at reasonably high voltages such 
as 200 V., but it is not true for lamps at very low voltages such as 
2 or 4 V.; for in the latter case the temperature varies along the 
filament from a minimum near the ends to a maximum at the 
centre, and the temperature distribution is very different in filaments 
of different lengths.] 

Let d x and d 2 be the diameters of the filaments, I x and I 2 then- 
currents. Then by the law just proved and the fact that the 
temperatures are equal, 

djd , = (IJI 2 )*. 

As the watts dissipated are the same in both cases 
200/j = 240/ 2 , 

so that 

djd 2 = (240/200)* = M3. 

Since the radiated power is the same in both cases 
dJi = dj, 2 , 

so that ljl 2 = d 2 Jd 1 = 0*885. 

The filament for 200 V. is shorter and thicker than that for 240 V. 

Carbon Filament Lamp. The method of making this lamp to-day 
is based on the work of Swan. Swedish filter paper is dissolved in 
zinc chloride solution, and the viscous solution is squirted slowly 
through a fine die into a jar of acidified alcohol. Tough cellulose 
threads are obtained and are wound on formers, which are packed 
into a crucible filled with finely powdered graphite. The crucibles 
are baked in a furnace at 1 400° C., and the cellulose threads become 
tough threads of pure carbon. The threads are mounted on their 
supports by a graphite paste, and are then heated by a current 
in coal-gas or benzene. This process, which is known as flashing, 
removes any irregularities in the filament; for a thin part of the 
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filament runs hotter than a thick part and receives a larger deposit 
of carbon from the coal-gas which is decomposed. The filament is 
placed in a glass bulb, which is evacuated till the pressure falls 
below 0002 mm. of mercury. This is done in order to diminish the 
losses from the filament due to convection. 

Although carbon is the most refractory substance known and 
can be raised to a temperature of 5 500° abs. in an arc, it commences 
to evaporate at about 2 000° abs. in a vacuum. This is the limiting 
temperature, for at higher temperatures the carbon evaporates and 
blackens the bulb. The efficiency of the latest type of carbon 
filament lamp, operating at 2 073° abs., is only 3*6 lumens per watt. 

Tungsten Filament Lamp. Attention was then paid to the study 
of metals as filaments, and osmium was found to be the most 
suitable until Coolidge developed the method of making drawn 
tungsten wire (1906-9); since then tungsten has replaced all except 
carbon filaments, which are used only for special purposes. 

The process of obtaining tungsten wire suitable for lamp filaments 
is as follows. Pure tungsten oxide is produced from Sheelite or 
Wolframite by a number of chemical processes, and is reduced to 
pure tungsten by heating in hydrogen. The tungsten produced in 
this way is a grey powder, which is compressed by hydraulic power 
to form fragile rods of the size of sticks of sealing-wax. A current 
of 1 500 to 1 600 amperes is passed along the rod, which is kept in 
an atmosphere of hydrogen, and this causes the rod to become 
thoroughly coherent. The resulting rod or slug of tungsten is swaged 
by a machine, which consists of a rotary hammer that strikes the 
slug, which is kept red hot, at the rate of 4 000 to 5 000 times per 
minute. The effect of swaging is to consolidate the particles of 
tungsten and to produce a ductile, thin wire about 30 ft. long and 

in. diameter. This wire is drawn through a series of diamond 
dies until it possesses the required diameter, which may be as 
small as 0*0006 in. 

Tungsten has a melting-point of 3 670° abs., but it can be run at 
a temperature of 2 420° abs. in a vacuum without undue evaporation. 
Because of the higher temperature, the vacuum type tungsten- 
filament lamp produces 9*9 1. per W., as against 3*6 by the carbon 
filament lamp. (The critical effect of temperature will be appre¬ 
ciated if it is considered that a vacuum tungsten-filament lamp 
operating at 2 350° abs. gives only 5 1. per W.—see page 339.) 

Gas-filled Filament Lamp. Until 1913 filaments were heated in a 
vacuum in order to avoid the loss of heat by convection. If the 
bulb is filled with an inert gas, say nitrogen or argon, the tungsten 
filament can run at 2 950° abs., instead of 2 400° abs., without undue 
evaporation. The loss of heat by convection will, however, more 
than neutralize the gain in luminous efficiency due to the higher 
working temperature. Langmuir pointed out that the effect of 
convection can be considerably diminished by coiling the filament, 
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in the way shown in Pig. 289; the spiral filament is supported on 
rods which radiate from a glass knob. A lamp of this kind gives 
121. per W. 

A more recent improvement is the coiled-coil filament. A very 
fine tungsten wire is wound on a fine iron wire to form a spiral or 
coil of tungsten. This complete assembly is again wound on a 
thicker iron wire, and the iron is dissolved out by acid. The result 
is a coiled-coil of tungsten, of the form indicated in Fig. 290. One 



Fia. 289. Fio. 290. 

Coiled Filament Coiled-coil Filament 

inch of the coiled-coil will stretch out into a tungsten wire of four 
feet. The convection loss is greatly reduced and luminous efficiencies 
of 10 to 30 1. per W. are now obtained. 

Tungsten has a resistance which increases with temperature, the 
resistance when cold being one-fourteenth of that when at 2 900° abs. 
This means that on switching-on, a current of fourteen times the 
normal current is taken. The increase of resistance with temperature 
is not without advantage, as it provides a stabilizing effect on the 
power consumed and the luminosity with varying voltage; for if 
the voltage increases, the current and temperature increase, so that 
the resistance increases and causes less power consumption than if 
the resistance kept constant. The reverse is the case with the 
carbon filament lamp, since carbon has a negative temperature 
coefficient. It is found that 

light output oc E m 
and power input oc E n , 

where m = 4 or 5 and n = 1*8 for a tungsten filament, 
and m = 6 or 7 and n = 2*1 for a carbon filament. 

The spectral distribution of filament lamps is of the kind shown 
in Fig. 273, and the colour is yellowish-white. 
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Arc Lamps. In an arc lamp a current flows between two electrodes 
which are drawn apart. An arc is struck, which maintains the 
current, and this is a very efficient source of light. There are various 
forms of such lamps employing a carbon arc, a flame arc, or a 
metallic electrode arc. 


Carbon Arc Lamp. This is the earliest type and is still used. The 
electrodes are of hard carbon; the arc consists of carbon vapour 
and is surrounded by an orange-red zone of burning carbon and 
pale green flames. The positive carbon forms a crater which is white 
hot and emits 85 per cent of the light. The temperature is the 
highest attainable, about 4 200° abs. in the arc, 3 700 in the crater, 


and 2 700 in the negative carbon. The 
efficiency is about 9 1. per W., and the 
polar curve is as shown in Fig. 291. 

The voltage required to maintain the 
arc is 

E = (39 + 28Z) volts, 




Fig. 291. Polar Curve of 
Carbon Arc 


Fig. 292. Automatic 
Mechanism for Arc Lamp 


where l is the length of the arc in cm. It is necessary to maintain 
the carbons at a constant distance apart, or there will be a decrease 
in the illumination due to the burning away of the positive carbon 
with a final extinction. Fig. 292 shows an automatic mechanism 
for keeping the arc length constant. The negative carbon A is fixed, 
and the positive B is connected to an iron plunger P, which is the 
movable core of the solenoids 8 X and S 2 . The former solenoid is in 
series with the arc and attracts the plunger against its gravitational 
force, whilst the latter acts in the opposite direction. When the 
carbons are in contact, a large current flows through S x and exerts 
a force which separates the carbons. A position of equilibrium is 
reached at which the force due to the current in S x equals the sum 
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of the forces due to gravity and the current in S r As the carbons 
burn, their distance apart increases and a greater voltage drop 
exists between them. There is less voltage for S v in which the 
current decreases. The positive carbon then drops to the equi¬ 
librium position. 

The carbon arc is unstable, for as the current increases the amount 
of vaporized carbon increases, and the resistance decreases so much 
that the voltage drop (current X resistance) decreases. A steadying 
resistance must therefore be placed in series with the arc. 

Example. The voltage and current in a carbon arc are related by the 
equation E = 60 + 35/7. Find the minimum value of steadying resistance 
to make the arc stable with 8 A. 


The total voltage across the arc and resistance R is 
e = E + RI = 6 0 -f (3 5/1) + RL 
dejdl = - (35// 2 ) + R. 

If we equate this to zero we find the current which causes the 
lowest voltage across the combination. This is to occur at / = 8 A., 


and we get 


R = (35/8 2 ) = 0*55 il 


To keep an arc burning for a long period, it is often the practice 
to enclose the arc in a closed vessel filled with nitrogen or carbon 
dioxide. The vessel has asbestos 
rings to protect it. The light 
from a carbon arc is rich in ultra¬ 
violet light and is used for photo¬ 
graphic purposes. 

Flame Arcs. These use carbon 
electrodes with 5 to 15 per cent 
of various fluorides. The main 
part of the light comes from the 
arc, which is spread out by means 
of a magnet, as shown in Fig. 293. 

The flame arc is very efficient, 
but the colour is objected to and 
the discharge lamp is replacing it 
for public lighting. 

Metallic Electrodes Arc. This is known as the ‘‘Magnetite’’ Arc 
Lamp and is used in America. The positive electrode is of copper, 
and the negative of magnetic oxide of iron, titanium and chromium 
dioxide. The negative burns for 150 to 200 hours, whilst the positive 
lasts very much longer. 

Gas Discharge Electric Lamps. A tungsten filament lamp suffers 
from two disadvantages: the efficiency of a 100 W. gas-filled lamp 
working at 2 900° A. is about 12 lumens/watt, and the light is 
yellowish-white. These disadvantages have been overcome by the 
design of lamps using gaseous discharges. There are two main 
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classes of discharge lamps: in one class the highest efficiency is 
sought at the possible expense of poor colour, whilst in the second 
class colour is more important then efficiency. The former class is 
used in street lighting and the latter in homes, offices and factories. 


There are also the gaily coloured lamps 
or tubes used for advertisement and 
entertainment. 

Street Lighting. The highest effici¬ 
ency is sought, and the favoured designs 
have sodium or mercury vapour. ThePhi- 
lora and Sieray lamps containing sodium 
give a yellow light with an efficiency 




Fiq. 294. Circuit of Phllora 
Lamp 


Fig. 295. Osira Lamp 
(I.E.E. Journal) 


up to 70 lumens/watt. The lamp consists of a U-tube of two-ply 
glass containing metallic sodium and argon-neon at a low pressure, 
the whole being enclosed in a vacuum jacket to conserve heat. The 
inner ply of the U-tube is of a special low silica content glass which 
resists the action of hot sodium. The discharge is initiated by the 
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argon or neon: the tube warms up, the sodium vaporizes and the 
colour changes from red to yellow. It takes about 10 minutes 
to obtain full light output. 

Fig. 294 shows the circuit associated with a Philora lamp. Two 
heated filaments F form the electrodes. A resonant device, chokes 
C and plate D, give twice normal voltage for starting. A choke is 
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Fig. 296. Osira Lamp Circuit 
( l.E.B . Journal) 



included to limit the current, and a capacitance is used to increase 
the power factor to a reasonable value. The efficiency is 40 lumens/ 
watt for a 100 W. lamp. 

Fig. 295 shows the Osira lamp, which uses mercury vapour. 

The inner tube is the lamp proper, and has at each end an 
electrode consisting of a stick of rare earths held in a tungsten 
spiral. The oxides are activated during the construction of the 
lamp by heating the tungsten spiral. The tube contains argon at 
a low pressure and a small quantity of mercury. The outer bulb 
contains oxygen at a low pressure, as this prevents the formation 
of an absorbing film on the inside of the inner tube. An auxiliary 
electrode is connected through a high resistance to the lower 
electrode, whilst it is placed near the upper electrode. When the 
voltage is applied, full voltage appears between the auxiliary and 
the upper main electrode, between which a discharge occurs at 
once. This facilitates starting. The electrodes are heated by the 
discharge and the mercury vaporizes. As the temperature rises, the 
luminous column becomes brighter and narrower. The light is bluish- 
white, which is preferable to that from the sodium light, and the 
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luminous efficiency is 38 1. per W. for a 400 W. lamp. Fig. 296 
shows the connections of the complete discharge-lamp unit. 

Indoor Lighting. Long, tubular, fluorescent lamps have been 
introduced for indoor lighting: in this application colour is of the 
utmost importance, the preferred colour being a rosy-tinted daylight. 

As an example, the Philips MCF/U 80 W. lamp is a tube 5 ft. long 
and H in. diameter. It takes 96 W. at 230 V., and has an efficiency 
of 45 lumens/watt. 

Fluorescent lamps require a choke to limit the current and a 
starting switch. They’ usually contain mercury vapour, a small 
amount of argon, and fluorescent powders coated on the inside of the 
tube. The short wavelength light emitted by the mercury vapour 
is absorbed in large part by the powder, which re-emits a longer 
wavelength light. The result is to tone down the harsh blue light 
of the mercury vapour to a desired colour. Powders used are zinc 
beryllium silicate, calcium tungstate, magnesium chlorophosphate 
and cadmium borate. 

Fig. 297 shows a switch, known as a “replaceable starter.” On 
starting, the voltage is sufficient to produce a glow discharge between 
the bimetallic strip and the centre electrode. The strip warms up 
and closes the electrodes to complete the cathode heating circuit. 
The glow discharge is thus shorted out, the contacts open again, 
and the inductive kick from the ballast choke starts the lamp, 
thereafter the glow cannot be re-established and the bimetallic 
strip remains cold. A small condenser is included with the starter 
inside an aluminium cylinder in order to minimize radio interference. 


Summary of Sources of Light 


Source 

Lumens 
per Watt 

Absolute 

Temperature 

Colour 

(Theoretical Maximum) 

670 

— 

Yellow-green, 

5 600 A. 

(Theoretical Maximum) 

250 

— 

White (uniform) 
visible spectrum 

Black body radiator .... 

90 

6 500 

White 

16 c.p. carbon filament lamp 

2*9 

2 000 

Yellowish-white 

60 W. vacuum lamp . 

9-2 

2 400 

Yellowish-white 

60 W. gas-filled lamp 

11 

2 900 

Yellowish-white 

600 W. gas-filled lamp 

15-5 

2 900 

Yellowish-white 

10 kW. gas-filled lamp 

31 

2 900 

Yellowish-white 

40 W. coiled-coil lamp 

10*5 

— 

Yellowish-white 

100 W. sodium vapour lamp 

40-70 

— 

Yellow 

400 W. mercury vapour lamp 

40-60 

— 

Bluish-white 

Fluorescent lamps, 80 W. . 

40 

— 

1 Daylight 

Neon tubular sign 

12 

— 

! Red 


EXAMPLES XI 

1. Define luminous flux, luminous intensity, and illumination, and state and 
define the units in which they are measured. 

Describe the construction and use of the improved form of Lummer-Brod- 
hun photometer. ( Lond . Unw., 1933.) 

2. Sketch and describe a good reliable form of photometer. Explain how the 
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apparatus is set up to determine the polar curve of candle-power in a vertical 
plane for an incandescent electric lamp. What are the principal difficulties in 
a measurement of this kind, and how can they be overcome ? 

(Lond. Univ., 1933.) 

3. An open space is illuminated by three lamps each having a uniform distri¬ 

bution of C c.p. in all directions below the horizontal plane through the lamps. 
The lamps are supported at a height of y ft. above the ground, and arranged 
at the comers of an equilateral triangle of side x ft. Calculate the illumination 
on the ground at a point (a) below the centre of the triangle, (6) directly unde* 
one of the lamps. (Lond. Univ., 1932.) 

4. Compare the spectra of tungsten-filament and mercury-discharge (high 

and low pressure) lamps, and explain why the luminous efficiency of*the dis¬ 
charge lamps is higher than that of the tungsten lamp. Describe developments 
in tungsten lamps to increase the luminous efficiency without seriouslj&ffecfcing 
their life. (Lond. UnpT, 1950.) 

5. A street is lighted by means of a row of lamps suspendedJijraie centre of 
the street at a height of 20 ft. and at a cl^^^i^spwiNflSfzOO ft. Find the 
polar distribution of candle-power each lamp should have in order that the 
illumination at all points along the centre line of the street may be constant 
at 0*2 f.c. Assume that the light of each lamp is cut off by a shade 31 an 
angle of arc tan 5 from the vertical. 

How many lumens will each lamp give ? (Lond. Univ., 1932.) 

6. A lamp of 250 m.s.c.p. is suspended at a height of 16 ft. above the working 
plane and is provided with a reflector which gives approximately uniform 
distribution over an area 16 ft. in diameter of the working plane below the 
lamp. Assuming that the efficiency of the reflector is such that 45% of the 
total emitted light is directed on to this circular area, calculate the illumination 
produced. 

What would be the illumination at the outer part of the same area if the 
reflector were removed from the lamp? (Nat. Cert., 1935.) 

7- A thoroughfare 50 ft. wide is illuminated by lamps supported 16 ft. above 
the edge of the road, the lamp standards being placed at alternate sides of the 
road and spaced 250 ft. apart on each side. The illumination on the ground 
in the centre of the road opposite a lamp is 0-4 f.c. Calculate the candle-power 
of each lamp, assuming a uniform distribution in the lower hemisphere. 
What is the ratio of the maximum to the minimum illumination along the 
centra line of the road between two lamps? (Lond. Univ., 1931.) 

8. It is desired to illuminate a horizontal circular space 25 ft. dia. by lamps 
suspended at a height of 15 ft. The illumination must not be less than approxi¬ 
mately 12 f.c, at any point. Estimate the power consumption' of the lamps 
required if— 

(a) a large number of small lamps is used having an efficiency of 10 1. 
per W., these being spaced uniformly over the area to be illuminated; 

(b) a single lamp suspended over the centre of the area is used, the lamp 
having an efficiency of 20 1. per W. and being fitted with a reflector which 
directs the light output over the surface to be illuminated and gives 
uniform candle-power over this angle. 

Assume the coefficient of utilization to be 0*4 in each case. 

(Lond. Univ., 1933.) 

9. A square of 20 ft. side is illuminated by lamps of 300 o.p., one at each 
comer and 20 ft. above ground level. Calculate the illumination on the 
ground at a point half-way along one side of the square. 

If the light is emitted uniformly from each of the above lamps, calculate 
the total flux of light. (Nat. Cert., 1932-3.) 

10. Describe the characteristics and operation of a fluorescent meroury 
discharge lamp, including the starting arrangement. 

Draw a circuit diagram for a single 80 W. lamp supplied from 230 V. a.c. 
mains. (Lond. Univ., 1947.) 


12 (T.54) 
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11. Describe, with sketches, the construction of a tubular fluoresoent lamp, 
in which the tube is of small diameter and 4 ft. to 5 ft. long. Explain the action 
of the lamp, and the necessity for auxiliary equipment, and draw a diagram 
of connections. Compare the spectrum of the lamp with that of a tungsten- 
filament lamp, and explain why the luminous efficiency of the fluorescent lamp 
is higher than that of a tungsten-filament lamp. 

(Lond . Univ.y 1948.) 

12. Compare the advantages and disadvantages of tungsten-filament and 
5 ft. fluorescent lamps for industrial lighting. 

A workshop 65 ft. by 32 ft. is to be lighted by 5 ft. fluorescent lamps each 
rated at 2 200 lumens. Determine the number of lamps required to give an 
average illumination of«10 ft.-candles on the working plane, assuming a 
coefficient of utilization of 0*52. Sketch the connections for one lamp and 
show how the lamps could be arranged and connected to reduce the strobos¬ 
copic effect if the supply is (i) single-phase, (ii) three-phase. 

{Lond. Univ.y 1949.) 

13. Draw a diagram of connections for an 80 W. hot-cathode fluorescent 
lamp. Explain its starting and operating characteristics and compare them 
with those of a metal filament lamp. 

A room, 80 ft. by 40 ft., is to be lighted with 80 W. fluorescent lamps. The 
average horizontal illumination over the whole room is to be about 30 ft.- 
candles. Calculate the number of lamps required if each lamp has a luminous 
output of 3 000 lumens and the coefficient of utilization is 0-6. 

{Lond. Univ. f 1950.) 

14. Describe, with sketches, the construction of a tubular fluorescent lamp. 
Draw a diagram of connections and explain the action of the lamp (i) at 
starting, (ii) when operating normally. Compare the spectrum of such a lamp 
with that of (i) a tungsten-filament lamp, (ii) a mercury discharge lamp, and 
explain why the luminous efficiency (lumens per watt) of the fluorescent lamp 
is so much higher than that of the tungsten-filament lamp. 

{Lond. Univ.y B.Sc. Eng. t 1947.) 

15. Show that the maximum luminous intensity of a short uniform linear 
light source, such as a fluorescent mercury vapour lamp, when observed from 
a distance which is large compared with the length of the source, is Fjv 2 
candle power, F being the total flux of the source in lumens. 

Indicate on a sketch (without calculation) the approximate distribution of 
illumination from one such source on a horizontal plane below it when h is 
about 1*5 times the length of the source. {Lond. Univ.y 1949.) 

16. A fluorescent lamp 5 ft. long emits 3 000 lumens. It is suspended 
horizontally, without a reflector, 6 ft. above a level surface. Determine 
approximately the direct illumination at a point on the surface vertically 
beneath the centre of the lamp. 

Discuss briefly the advantages and disadvantages of this type of lamp. 

{Lond. Univ.y 1948.) 

17. Describe the construction of (i) a low-voltago, (ii) a high-voltage, 
tubular fluorescent lamp. Compare their luminous efficiencies and life, and 
discuss their relative advantages and disadvantages for industrial lighting. 

Draw a diagram of connections (for each type of lamp) and explain how it is 
started. Explain also the function of each piece of apparatus in the control 
gear. {Lond. Univ.y 1953.) 

18. Explain briefly the construction and purpose of an isocandle diagram 
for an exterior lighting fitting. 

A floodlight has a beam such that the luminous intensity is proportional 
to cos 4 6, where 6 is the deviation from the axis of the beam. The maximum 
luminous intensity is 12 500 candelas (candles). Determine the maximum and 
minimum illumination provided by the floodlight on a surface 50 ft. away 
and normal to the beam axis, over a circular area 20 ft. in diameter centred 
on the axis. Determine also the total light flux reaching this area from the 
floodlight. {Lond. Univ.y 1953.) 



CHAPTER XII 

ELECTRIC TRACTION 

Systems of Electric Traction. Systems of electric traction may be 
divided into two main groups; in one group the vehicles receive 
their power from a distributing network fed by a few large generating 
stations, in the other the vehicles generate or carry their own energy. 
The first group may be further subdivided into systems operating 
with d.c., such as tramways, trolley-buses, and railways, and systems 
operating with a.c., viz. railways. The second group may be sub¬ 
divided according to the nature of generation or storage; thus there 
are the diesel-electric trains and ships, the petrol-electric trucks 
and lorries, and the battery-driven road vehicles. 

Advantages and Disadvantages of Electric Traction. One of the 
most obvious advantages of electric traction, especially of the first 
group, is the cleanliness it possesses above all other systems. This 
alone makes it essential for use in the underground and tube 
railways. 

Another well-known advantage is the rapid and smooth accelera¬ 
tion and braking possible with electric traction; an electric loco¬ 
motive has an acceleration of 1*0 to 2-0 m.p.h. per sec., compared 
with the 0*4 to 0*5 of a steam locomotive. This is of special 
importance in suburban traffic, where very frequent trains must 
be run at early morning, mid-day, and evening, and where frequent 
stops occur. With a given track and stations, electric traction can 
carry up to 100 per cent more people than steam traction, because 
of the higher average speed over short runs with frequent stops. 

The size of stations in towns is limited very strictly by financial 
considerations, and the superior manoeuvrability of the electric 
locomotive enables twice as many to be used in a station of a 
given size. 

An electric locomotive needs much less time for maintenance and 
repair than a steam locomotive, so that fewer are required for a 
given volume of traffic; also the cost of maintenance and repair 
per locomotive is less by about 50 per cent. It can be used immedi¬ 
ately, whereas a steam locomotive takes about two hours to get 
up steam; this results in a better utilization of drivers’ time. 

Because of the absence of smoke and sparks, there is a greater 
safety in driving and an absence of damage to the buildings and 
apparatus due to the corrosive smoke fumes. 

A saving is caused by the absence of coaling and water depots, 
and also the time of coaling. 

The superior braking methods allow less wear on the brake shoes, 
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and in some cases a saving of energy, which is returned to the supply 
instead of being wasted as heat in the brake shoes. 

The main disadvantage is the capital outlay required to convert 
from steam to electric traction. It is certain that if this difficulty 
were overcome, the other disadvantages would not prevent a rapid 
conversion to electric traction. 

Another disadvantage is that a failure of the power supply for 
a few minutes may cause a disorganization of the service for one 
or two hours. Increased reliability of supply will render failures 
very infrequent, and improved organization will diminish the time 
of interruption of service from each failure. It is known that a 
layer of ice on the conductor rails may prevent the train from collect¬ 
ing the power which is available; this trouble is easily overcome by 
running a service locomotive up and down the line to prevent the 
formation of ice. 

Steam locomotives use their steam for heating the compartments 
very cheaply, whereas electric locomotives require to draw power 
for this purpose at a greater cost. 

In many cases telephone and telegraph lines run along the track, 
and these will experience considerable interference from the power 
lines. Either the lines must be moved away from the track, or they 
must be replaced by cables, and a considerable expense—up to 
15 per cent of the total cost—may be incurred. 

As already stated, the main difficulty is the capital cost to change 
from steam to electric traction on the railways. By far the major 
part of the cost is in the overhead equipment and feeders, and this 
is avoided in the use of diesel-electric traction. In this system the 
locomotive carries diesel engines which drive a d.c. generator that 
supplies power to the motor. The diesel engine is run at a constant 
speed so that its power output is always available, whilst the 
electric drive makes this power available at all speeds of the loco¬ 
motive. Diesel-electric locomotives have been made efficient and 
streamlined, so that very high speeds are available. The main 
disadvantage in this country is that the oil fuel has to be imported; 
if the extraction of oil from coal becomes an economic process, it 
is probable that the main railway lines will be converted to 
diesel-electric traction. 

Petrol-electric traction has been used so far in heavy lorries and 
buses. The advantage is that the electric conversion produces a very 
fine and continuous control; thus the lorry can move slowly at an 
imperceptible speed and yet it can creep up the steepest slope 
without throttling the engine. 

Battery-driven vehicles are being quickly introduced, as they are 
found very useful as light delivery vans and platform trucks. They 
are easy to control and very convenient to use. As road vehicles 
they suffer from the disadvantage of having a limited range 
and speed. 
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Electrification Systems. D.C. and a.c. systems are used, the 
latter being single-phase or three-phase. 

For tramcars the supply is about 600 volts d.c., and the rails act 
as the return circuit. There are regulations relating to the return 
circuit in order to prevent damage due to leakage currents. The 
track is designed to have good electrical continuity and conductivity 
so that the return current does not spread out much. The track is 
connected to the negative pole of the supply system, and must be 
such that the potential difference between any two points on it is 
not greater than 7 volts. When the current is high, it is not prac¬ 
ticable to limit the potential difference by having an enormous 
return rail, but instead use is made of negative boosting in a way 
that will be described later. When the return circuit is near pipes, 
the potential of the return must not be more than 4 volts above 


S'* 



earth or more than 1 volt below earth potential. The supply is either 
underground in a conduit or overhead by a trolley wire. When a 
trolley wire is used, the voltage at the generating station must not 
exceed 650 volts and at the trolley wire 550 volts. The trolley wire 
must be divided into sections of not more than half a mile, between 
every two of which there must be emergency switches. When the 
track is run on private ground 1 500 volts d.c. is favoured. For 
trolley buses the supply is at 600 volts, both lines being overhead 
and insulated from ground. As the return circuit is not earthed 
there is no fear of electrolysis, and negative feeder boosters are not 
required. 

The underground railways in London use 600 volts d.c., and the 
Southern Region has adhered to this voltage because conditions 
make it economic and satisfactory. A third and insulated rail pro¬ 
vides the positive pole of the supply, whilst the running rails are 
used as the return. Where leakage currents threaten to cause dam¬ 
age, precautions are taken by having an insulated fourth rail for the 
return (see Fig. 298). Any new services use 1 500 and 3 000 volts d.c. 

The railway line between Shildon and Newport operates at 1 500 
volts d.c. The a.c. power is converted at substations by rotary con¬ 
verters and transformers. 
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Locomotives in Poland, Belgium, and Italy use 3 000 volts d.c., 
in Montreal 2 400 volts d.c., Paris-Orl6ans-Midi 1 350 volts d.c. 

Single-phase main-line locomotives use 15 kV. at 16§ cycles in 
Austria, Germany, Sweden, and Switzerland and other countries; 
in Pennsylvania single-phase of 11 kV. at 25 cycles is used. 

Three-phase is used in some mountainous districts, e.g. in Italy. 
The voltage is 3 600 volts between phases; two overhead conductors 
are used with the rail as the third phase. The necessity for two 
collectors is a disadvantage. No transformers are required as the 
induction motors run at the line voltage. The frequency of the 



Fig. 299. Split-phase Traction System (Kando) 


useful in mountainous districts. The absence of commutators is a 
great advantage and lowers the cost of upkeep. As the induction 
motor is sensitive to speed variations, it is impossible to use the 
multiple unit method; for the motors running on worn wheels would 
rotate faster than those on new wheels and would do little work, or 
even no work if the wheels were worn enough. A locomotive provides 
all the tractive effort. 

Split-phase is used in the Kando system in which the supply is 
single-phase of 16 kV. at 50 cycles. A phase converter supplies the 
motor, which is a three-phase induction motor (see Fig. 299). 

The trend seems to be to install no more three-phase systems, but 
either*high voltage d.c. or single-phase industrial frequency; the 
latter is likely to become a serious rival of the older systems. 

Mechanical Considerations. In the early days of electric traction 
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the single-phase motor was made in large sizes because of commu¬ 
tator maintenance; and as little experience was available concerning 
gears, common practice was to use one or two large motors with rods 
connecting the driving wheels. With the improved performance and 
commutation of smaller single-phase motors and the availability of 
good gears, rod drives are being superseded and individual drive 
is being used. It appears that rod drive secures a better adhesion 
than individual drive, and is favoured for heavy, low-speed goods 
locomotives, especially when steep gradients are encountered. 

The disposition of the driving and trailing axles in a locomotive 
is described in the following manner. Numbers are used to indicate 


Q o Q o Q o h QQ . GP Qq 
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Fig. 300. Arrangements of Locomotive Drives 

(a) Six-axle, double-bogie locomotive of the New York Central Railroad. 

C’o -f C t . Nose suspension, single cushion. 

(b) Swedish State Railway. 1 Cl Jackshaft and coupling rods. 16 k\\, 165 

cycles. 

( c) Articulated express locomotive of the Pennsylvania Railroad. 

2 - C 0 4- C 0 - 2. Safe speed 100 m.p.h. 

the trailing axles, letters the driving axles, and a subscript zero is 
used to indicate individual drive of the driving axles. Fig. 300 shows 
some examples of the arrangements of locomotives. 

Fig. 301 shows a standard, mixed-traffic locomotive of the Swedish 
State Railways, the drive arrangement being that of Fig. 300 (6). 
The supply is 16 kV., 16$ cycles, and there is one twin-armature 
motor of 1 770 h.p. continuous rating and 1 975 1-hour rating. The 
gear ratio is 3*19, with 4-24 on some units used for freight traffic. 
The continuous rating tractive effort is 16 700 lb., whilst the maxi¬ 
mum tractive effort is 37 500 lb., and the maximum safe speed is 
75 m.p.h. 

Transmission of Drive. There are many ways in which the drive 
to each axle may be applied, and only a few will be described in 
general terms. 

The simplest way is to use gearless bipolar motors, whose arma¬ 
tures are mounted direct on the axles. Fig/302 shows a rough sketch 






Fig. 301. Mixed-traffic Locomotive (Swedish State Railway) 
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of such a mounting developed by the G.E. Co. of America for high¬ 
speed locomotives. The armature diameter can be kept relatively 
small for a given output and speed. The field magnets are supported 
from the locomotive frame and the pole faces are nearly flat, so that 



Fig. 302 Axle-mounted Fig 303. Nose-suspended 

Motor Motor 

the armature has vertical play without striking the pole faces. Few 
locomotives have been fitted with such a drive in the past twelve 
years, and it is unlikely that more such units will be built because of 



Fig. 304. Westinghouse Quill Drive 


the relatively large unsprung weight, the poor utilization of material, 
and the low centre of gravity of the locomotive. 

The next simple arrangement is the geared, axle-mounted motor, 
with nose suspension. The use of gearing (3 to 5 : 1) allows a higher 
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speed motor and thus a smaller motor for a given power output. 
Fig. 303 indicates the method of suspension. For motors above 300 
h.p. twin gearing is usually fitted. Because of the relatively large 
uncushioned load on the driving axle, the method is unsuitable for 
high speeds and is used for freight and light passenger locomotives 
for which the maximum speed does not exceed 50 m.p.h. 

The best method is to mount the motor in a frame supported by 



Fig 305 Brown-Boveri Linkwork Drive 


springs from the locomotive. It is then necessary to have a flexible 
coupling between the armature shaft and the driving axle to take 
up the play in distance and alignment between these axes. There 
are several methods of doing this. 

Fig. 304 shows the “quill drive” developed by the Westinghouse 
for geared motors. The photograph gives an arrangement for twin 
motors. It is seen that the gear wheels are mounted on a hollow 
shaft, the “quill,” which surrounds the driving axle and is con¬ 
nected by six springs at each end to the driving wheels. 

It is possible to have a gearless quill drive, in which case the motor 
armature is directly mounted on the quill. 

It is also possible to couple the gear wheels to the driving wheels 



ELECTRIC TRACTION 351 

without the use of a quill, and Fig. 305 shows the Brown-Boveri 
link drive which achieves this purpose. 

Mechanics of Train Movement. Fig. 306 shows a diagram of the 
essential driving parts of an electric locomotive. The armature of 
the motor experiences a torque T (in lb. ft.), and it has attached 
to it a pinion of diameter p. There is a tractive effort F' at the edge 
of the pinion, where T = £pF'. This tractive effort is transferred 
to the driving wheel (diameter D) by means of the gear wheel 
(diameter d), so that tractive effort on the driving wheel is 

F = 7?F'(d/D) = r]T X (2 Ip) x (d/D) 

= rjT x (2G/D) 

where rj is the efficiency of the gear and G is the gear ratio djp. 




Fig. 300. Driving Parts of Electric Locomotive 

The magnitude of the tractive effort that can be usefully employed 
depends upon the weight on the driving wheels and the adhesion 
of the driving wheels to the rails. The coefficient of adhesion is 
defined as 

Tractive effort to slip the wheels 
Adhesive weight 


and the following table gives values for electric tractors on dry rails. 


Speed, m.p.h. 

0 

10 

20 

30 

40 

60 

Coefficient of adhesion. 

0*25 

0*18 

014 

012 

010 

009 


If the rails are greasy the value may be as low as 0-08. A very 
important advantage of electric traction is that in a motor coach 
100 per cent of the weight is on the driving wheels, in an electric 
locomotive 70 per cent or more, but in a steam passenger locomotive 
less than 50 per cent. Moreover, the coefficient of adhesion in 
electric traction is greater than in steam traction; this is beoause 
(i) the torque in electric traction is continuous while in steam traction 
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it is pulsating, and the uneven torque sets up a jolting and skidding, 
and (ii) in electric traction the driving wheels are distributed along 
the length of the train, whilst in steam traction they are close 
together. Thus the maximum possible tractive effort is much 
greater in electric traction than in steam traction. 

The maximum possible acceleration can be found from the 
coefficient of adhesion. Suppose that the whole of the weight is 
on the driving wheels and the locomotive is running alone; then 
the maximum tractive effort is 0-25 times its weight, and the 
acceleration is 0-25 times g , viz. 

0*25 X 32-2 = 8*1 ft. per sec. per sec. 

= 5*5 m.p.h. per sec. 

If the weight of the motor coaches is only one-third of the total 
weight of the train, the acceleration cannot exceed one-third this 
value, viz. 1*8 m.p.h. per sec. This is the kind of value that is 
obtained in practice. Braking retardation can be much greater than 
the acceleration, as the brakes act on all wheels: values of 3-2 m.p.h. 
per sec. can be obtained. 

If a tractive effort of F a lb. wt. acts on a mass of W tons, the 
acceleration is 

a = (F a X 32*2)/2 240W ft. per sec. per sec. 

= F a /102W m.p.h. per sec. . . . (127) 

When the train accelerates, kinetic energy is produced in two 
ways, by the linear motion of the train, and by the rotation of the 
wheels and motors: the former is £Wt> 2 , where v is the velocity of 
the train, and the latter is 

27£Ico 2 = E (Hv 2 /r*) = imv*, 

where m = 27(1 fr 2 ), I being the moment of inertia of a rotating 
part and co its angular velocity. 

The sigma is taken for all rotating parts. This means that the 
effective value of the mass of the train is W + m ; in practice m 
is from 8 to 15 per cent of the dead weight W. Equation (127) 
then becomes 

a = F a /102(W + m) m.p.h. per sec. . (127a) 

or F a = 102a(W + m) = 102aW„ . . . (128) 

where W e = W + m, and is called the effective or accelerating mass 
of the train. The tractive effort F a is that required for acceleration; 
in practice the total tractive effort supplied by the motors must 
be equal to this plus the effort to overcome the train resistance, and 
gravitation if the train is on a slope. The tractive effort to overcome 
train resistance is 

F r = Wr, 

where r = specific train resistance , and is a function of the velocity 
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for a given train. The tractive effort to overcome gravity on a 
slope of percentage gradient G' is 

F, = ± WG7100 tons 
= ± 22-4WG' lb. wt., 


where the positive sign is used for an up-gradient and the negative 
for a down-gradient. The total tractive effort is 

F* = F a + F r + F, 

= (102aW e + W r± 22-4WG') lb. wt. . (129) 

The power output of the driving axles is 
P — Y t v ft. lb. wt. per sec., 
where v is in ft. per sec., so that 


P = F,V x 


5 280 X 0*746 
60 x 33 000 k 


- 0-00199 F,V kW., 


(130) 


where V is in m.p.h. 

Example. A motor-coach train weighing 200 tons is accelerated up a 
gradient of 1 in 200 at a mean acceleration of 1-2 m.p.h.p.s. up to a speed of 
30 m.p.h. Find (1) the tractive effort required, and (2) the output at the end 
of the accelerating period. The train resistance is 10 lb. per ton and the 
effective weight is 10% more than the dead weight. 


In this case a = 1-2, W = 200, and m = 0*1 X 200 = 20, so that 
W e = 220, r = 10, and G' = \ (1 in 200). 

By equation (129) the required tractive effort is 

F* = 102 x 1*2 X 220 + 200 X 10 + 22*4 x 200 X £ 

= 27 000 + 2 000 + 2 240 
= 31 240 lb. wt. 


At the end of the accelerating period V = 30, so that the power is 
P == 0*00199 x 31 240 X 30 
= 1 870 kW. 

Speed-time Curves. If a curve is plotted with time (in seconds 
or minutes) as the abscissa and the speed (in miles per hour) as the 
ordinate, the complete information of the motion of the train is 
represented. The acceleration at any instant or speed is found by 
drawing a tangent at the corresponding point on the curve and 
calculating the slope of this tangent; the acceleration is given 
usually in miles per hour per second (1 m.p.h.p.s. is equal to 1*47 ft. 
per sec. per sec.). The distance covered in a given time is represented 
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by the area between the curve, the time axis, and the ordinates 
through the instants between which the time is taken. Fig. 307 
shows the speed-time curves for city and main-line services. 




Fig. 307. Speed-time Curves: City Service, Main-line Service 
(Electric Traction (Dover)) 

The initial acceleration in the city service is seen to be i0 m.p.h. 
per 8*3 sec. = 1*21 m.p.h.p.s. The total distance between stops in 
the main-line service is represented by the area of 37*5 squares, 
each of which corresponds to a distance of 

10 m.p.h. x 2 min. = miles = \ mile, 

oO 

so that the total distance is 37*5 -f- 3 = 12*5 miles. 

There are usually four periods in the run, viz. acceleration ; 
oonstant speed or free running ; coasting , when the power is shut 
off and the train slows down gradually because of resistances to 
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motion; and braking. In the speed-time curve shown for a main-line 
service these periods are 6, 7, If and If min. respectively. In short 
runs, such as the city and suburban services, the free running period 
may not exist. The acceleration period consists of two parts. In 
the first part the motor tractive effort is kept constant by means 
of resistance notching, or more recently by the metadyne; this 
occurs until all the resistances are switched out and a speed V x is 
reached (see Fig. 308). The tractive effort available for acceleration, 
and climbing if necessary, is F, where F is the difference of the motor 
tractive effort and the train resistance. The acceleration in this 
period is nearly constant. In the second part of the acceleration 
period the motor tractive effort is the maximum that the motor 
can give at the speed and 
falls rapidly with the speed. 

The train resistance, how¬ 
ever, increases, slowly to 
begin with and then rapidly, 
until at a certain speed V 2 
the motor tractive effort is 
equal to the train resis¬ 
tance. At any speed be¬ 
tween V x and V 2 the trac- ^ *5 

tive effort available for Speed 

acceleration (and climbing) Fig. 308. Tractive Effort versus 
is /, which decreases from Speed 

F at V x to zero at V 2 . The 

acceleration between these speeds therefore decreases from the 
maximum value (about 1 or 2 m.p.h.p.s.) to zero. V 2 is the maxi - 
mum possible speed , and requires a motor tractive effort F x to 
maintain it. If the power is shut off, the train resistance slows 
the train; at a speed V the decelerating force is due to the 
train resistance at that speed. If the curves of motor tractive 
effort and train resistance versus speed are known, the foregoing 
method enables the acceleration and deceleration of the train at 
any speed to be found. It will be shown later how the speed-time 
and distance-time curves of the train can be calculated from the 
acceleration—or deceleration—speed curves. 

There are three speeds of importance: the crest speedy which is 
the maximum speed attained on the run; the average speedy which 
is the mean speed from start to stop; and the schedule speedy which 
is the mean speed when the stop period is included. Thus in the 
speed-time curve shown for a main-line service the crest speed is 
56 m.p.h., and the average speed is 

(12-5 X 60)/16 = 46-8 m.p.h. 

If the stops are 2 min., the schedule speed is 

(12*5 X 60)/(16 + 2) = 41*6 m.p.h. 
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Simplified Speed-time Curves. The speed-time curve of a city 
service can be replaced by a quadrilateral (Fig. 309 (a) ) or a trapezoid 
(Fig. 309 (6) ), whilst that of a main-line service is best and most 
easily replaced by a trapezoid (Fig. 309 (c) ). It is much easier to 
calculate the performance of the train from the simplified speed-time 
curves, and the results are accurate enough for most practical 



0 20 40 60 so 

Time 


(a) (b) (c) 

Fig. 309. Approximate Speed-time Curves 


purposes. The following examples illustrate the method of 
calculation. 

Example. The time-speed diagram of an electric train is represented by 
a uniform acceleration of a m.p.h.p.s., constant coasting speed of V m.p.h., 
and uniform braking retardation of b m.p.h.p.s. If the time taken to run a 
distance of S miles between stops is T sec., show that 

V = ^ [T— V(T 2 - 14 400S&)], where k = (o + b)/2ab. 

(Lond. Univ.y 1931.) 

In this case it is assumed that the coasting speed is constant—it 
would be better to call this free running—so that the speed-time 
curve is as shown in Fig. 309 (c). The acceleration is a and the 
final speed V, so that the duration of acceleration is V/a and the 
distance travelled in this time is 

MW = i(V*/«). 

Similarly the duration of braking is V/b and the distance travelled 
in this time is V 2 /26. The time of free running is thus 

T-V/a-V/b, 

and the distance travelled in this time 

V(T- V/a- V/b). 

The total distance is thus 

S' = V 2 /2 a + V 2 /26 + V(T - V/a - V/b) 

= VT- (V 2 /2 a + V 2 /2 b). 

This is a quadratic equation for V, viz. 

V 2 (l/2a + 1/2 b) - VT + S' = 0. 




ELECTRIC TRACTION 357 

In this equation a and 6 are in m.p.h.p.s., V in m.p.h., T in sec., 
so that S' is in 

miles per hour X seconds = * - miles. 

o olH) 

If we want the distance in miles, S say, we have 
S'/3 600 = S or S' = 3 600 S. 

The equation for V becomes 

kV 2 — VT + 3 600S = 0, 
where k — 1 /2a + 1/26 = (a + b)/2ab 

The solution is 

V = T/2 k ± (1/2 k) V[T 2 - 4 x 3 600&S] 

= (1/2*) [T ± V(T 2 - 14 400S*)]. 

To determine the correct sign we note that the time of free 
running is 

T - V/a - V/6 = T - 2 kV = T V(T 2 - 14 400S&). 

It is thus necessary to take the lower sign, and we have 
V = (1/2 k) [T- V(T 2 - 14 400S&)] 

and the time of free running is \/(T 2 — 14 400S&). 

Effect on Schedule Speed of Acceleration, Braking and Distance. 

Equation (131) gives a general relation, for the trapezoidal speed¬ 
time curve, between the maximum speed, acceleration, braking 
retardation, distance, and time of running. Its main use is for 
finding the maximum speed necessary or the acceleration required 
for a desired schedule speed on a given line. The following example 
shows how this is done. 

Example. An electric train operating on a suburban service hews a maximum 
running speed of 38 m.p.h. The average distance between stops is 2 200 yd. 
and the schedule speed including a station stop of 20 sec. is 25 m.p.h. Calcu¬ 
late the necessary acceleration, allowing a maximum retardation of 2*5 
m.p.h.p.s. ( B.Sc ., Lond. Univ., 1928.) 

As the distance S is 2 200 yd. = 1*25 miles and the schedule 
speed is 25 m.p.h., the time of travel plus the stop of 20 sec. is 
1*25/25 = 0*05 hr., i.e. 3 min. or 180 sec. The time of travel, T, 
is thus 180— 20 = 160 sec. The maximum speed V is 38 m.p.h. 
Equation (131) can be written as 

k = (VT - 3 600S)/V 2 = l/2a + 1/26, 
so that 1/a = 2(VT - 3 600S)/V 2 - 1/6 

2(38 X 160- 3 600 X 1-25) 1 

- 38 2 2*5 

= 1*76 

and the required acceleration is 

a = 1/1*76 = 0*57 m.p.h.p.s. 


(131) 
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Calculation of Speed-time Curve. We have seen that the 
tractive effort available for acceleration is the total tractive effort 
less that required to overcome train resistance and gravity. We 
can rewrite equation (129) as 

F a = F,-F f -F„ 

or 102aW, = F, - Wr =F 22-4WG', 


so that the acceleration is 


a = (F, - Wr 22-4WG')/102W,. . . (129a) 


The total tractive effort and the train resistance are given, in the 
form of curves, as functions of the speed, as shown in Fig. 308. We 
can then calculate the acceleration a at any speed v. As 


and thus 


a = dv/dt, dt = dv/ a 

t = j* - dv . 


(132) 


Equation (132) expresses time as a function of the speed, i.e. it 
gives the time to attain a certain speed under the varying accelera¬ 
tion. By making t the abscissa and v the ordinate we obtain the 
speed-time curve, from which the complete performance is easily 
found in the way shown above. 

During coasting and braking both a and do are negative, but the 
method is just the same. 

If a is a simple function of v the integration may be possible in 
known functions; otherwise a graphical method must be used. 

The method described is applicable to 
rotating machinery as well as to traction, 
in which case a is the angular accelera¬ 
tion, v is the angular velocity, and we 
replace mass by the moment of inertia. 

The graphical method of obtaining the 
speed-time curve is the following. We 
plot 1/a against v; Fig. 310 shows this 
curve for the traction system represented 
by the curves of Fig. 308. 1/a is approxi¬ 
mately constant up to the speed V 2 , and 
V, V V z increases to oo at speed V 2 . The time t 
Speed to reach a speed V is given by the shaded 

Fig. 310 area shown in Fig. 310. This is done for 

several values of V, and a table of t 
against V is written down from which the speed-time curve is 
plotted. 

In practice the current-speed and current-tractive effort curves 
of the motors are given, and these with the condition of maximum 
current give the tractive effort-speed curve of the motors. 
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Example. A train has a total weight of 116 tons and is equipped with four 
motors each of 275 h.p. The characteristics of the motor and the train resist¬ 
ance are given by the following table— 


Current (A.) 

Speed (m.p.h.) 

Tractive effort (lb. wt.) 


The ratio of the effective weight to the dead weight of the tram is 1*1 to 1. 
The mean accelerating current is 425 A. per motor, and the braking retardation 
is 2 m.p.h.p s. A run of 0*86 mile is to be made in 115 sec., there being an 
average up grade of 0*119 per cent. Calculate the r.m.s. current per motor 
for the run. 

Fig. 311 shows the current-speed and current-tractive effort 
curves per motor. The current is not allowed to exceed 425 A. by 


Fia. 311 


notching, so that the maximum tractive effort per motor is 
4 650 lb. wt. and this acts until the speed reaches 23*5 m.p.h. The 
tractive effort required to overcome gravity is 22*4 x 116 X 0*119 
= 310 lb. wt. We now construct a table of F e , F r , F- and F a against 
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speed, and from F„ we calculate the acceleration a from equation 
(128), viz. 

_ F„ F 0 F a 

a ~ 102W e 102 X 1 1 X 116 13 000’ 

since W e is 1-1 x the dead mass. 


Speed . 

< 23*5 

26 

28 

30 

35 

40 

45 

F, 

18 600 

12 800* 

9 760 

7 600 

4 800 

3 200 

2 080 

F, 

1 160 

1 050 

1 050 

1 160 

1 350 

1 580 

1 860 

F. 

310 

F a 

17 130 

11 440 

8 400 

6 130 

3 140 

1 310 

- 90 

a 

1*32 

0’88 

0*65 

0-47 

0-24 

010 

- 0*007 

l/a 

0-76 

114 

1-54 

213 

416 

100 



Fig. 312 shows the curve of 1/a against speed. Unit length along 
the abscissa is 1 m.p.h. and unit length along the ordinate is 
1/10 m.p.h.p.s., so that a unit square represents 0*1 sec. By counting 
the squares between ordinates we get the time between given speeds; 
thus the time from 0 to 23*5 m.p.h. is 17*3 sec., from 23*5 to 30 m.p.h. 
8*4 sec., and so on. The speed-time table is then the following. 


Speed 

0 

23-5 

25 1 

30 ' 

35 

40 

Time . 

0 

17*9 

18-5 j 

25-7 

40*7 

86-2 


Fig. 313 shows the speed-time curve. The time of the run is 
115 sec. and the braking retardation is 2 m.p.h.p.s., so that the 
speed-time curve for the braking period is a straight line through 
the point t — 115 on the time-axis with a slope of 2 m.p.h.p.s.; 
thus it goes through the point corresponding to t = 100 and 
v = (115— 100) X 2 = 30 m.p.h. As the run is short there will 
be no free running but a coasting period, during which there will 
be a retarding force due to train resistance and gravity. Let us 
take these as 1 160 and 310 respectively, and then the retardation 
during coasting is 

1 470/13 000 = 0*113 m.p.h.p.s. 

The coasting period is represented by a line of this slope. The 
position of this line is such that the area under the composite curve, 
consisting of acceleration, coasting and braking curves, corresponds 
to the distance travelled, viz. 0*86 mile. 
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In the figure drawn, unit abscissa is 2 sec. and unit ordinate 
1 m.p.h., so that unit square represents 


1 


X 


2 

3 600 


miles = 


1 

1800 


miles. 


The number of unit squares under the composite curve must 
thus be 1 800 X 0*86 = 1 550. 

A quick and easy way to find the position of the coasting line is 
to add up the squares contained between the acceleration and 
braking curves, the time axis and parallels to the latter. Thus up 
to the parallel through a speed of 10 m.p.h. the number of squares 
is 540, up to 20 m.p.h. 1 020, 30 m.p.h. 1 435, 35 m.p.h. 1 605. The 
coasting line must lie therefore between the horizontal lines repre¬ 
senting 30 and 35 m.p.h., rather nearer the higher line. It is simple 
to move a ruler so as to be parallel to the coasting line and count 
the squares between the ruler and the line v = 35 m.p.h.: the 
position required is where the area is 1 605 — 1 550 = 55 squares, 
and is shown in Fig. 313. 

The run is made as follows. Acceleration for 45 sec. when a 
speed of 36 m.p.h. is reached, coasting for 55 sec. during which the 
speed drops to 29*5 m.p.h., and braking for the last 15 sec. The 
upper part of Fig. 313 shows the current-time curve, which is 
derived from the speed-time curve and the current-speed curve of 
Fig. 311. 

The r.m.s. current gives an indication of the beating of the motors. 
To find the r.m.s. we plot (current) 2 against time, find the area under 
this curve, divide by the total time of 115 sec., and take the square 
root. It is found that mean square is 38 400 (amperes) 2 and the 
r.m.s. is 196 A. 


Traction Motors. The types used are the series or compound 
motor for d.c., series for single-phase, and induction motor for three- 
phase. The conditions of service are very severe, so that the traction 
motor is built on very robust lines. As it has to be protected against 
water and mud, it is totally enclosed, and if necessary ventilating 
ducts are specially arranged in the design. Fig. 314 shows a box- 
frame tramway motor made by the B.T.-H.: it has cast steel and 
malleable iron in place of the more usual cast iron, in order to resist 
the large centrifugal forces at high speeds. The motor is series, has 
four poles, and interpoles to give sparkless running. The armature 
is of the two-circuit variety, there are two or more turns per coil, 
and the coils are placed in open slots in the punchings. 

The series and lightly compounded motors have a torque-speed 
(or current-speed) characteristic that shows a rapid variation of 
speed with torque, whilst a shunt (or an induction) motor has small 
variation of speed with torque. Fig. 315 shows the two types of 
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characteristic. Suppose we have two identical motors driving differ¬ 
ent wheels that are not connected by a rod: if one wheel is smaller, 
it has a larger angular velocity and the motor driving it will have a 
higher speed than the other. We represent the speeds by N 0 ' and 
N 0 " f on either side of a normal speed N 0 . If the motors have a series 
characteristic, the torques are T 0 ' and T 0 ", which are seen to be 
nearly equal, so that the motors share the load fairly. If the motors 
have a shunt characteristic, it is seen that they share the load very 
unequally; as shown in the figure, the higher speed motor is acting 
as a generator and is doing less than no useful work, whilst the other 
is doing more than the total mechanically necessary work. Whilst 





% 


Fig. 314. Box -frame Tramway Motor 
{B.T.-H.) 

this would hardly occur in practice, it is nevertheless true that the 
motors would share the work very unequally, and for this reason 
motors with a shunt-characteristic cannot be used on individual 
drive. Induction motors on three-phase systems have their driving 
wheels linked by connecting rods. It is also impossible to use induc¬ 
tion motors for a multiple-unit system, in which two or more 
locomotives draw a heavy train. 

Starting and Speed Control of D.C. Motors. The speed of a d.c. 
series motor can be varied either by varying the field or the voltage 
applied to it. The field can be varied by tappings on the field or by 
a shunt across it; the latter is called “field weakening.” The voltage 
applied can be varied in three main ways, by means of series resist¬ 
ance or the series-parallel method, by the metadyne, or by the 
Ward-Leonard system; the last method is not used in traction. 

For the purpose of starting, field control is clearly useless, and 
recourse is had either to series resistance (notching), the series- 
parallel method in conjunction with series resistance, or the 
metadyne. 

Notching. The current in a series motor is given by 
E — JcNI — IR y 

or I = E/(R + JcN)y 

where E is the voltage, N the speed, k a constant of the field and 
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armature, and R the d.c. resistance of the armature and external 
resistance. At zero speed the current is E/R: external resistance is 
inserted to limit I to some predetermined value, and as the motor 
speeds up the current drops and the external resistance can be 
reduced eventually to zero. The current (or torque curve) is like 
that shown in Fig. 315. The method of calculating the steps of re¬ 
sistance is given in Electrical Technology , by H. Cotton (Sixth Edi¬ 
tion, pages 143-6). In this method of starting, known as notching , 

the resistance is put in series 
with the motor so that the 
Shunt Characteristic current has a certain maximum 
\ value, I x say, and remains until 

\ l\ the speeding up reduces the 

!\ current to a certain minimum 

^ j, N. ! \ „ value, 1 2 say. The resistance 

CharadensU is then reduced so that the 

_current regains the value I lt 

^ ^ \ and so on until no resistance is 

\ left. 

\ Series-parallel Control. The 

\ current in the series resistance of 

No No \ No" the last method of starting a 

i ft series d.c. motor involves a 

Fig 315 great waste. Part of this waste 

„ ~ can be avoided by the series - 

parallel method, when there are 
two or more motors. 


No No \\No" 

'N 

Fig. 315 

Motor Characteristics 


If there are two motors, they can be started in series with a limit¬ 
ing resistance, run up to half speed (when the series resistance is 
zero and their total back e.m.f. is equal to the supply voltage), 
switched over into parallel with limiting resistance again, and then 
run up to full speed, when the back e.m.f. of each is equal to the 
supply voltage. 

If there are four motors, more combinations are possible, viz. 
series, series-parallel, and parallel. 

There are two main methods of effecting the change from series 
to parallel, the shunt-transition and the bridge-transition methods, 
which are shown in Figs. 316a and b. In the former method the 
motors are run up to the full series position, when the series resistance 
is cut down to zero. Then some series resistance is reinserted, and 
one motor is short-circuited. Then this motor has one end opened, and 
this end is connected across so that the motors are in parallel. The 
series resistance is then cut out as the motors speed up. There is a 
jerk in this system as one motor is shorted and ceases to act, and 
then another jerk when it is reinserted. 

In the bridge-transition method, a resistance is put across each 
motor after the full series position is reached, and then the shorting 
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bar between the motors is removed, leaving the motors (each in 
series with a resistance) in parallel with each other. If the resistances 
across the motors have the correct value, the shorting bar has no 
current, since the arrangement is that of a Wheatstone bridge, and 
the transition is perfectly smooth. 

Fig. 317 shows a tramway controller using the series-parallel 
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Fig. 316 a. Shunt-transition Method 


method. The controller uses magnetic blow-outs; the blow-out coil 
system consists of flat, iron inserts in the movable part shown on 
the extreme right of the figure. 

Alternate plates are connected to the iron core of one of the two 

blow-out coils, and the remaining 
plates to the other coils, so that 
the flux is upwards in one compart¬ 
ment and downwards in the next. The 
contact fingers are situated between 
the iron plates, and the directions of 
the various currents are so arranged 
that the arc is always blown outwards 
on to the metal cover of the controller, the inside of the cover 
being coated with an asbestos material. 

Fig. 318 shows a simplified form of the power diagram of a 
1 500 volt d.c. train equipment. L v L 2 , L z and L x are line switches 
and are used in series pairs. Motors 1 and 2 are in series, and have 
three breaks L z , L x> and P ; motors 3 and 4 are in series and 
have the breaks L v L 2 , and M . Bridging contactors and S 2 
have full line voltage of 1 500 volts across them when the motors 
are in parallel, and for this reason there are two breaks. Resist¬ 
ance W protects the system at switch-on in case there is a fault in 
motor 1. 
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Fig 317. Tramway Controller 
(English Electric) 

Energy Saved by Series-parallel Control. Let us consider 
the cases (i) where the motors are started in parallel with limiting 
resistance, and (ii) where they are started by the series-parallel 
method. In both cases we assume that the series limiting resistances 
are continuously varied so that the current through each motor, 
whether in series or parallel, is equal to the maximum permissible 
value. It follows that each motor produces a constant torque, in 
whatever combination it finds itself, and thus there is the same 
constant acceleration in both methods. We will assume further 
that armature and series field resistances can be ignored, as they are 
small compared with the limiting resistances. 






























Voltage 


R 

Fio. 318. Power Diagram of 1 500 V. D.C. Train Equipment 


e.m.f., increases uniformly with time, until the back e.m.f. is equal 
to the supply voltage at time t A . At time t P the back e.m.f. is 
PQ and the voltage drop in the limiting resistance is QR. 



(cl) (b) 


Fio. 319. Energy Losses during Notching 

The power dissipated in the resistance is thus 21 . QR , and the 
total energy lost in the starting process is therefore 21 times the 
area OBC . 

Fig. 319 (b) shows the conditions in the second case. The motors 
speed up at the same rate as before and therefore the back e.m.f. 





368 


ELECTRICAL POWER 


of each motor is represented by the line OB , as before. The back 
e.m.f. of the series combination, however, is twice this value and is 
represented by OB' :where N is mid-way between 0 and A and NM 
represents half the supply voltage. The voltage across the limiting 
resistance during the series period is thus QR , but the current is 
only 7, so that the energy lost is I times the area OCB' . At time t N 
the motors are switched into the parallel position and the back 
e.m.f. is represented by the line MB. The energy lost in this period 
of the starting is 27 times area MB'B , since the total current is 
now 21. 

If we represent the supply voltage by V and the starting period 
by T, the energy lost in the first method is 

27 x OBC = 21 x \V X T = IVT. 

In the series-parallel method the energy lost is 
7 X OB'C + 21 x MB'B 
= (7 x \V x \T) + 21 x J(JF X VI 1 ) 

= \IVT. 

The energy input to the motors in either method is 
21 x IV x T = IVT, 

since each receives a current 7 at a mean voltage \V. Thus the 
efficiency of the first method is 50 per cent, whilst in the series- 
parallel method it is G6§ per cent. The series-parallel method 
enables a saving of 15 to 20 per cent of the total energy to be 
obtained in ordinary tramway running; moreover, it allows two 
running speeds (four if tap-field control is used in addition). If 
four motors are used they admit of series, series-parallel, and 
parallel combinations, and the losses in starting are 37*5 per cent 
of the energy used (as compared with 50 per cent in the series-parallel 
method and 100 per cent in the simple parallel method); there are 
three speeds (without the use of tap-field control) whose ratios are 
1:2: 4. This method is used for freight trains but not for trams, 
where series-parallel (more recently with tap-field control) is used. 

In practice the effect of the resistance of the motor is not entirely 
negligible, but the method of calculating the performance of series- 
parallel starting is not essentially altered. The resistance drop in 
the motor is constant, since the current is considered constant, 
and this is subtracted from the supply voltage; the difference is 
available for back e.m.f. and voltage drop in the limiting resistance 
and the method is then as shown in Fig. 319. 

The Metadyne.* In the methods of control described above, 
resistance is put in series with the motor and slowly cut out. During 
this process of notching, which is jerky, a great deal of energy is 

* The author’s thanks are due to the Metropolitan Vickers Electrical Co. 
for the information on this development. 
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wasted in the resistances. The metadyne achieves smooth control 
without dissipating energy in a resistance. It is, in essence, a 
rotating transformer for d.c. power with a transformation ratio 
that can be varied (continuously, if desired). Thus it can draw 
power from a constant (d.c.) voltage source and deliver it at a 


(a) 




Fig. 320. Theory of Metadyne 

constant current and varying voltage to an accelerating motor; 
this is clearly the best way in which the motor can receive the power. 

The metadyne has a d.c. armature, but twice as many poles and 
brushes with the given armature as an ordinary d.c. machine. 
Fig. 320 (a) shows an ordinary d.c. machine with two poles and two 
brushes: a current flowing in the direction shown causes the 
armature current distribution shown in the figure with the corre¬ 
sponding cross-flux, which is mainly restricted to the pole faces. 
Fig. 320 (b) shows the metadyne using the same armature. There 
are four poles and four brushes, as shown, and a ourrent I x produces 
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an armature current distribution as in Fig. 320 (a). The flux due 
to the armature current is now provided with a path through the 
yoke by the four poles in the way shown. This primary flux produces 
an e.m.f. in the armature between the brushes B and D , so that a 
current I 2 flows through the load in the direction shown. The load 
current I 2 produces the armature-current distribution and flux 
shown in Fig. 320 (c). This secondary flux produces an e.m.f. 
between brushes A and C , which neutralizes the applied voltage E 1 
(except for the small resistance voltage-drops). 

Suppose that the metadyne is run at a constant speed and that 
resistance voltage-drops are negligible. The e.m.f. produced between 
brushes A and C is E x and is due to the flux produced by current I 2 ; 
the flux due to I x produces no e.m.f. between brushes A and C. 
We have therefore 

E x = KI r 

Similarly E 2 = KI V 

where K is a constant depending on the construction of the machine 
and the speed. We see that 

E X I X = E^, .... (133) 

i.e. the input and output powers are equal. It is necessary, therefore, 
to supply only the running losses of the machine. Moreover if the 
supply voltage E 1 is constant, the load current I 2 is constant, no 
matter what the resistance of the load may be. If the load resistance 
increases, the load current remains fixed, but the input current 
increases to supply the necessary power. 

The scheme shown in Fig. 320 ( b ) is perfectly adequate to start 
a motor at constant current; the load is then merely the motor. 
Since the action is reversible (i.e. the currents can be reversed), 
this scheme would also give a system of regenerative braking, in 
which the motor sends back a constant current / 2 to the set and 
thence I x to the line. 

When the motor load has reached its maximum speed it is 
necessary to diminish I 2 to the running value. This is done by 
means of variator and regulator windings in the following way. 

The variator winding is wound round the poles so that the flux 
lines are like those due to the secondary current, i.e. as shown in 
Fig. 320 ( c ). The variator excitation is said to be positive if its flux 
is in the same direction as those due to / 2 , and negative if the 
flux is in the opposite direction. The use of the variator windings 
destroys the transformer property of the metadyne, as expressed 
in equation (133). For if the variator winding were given enough 
current to produce the flux yielding the back e.m.f. E v the current 
I t would fall to zero, and then there would be an input but no 
output. The metadyne would then speed up. Conversely if the 
variator flux were equal to the flux produced by 7 t in the absence 



ELECTRIC TRACTION 


371 


of the variator winding and opposed it, / 2 would have to inorease 
by 100 per cent to overcome this flux. We should then have an 
output equal to twice the input, and the metadyne would need 
mechanical power, equal to its input electrical power, to keep 
it running. 

The metadyne is maintained as a transformer by means of a 
regulator winding , which produces a flux as in Fig. 320 (6). This 
flux affects the output current and power, and if the current in the 
regulator winding is correctly adjusted, the output power remains 
equal to the input power. 

The effects of the armature, variator, and regulator currents can 
be summarized in the form of the equations 


E 1 = KI 2 + &t/ v ) 
and E 2 = KI X + k r I r ) 


(134) 



where I v and I r are the variator and regulator currents, and k v and k r 
are constants of the machine, the windings, and the speed. The 
input and output powers are 

and P. = EJ, - A7,7, + Wr) ' ( ) 

The condition for transformer action is 

k v I 1 I v = k r I 2 I r ..... (136) 

Fig. 321 shows a complete metadyne set, which may be used for 
motor starting and regenerative braking. The method of exciting 
the field of the exciter is determined by the required current-voltage 
curve of the load (i.e. secondary). Fig. 322 shows a set of charac¬ 
teristics. The secondary current-secondary voltage curve is deter¬ 
mined by the requirements of the load. The primary current curve 
is calculated from the fact that the input power equals the output 
power, i.e. I x = I 2 EJE V E x in this case being 600 volts and E t is 
along the abscissa. It is assumed that in the set a secondary current 
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of 200 amperes is required to produce a back e.m.f. of 600 volts in 
the primary circuit. From this assumption and the curve of 
secondary current, the curve of variator current is drawn for a 
variator winding having the same number of turns per pole as the 
armature winding (i.e. for k v = K). Then from these curves and 
equation (136) the regulator current is calculated and the curve 
drawn, again with k r = K. 

Modifications are required, of course, to allow for resistance drop, 
iron saturation, windage losses, etc. 

The metadyne has applications wherever control of d.c. motors 
is required. The control is smooth and requires no switching, so 
that switchgear and arcing are avoided. In some cases it is cheaper 



Fig. 322. Current-characteristics of Metadyne Set 


than the Ward-Leonard system in first cost. In traction it provides 
smooth acceleration, without skill on the part of the driver, and 
regenerative braking down to very low speeds. It is already being 
used on the Underground railway. 

Field Weakening or Tapped Field Control. When the motors have 
run up to full speed, an increase of speed is still possible by cutting 
out some of the field turns by means of tappings or by a shunt. It 
is usual to have not more than two tappings giving 15 and 30 per 
cent increase in speed. The results are best explained by an example. 

Example. The following figures relate to the series-wound motors of an 
electric locomotive— 


Current per motor (amperes) 

200 

300 

400 

600 

Train speed (m.p.h.) 

41-5 

33-5 

28*6 

28-0 

Tractive effort per motor (lb.) . 

1 300 

2 460 

3 660 

4 870 
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Calculate the values of speed and tractive effort for the same range of arma¬ 
ture current when the series field current is reduced 20 per cent by a field 
diverting resistor. 

By means of diagrams illustrate not more than three methods employed in 
modem electric traction to transmit torque from the motors to the driving 
wheels, discussing briefly their relative advantages. 

{Lond. Univ. t 1939.) 


A clear picture of the action of a field diverter is obtained by plot¬ 
ting speed and tractive effort against armature current: Fig. 323 



shows the curves for the values given above in full line. If the field 
current is reduced 20 per cent by a shunt resistance, the field current 
is 0*8 of the armature current. Thus when the armature current is 
400 A., the flux is that produced by a normal field coil with 0*8 X 
400 = 320 A.; and as we ignore the resistance drop in the armature 
and assume that the supply voltage is constant, being equal to N<p, 
the speed with the reduced field is that which occurred previously 
at 320 A. Thus the point P on the speed-current curve becomes the 
point P x . In this way we get the speed-current curve for the weak¬ 
ened field. The tractive effort is proportional to I<p, i.e. to I/N at 
constant voltage supply. The tractive effort at 400 A. with the 
weakened field is thus 

OQ.K 

3 660 X ~ = 3 260 lb. 

Fig. 323 shows the new tractive effort-current curve. It is simple 

13—(T-54) 
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to derive the new tractive effort-speed curve from the two new 
curves. 

Starting and Speed Control of A.C. Motors. The methods adopted 
differ considerably according as to whether the motor is three-phase 
or single-phase. 

Three-phase Motors. Starting is done by means of liquid or metallic 
rheostats in the rotor circuit. 

Speed control is effected in two ways, by cascading and pole 



Fig. 324. Cascade Connection of Motors 
(Electric Traction (Dover)) 


changing. The effects of these methods are seen from the following 
equations, which hold for an induction motor. 

Speed = /(I — s)/p . . (137a) 

and Rotor power dissipated = ksfT/p, . . . (1376) 

where / is the frequency, s the slip, p the number of pairs of poles, 
k a constant, and T the torque. 

If power were dissipated in the rotor by means of resistance, the 
slip would increase by equation (1376) and hence the speed fall by 
equation (137a). Instead of wasting this power it may be used to 
drive another induction motor; and thus we achieve the cascade 
connection of Fig. 324, in which power is taken by slip rings from the 
rotor of the first motor to drive the second motor. The rheostat 
in the second rotor enables speed regulation up to the casoade 
synchronous speed, which is f/(Pi + p 2 ), where p x and p t are the 
pairs of poles in the two machines, which are coupled mechanically. 
If the motors have equal numbers of poles, the cascade synchronous 
speed is half that of a single motor. The two motors provide 
approximately equal mechanical power. A disadvantage is the low 
power factor of the combination. 
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Equation (137a) shows that if the number of poles is changed the 
speed is changed. The ways in which the number of poles can be 
changed are numerous and complicated; but the principle may be 
illustrated simply as in Fig. 325, where a winding is shown as giving 
4 poles and 8 poles by altering the supply connections. 



4-pole Winding 8-pole Winding 

Fig. 325. Pole Changing 


Single-phase Motors. The voltage can be reduced on starting 
without the use of resistances, and this gives a large saving of energy; 
it should be noted, however, that this advantage of the a.c. system 
has been to a large extent neutralized by the introduction of the 
metadyne. 

In the a.c. system, as the power is supplied from the line by a 
transformer, all that is necessary is a number of tappings on the 


Transforrmr 



Fig. 326. Connections for Contactor Method 
of Tap-changing 

(Electric Traction (Dover)) 


secondary of this transformer. A preventive coil is used to ensure 
satisfactory operation, in a manner shown in Fig. 326. In the case 
shown there are five notches, and at each position two adjacent 
contactors are closed. The preventive coil ensures that the part of 
the transformer secondary between the two contactors is not shorted. 
A very important advantage of this method is that each notch is a 
running position, so that there are available many speeds of running. 

Electric Braking. On trains, trams, and trolley buses there are 
available mechanical and electrical brakes. The wheel brakes, which 
are mechanical, are worked by compressed air on trains and by hand 
on trams or trolley buses. On trams the mechanical track brake 
consists of one or more pairs of wooden blocks, which are pressed on 
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to the track rails by means of levers; this brake is for use on steep 
gradients and utilizes the weight of the car. The magnetic track 
brake consists of electromagnets, which are suspended normally to 
clear the track; when they are energized they are attracted to the 
track. 

There are three important methods wherein the kinetic energy 
of the tram or train is absorbed by an electrical process; these are 
(1) plugging , (2) rheostatic braking , and (3) regenerative braking . 

(1) In plugging, the torque of the motor is reversed and this brings 
the car to a standstill. In a d.c. motor a reversed torque is obtained 
by reversing either the field or the armature current (not both ); it 



Running 


+ 



Plugging 


Fig. 327. Plugging a 
Series Motor 


+ 



Running Rheostatic 

Braking 


Fig. 328. Rheostatic Braking 
with a Series Motor 


is usually convenient to reverse the armature current. Fig. 327 
shows the running and plugging connections for a series motor. In 
the running position the back e.m.f. is nearly equal to the supply 
voltage and opposes it, so that a small voltage is available to drive 
the normal current through the small resistance of the motor. In 
the plugging position the back e.m.f. is in the same direction as the 
supply voltage; so that at the instant of switching twice supply 
voltage is available, and an enormous rush of current would take 
place (about twice the current taken by the stationary motor on 
full voltage). Limiting resistance has therefore to be inserted in 
series with the motor. During the braking period the supply has 
to give energy (at the rate of VI watts), and this energy plus the 
kinetic energy of the car has to be dissipated in the series limiting 
resistances. The method is thus wasteful of energy, although it is 
efficient for braking purposes. 

Plugging can be achieved in an induction motor by reversing the 
direction of rotation of the magnetic field, and this is easily done 
by reversing the connections to two of the three phases. In this 
case the current does not increase to an excessive value. By using 
different values of rotor resistance, any desired speed-torque 
braking curve can be obtained. 



ELECTRIC TRACTION 


377 


(2) In rheostatic braking the motor is disconnected from the 
supply and connected to a resistance. The kinetic energy of the 
car drives the motor which then acts as a generator and dissipates 
energy in the resistance. This method can be used for d.c. and 
synchronous motors. 

In the case of d.c. shunt and synchronous motors the field is kept 
across the supply, but the armature is switched from the supply to 
across a resistance; if the supply fails, the field disappears and there 
is no braking. 

Fig. 328 shows the running and braking connections of a series 
motor; the direction of the current in the armature is reversed, 
and so to facilitate the build¬ 
up of the series field the con¬ 
nections to the field winding 
are reversed. This ensures that 
the residual field is in the cor¬ 
rect direction at the beginning 
of build-up, and the flux will 
not pass through a zero position. 

The braking resistance is low 
enough for the generator to be 
self-exciting. 

In traction work there are 
always two or four motors. 

These could be used in series 
for rheostatic braking, but 
the resulting voltage would 
be too high. In practice they are put in parallel for braking; 
in this case it is essential to ensure that the machines share 
the load; otherwise the machine that builds up first would 
send a large current through the other and cause it to build up in 
the opposite direction, with the result that the machines would 
short-circuit one another. Fig. 329 shows two methods of avoiding 
a short-circuited condition: in the first method an equalizing bar 
is used; in the second a cross-connection of the fields makes the 
armature current of the more powerfully excited machine 
strengthen the field of the less powerfully excited machine, with 
the result that equal excitation is achieved in both machines. 

Rheostatic braking cannot be used with induction motors. 

(3) Plugging and rheostatic braking involve the wasting of 
the kinetic energy of the tram or train, whilst the former 
even draws more wasted energy from the supply during the braking 
period. A worth-while economy is effected if the kinetic energy of 
the vehicle can be turned into electrical energy and pushed back 
into the supply. This method is known as regenerative braking. 

The induction motor acts automatically as a regenerative brake 
at speeds above the synchronous speed, and is of special advantage 
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Fig. 329. Avoiding Short-circuit 
in Parallel Operation during 
Rheostatic Braking 
(Electric Traction (Dover)) 
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on mountain railways. It is found that the motor returns up to 
20 per cent of the total energy on certain railway runs, and saves 
a great deal of brake shoe wear. 

The series d.c. motor cannot be used for regenerative braking 
without modification. For if the motor is to act as a generator, 
its armature current reverses and the series field connections must 
be reversed, otherwise the field flux will be neutralized and the 
build-up will not occur. But even if the driver were skilful enough 
to reverse the field connections at the exact moment, the method 
would still be useless. For at the instant of reversal the e.m.f. 
generated by the motor is small and is completely overpowered by 
the supply voltage, which drives current through the field in the 
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Fig. 330. French Method of Regenerative Braking 


wrong direction, reverses the field and causes the e.m.f. of the motor 
to aid the supply voltage. The result is a short-circuit of the supply. 
The main trouble associated with regenerative braking by series 
motors is seen to be due to the lack of control of the field. There 
are various methods of overcoming this difficulty, either by modi¬ 
fication of the windings or by supplying the machine with separate 
excitation. 

Fig. 330 shows a well-known French method. During motoring 
the machine acts as a series motor, but has a main series field 
winding and auxiliary windings in parallel with it. During genera¬ 
tion the auxiliary windings are switched (in series) across the supply, 
and the machine acts as a shunt generator slightly and differentially 
compounded. If there are several motors, there need not be any 
auxiliary windings. During motoring the field windings are in series 
with their respective armatures, and the motor circuits are in 
parallel. But during regeneration the circuit is as shown in the 
right-hand side of Fig. 330, except that in place of a single armature 
we have all the armatures in parallel, and what are shown as 
auxiliary field windings are the ordinary series windings of all the 
motors but one. 
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Fig. 331 shows the Metropolitan-Vickers regenerative system, 
which uses an auxiliary generator; this can be either one of the 
train motors or a special machine. The magnitude of the regenerated 
current is controlled by varying the field strength of the auxiliary 
generator, and thus the regeneration does not depend wholly upon 
the speed of the tram. The stabilizing resistance is used to prevent 
current surges when the tram crosses from one section of the supply 
to another, and to compensate for variable line voltage (towards 
which regeneration is very critical). Suppose that the line voltage 
rises, so that the regenerated current tends to decrease. The current 
in the stabilizing resistance, being the sum of the auxiliary generator 
and regenerated currents, tends to decrease also. The voltage drop 



— i/p 


Fio. 331. Metropolitan-Vickers Regenerative System 

in this resistance decreases and thus the voltage across the main 
generator field increases, so that the e.m.f. in the main generator 
increases and thus compensates for the rise of the line voltage. 

The modern tendency is to use regenerative braking down to 
about 10 m.p.h., then rheostatic braking down to 4 m.p.h., and 
finally mechanical braking to a standstill. This diminishes wear 
on the brake shoes. 

Trolley-bus Control Equipment. Trams and small locomotives use 
drum controllers, of the type shown in Fig. 317, but where the cur¬ 
rent is too large for such equipment a master controller is used. The 
contacts instead of being made or broken by hand, are closed or opened 
by contactors, which are operated by solenoids. Figs. 332 a and 332 b 
show a double-pole and a single-pole contactor used for trolley-bus 
control. Fig. 333 shows a master controller for a trolley bus. 

In a trolley-bus it is usual to use one motor of rating 80/95 h.p. 
at 500/550 volts, as the adhesion between a rubber-tyred wheel and 
the road is high. To permit of regenerative braking a compound- 
wound motor is used. A foot-operated master controller is used, to 
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Fig. 334. Key Diagram of Regenerative-rheostatic Equipment 
with Battery Manoeuvring (B.T.-H.) 
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ensure that the driver’s hands are available for steering and the using 
of the hand (mechanical) brake. Fig. 334 shows the diagram of 
operation of the trolley-bus controller made by the B.T.-H. Co. 
with regenerative and rheostatic control. The controller has an 
accelerating controller and reverser, and a braking controller for rheo¬ 
static braking. The two controllers are operated by foot pedals, 
the accelerator pedal and the braking pedal. The reverser is operated 
by an insulated handle placed by the driver’s left hand. The foot 
pedals need only a small effort to depress them, and they are fitted 
with restoring springs so that they come up on removing the foot. 

The method of operation shown in Fig. 334 is briefly as follows. 
On pressing the accelerator (left) pedal, the motor armature with 
its series field and full main resistance is thrown across the supply, 
as is also the shunt field (whose resistance is shorted out). The main 
resistance is shorted out in four steps, until position 5 is reached. 
This is a position with full field. To get higher speeds, field weaken¬ 
ing is used in the way shown. On releasing the accelerator pedal 
back to position 1, contactor 5 remains closed, so that full field 
obtains and regenerative braking takes place, and the car slows down 
to about 12 m.p.h. Then the brake (right) pedal is partly depressed, 
the motor is removed from the supply by the opening of contactors 
1 and 1A, and contactor 8 closes. Rheostatic braking takes place in 
two steps, until the speed drops to about 4 m.p.h. A final pressure 
on the brake pedal causes the mechanical (wheel) brakes to operate. 
Statutory regulations demand two independent systems of mechan¬ 
ical brakes, which are of the expansion type used in motor cars, 
and are operated by the usual vacuum, compressed air, or hydraulic 
devices. The motor is fixed rigidly to the chassis, which is spring- 
supported from the road wheels. The power is transmitted by a 
shaft to a worm-driven differential gear in the back axle, as in an 
ordinary motor-bus. 

Master Controllers. Master controllers can employ different 
methods for closing or opening the contactors, and there are three 
methods in use. In the all-electric method, the contactors are worked 
by solenoids; in the electro-pneumatic method, solenoids work the 
valves that admit air into cylinders in which movable pistons close 
or open the contactors; in the camshaft method, the contactors are 
operated by cams mounted on a shaft driven by an electric or a 
pneumatic motor. One of the disadvantages of the all-electric 
method is that supply variations may cause uncertainty of action 
of the contactors. In the latter two methods, large mechanical forces 
can be put on the contactors, so that vibration can cause no harm: 
moreover, the systems are electrically simple and mechanically very 
robust, so that they are favoured. 

Multiple-unit Control. Electric trains on suburban service or on 
the Underground are varied in length according to the traffic require¬ 
ments. The number of motor and trailer coaches thus varies, and it is 
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necessary to arrange for the simultaneous control'of motors at 
different points of the train. 

In the multiple-unit method of control, each group of two or 
four motors in every motor coach is provided with a series-parallel 
controller, reverser, starting resistances, and current collecting gear. 
Such a group is called a unit of the train equipment. The controllers 
and reversers are remote controlled by a master controller situated 
in any motor coach, and multicore cables couple the controlling 
circuits in parallel. Fig. 335 gives a diagrammatic sketch of three 
motor coaches with multiple-unit control. The controller in use is 
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Fig. 335. Multiple-unit Control 

that on the left, but it may be any one of the three. In the position 
shown the first three contacts are made; the making of the first 
contact on the left of the controller earths the controller, making 
the second energizes the first (left) contactor and connects the motor, 
field, and all the resistances across the supply, whilst making the 
third contact energizes the second contactor and shorts out the 
resistance R x . This is the position shown. 

Overhead Construction for Tramways and Trolley Buses. Statu¬ 
tory regulations demand that the trolley wire be placed at a mini¬ 
mum height of 17 ft. above the street surface (except under bridges), 
and supported at intervals not greater than 120 ft. 

The trolley wire is of hard drawn copper, and the most usual 
cross-section is grooved circular, as shown in Fig. 336, which illus¬ 
trates an ear, trolley wire, and trolley wheel. The advantages of 
the grooved wire over a circular wire are (1) elimination of soldering 
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during erection, resulting in a quicker and cheaper erection, and (2) 
smoother running, since clipped fittings offer less obstruction than 
soldered fittings. 

The most usual method of supporting the trolley wire is the 
following. Poles are erected on both sides of the road, and span 
wires of stranded galvanized steel are run between the poles. The 
span wires are insulated from the poles by span-wire insulators. 

The globe insulator has two malleable iron 
castings, one compressed over the other, which 
take the strain; they are insulated from each 
other by mica. A hanger is attached to the 
span wire, and an ear is screwed on by a bolt, 
which is held by the hanger but is insulated 
from the span wire. There is thus double 
insulation between the trolley wire and earth. 
At curves the trolley wire is kept in position 
by pull-off and bridle wires; strain insulators 
are used in the pull-off wires, and these have 
incorporated in them tumbuckles for adjusting 
the position of the trolley wire. At junctions 
frogs and crossings (Fig. 337) are required; 
Fig. 338 shows a junction for double track. 

The collection is most usually done by 
means of a sprung trolley arm with a swivelling 
head. There is a tendency to introduce the 
pantograph for collection, but this will be 
described later as it is used mostly in railway 
traction. 




Fig. 336 . Ear, 
Trolley Wire and 
Trolley Wheel 


(British Insulated Cables) 


As trolley buses diverge very much from 
the track, dewirements occurr. Fig. 339 
shows a hydraulic arrangement to overcome 
dewirement; the hydraulic shock absorber 
acts in the downward direction only. Note 
the carbon current collector. 

The overhead construction is as for tram¬ 
ways, except for the modifications entailed by 
the double line required. At junctions and 
cross-overs the trolley wires of opposite polarity 
must be insulated from each other at the 


crossings, and a special form of section insulator has been developed 
for this purpose. The current is collected by two trolley arms, and 
these are so constructed that the bus can deviate by as much as 
13 ft. from the centre line of the overhead wires. 


Feeding and Distributing System for Tramways. The regulations 
demand that the voltage of the trolley wire shall not exceed 550 volts 
and the generating voltage 650; the potential difference between 
any two points of the earthed return must be less than 7 volts, 
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and the potential of any point must not be more than 4*2 volts 
above earth. These conditions necessitate separate feeding systems 
for the trolley wire and the track rails. 

Fig. 340 shows how the regulations are obeyed on a long system 
by the use of boosters. The negative bus-bar is earthed by two 




Fig. 337 . Frogs and Crossings 
{British Insulated Cables) 


buried plates. One lead from the negative bus-bar is run to the 
track near the generating station, and one from the positive bus-bar 
to the trolley wire. If no other connections were used, the potential 
along the trolley wire would decrease with the distance away from 
the station; whereas the potential of the track would rise (because 
of the voltage drop of the current in it), so that a point would be 
reached where the potential would be greater than 4*2 volts. The 
potential along the trolley wire is kept constant within narrow limits 
by feeding the sections, which are isolated from each other, by 





Fio 338 Junction for Doub 

{Electric Traction (Dover)) 
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feeders in series with positive or feeder boosters ; in Fig. 340 one 
such booster is shown feeding the right-hand end of the trolley wire. 
The booster voltage regulates itself by the current in the feeder in 
series with the booster. The potential at the corresponding point 
of the track is lowered to earth potential by the negative booster , 
which is regulated by the same feeder current. The positive and 
negative boosts are thus regulated by the load, and are such that 
the track potential is very low and the trolley potential is nearly 
constant (at about 550 volts). By supplying the trolley wire and 
track at sufficiently close intervals, the trolley wire can be kept as 



(Electric Traction (Dover)) 


near 550 volts as desired and the track is kept at nearly earth 
potential. 

The method of calculating the distribution of potential for given 
loads is given at the end of Chapter VI. The following example 
illustrates the application of a negative booster. 

Example. Explain with connection diagrams the function of (a) feeder 
boosters, (6) negative boosters, in an electric tramway system. A section of 
a tramway track 3 miles long has a resistance of 0-0145 12. per mile, and a 
uniformly distributed load of 320 A. per mile. A negative feeder having a 
conductor resistance of 0-046 £2. per mile is connected to the track at a point 
2 miles from the station, and a negative booster is included in the circuit. If 
the potential of the track is reduced to zero at the point of connection to the 
booster, calculate the rating of the booster required and the maximum 
potential of the rails above earth. ( Lond . Univ. f 1931.) 

Fig. 341 shows the diagram of connections of the feeder and 
negative boosters. The function of the feeder booster is to keep the 
trolley wire at constant potential, whilst that of the negative booster 
is to keep any point of the track within 4 V. of earth potential and 
any two points within 7 V. potential difference. 

We assume that in this case there is no feeder booster, and the 




ELECTRIC TRACTION 


389 


scheme is as shown in Fig. 341. Fig. 342 shows the Conditions of 
current and voltage. In the last mile 320 A. enter the trolley wire 
and 320 A. come in from the track (point P). At a point distance x 
from the generating station a current of 320(3 — x) goes along the 

Positive Bus-bar Trolley Wire 


I ************* I 



'Negative Booster 


Negative Feeder 



Negative Bus-bar 


Track 


Fig. 341. Negative Booster for Track 

trolley wire: let i x be the current returning along the track, and 
let I be the current in the negative feeder. Then 

i x + / = 320(3 — x) or i x = 320(3 — x) — I. 


1 

- X --w 

320 

. Trolley 


'320(3-x) 


Wire 

+/f 

0092 n ; I 




p , L _ 

320 

—— Track 

0 

V77, 

M i i x ? 

Fio. 342 


Q 


As the point P has been reduced to zero voltage, the voltage 
drop along OP is zero, i.e. 

jf 2 0-0145vfa = 0. 

Substituting for i x we find 

jf 2 [320(3 - x) - l]dx = 0 

= [320(3# — £#*)-/#]: 

= 1 280 - 21, 
i.e. / = 640. 
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The distribution of the current along the track is then the follow¬ 
ing, At My one mile out, there is no current. Between M and 0 
the current flows towards O , at which point the current is 320 A.; 
between M and P the current is towards P, where it is 320 A. At 
Q the current is zero, and increases at P to 320 A. The maximum 
potential of the track occurs at M and Q , as current flows from 
higher to lower potentials. At these points the potential is 
i 

(0*0145 X 320 x)dx 

= 0*0145 x 320[£z 2 ]: 

= 0*0145 x 320 x i = 2*32 V. 

If V is the voltage produced by the negative booster, 

V- 0*0927 = 0, 

giving V = 59 V. The rating of the booster is 
59 X 640 VA. = 38 kVA. 

If the negative booster were not used, the maximum potential 
would occur at Q and be 

[0*0145 x 320 (3 - x)]dx = 20*8 V., 

which is five times the permissible value. 

The effect of the booster has been to reduce the voltage drop to 
that occurring in one-third of the track length, instead of that in 
the whole track length. It can be shown that if the track is of 
length 1, resistance r per mile, and has a uniform load of i amperes 
per mile, the maximum potential is \ril 2 . For the current at distance 
x from the station is i(l — x), so that the maximum voltage, which 
occurs at the far end, is 

ri(l — x)dx = ri[lx — J# 2 ]* = \ril 2 . 

Reducing the effective track length to one-third therefore reduces 
the maximum voltage to one-ninth. For example, in the case 
worked out above the maximum voltage is reduced from 20*8 to 2*32. 

If the track is 5 miles long and negative feeders are run out to 
points at 2 and 4 miles from the station, the maximum voltage on 
the track is reduced to one twenty-fifth. 

Overhead Collection for Locomotives. The trains collect their 
current from an overhead wire or wires and use the bonded rails 
as return . 
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Pantographs are used for the collection of the current. Fig. 343 
shows a pantograph in the normal operating position. The contact 
is made by two pressed-steel pans of channel section, each fitted 
with two renewable copper strips. The pans are attached to light 
aluminium castings, which are designed to break if the pans foul 
an obstruction. The pans are allowed small swivelling and vertical 
motions by the castings, which are spring supported, so that small 



Fig. 343. Pantograph 
( Metropolitan - Yickert) 


variations in the level of the overhead line do not cause the panto¬ 
graph to move. The pantograph framework is of light steel tubing 
with four sections which are joined at the corners. The lower sections 
are fitted to shafts which are carried in ball bearings fixed to the 
main framework. The latter is fixed on the supporting insulators. 
Each shaft is fitted with two cranks, one is connected to springs 
which balance the dead weight; and the other by springs to cranks 
fitted to countershafts, which are operated by single-acting pneu¬ 
matic cylinders. When air is admitted to the cylinders, the springs 
are stressed and the pantograph rises; when the air is released the 
pantograph is lowered. The working pressure is 27 lb., and does not 
vary by more than 10 lb. Adjustable collars inside the cylinders 
enable the pressure to be varied from 15 to 35 lb. 
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EXAMPLES XII 

1. Discuss the advantages of series motors for electric traction on suburban 
railways. 

The bogie of a motor-coach is equipped with two motors each having 
characteristics as given in Example 1(3, which apply to 42 in. wheels. If 
the wheels driven by one motor {A) are 41 in. diameter and those driven by 
the other motor ( B) are 40 in. diameter, determine, when the motors are opera¬ 
ting in parallel and the train speed is 30 m.p.h., (i) the current input to each 
motor, (ii) the total tractive effort, (iii) the output at each driving-axle. 

( Lond . Univ., 1949.) 

2. Distinguish between rheostatic and regenerative braking in electric 
traction. Under what conditions would regenerative braking be employed? 
Explain, with the aid of a diagram, how the d.c. series motors of a locomotive 
are connected and operated during regenerative braking and how stability 
is obtained. 

The characteristics of a d.c. series motor at 525 V. are as follows— 


Current (A) 

100 

150 | 

200 

j 250 

Speed r.p.m.) 

2 060 

| 1 585 | 

1 300 

| 1 175 

Torque (lb. ft.) 

135 

' 290 | 

450 

612 


Determine the braking torque when the machine is operating as a self- 
excited series generator at a speed of 1 400 r.p.m. and loaded with a resistor 
of 2-5 Q. Resistance of motor, 0-3 Q. Ignore core and friction losses. 

{Lond. Univ., 1953.) 

3. An electric train maintains a schedule speed of 28 m.p.h. between 

stations situated 3 miles apart, with station stops of 30 sec. The acceleration 
is 1*6 m.p.h.p.s, and the braking retardation is 2 m.p.h.p.s. Assuming a 
simplified rectilinear speed-time curve, calculate (a) the maximum speed of 
the train, (6) the energy output of the motors in Wh. per ton, if the tractive 
resistance is 10 lb. per ton. {Lond. Univ., 1932.) 

4 . Explain how an actual speed/time curve for an electric-train service can 

be replaced by a curve having a simple geometric shape. Deduce from first 
principles the relationship between acceleration, retardation, maximum speed, 
running time, and distance between stops, assuming a simplified speed/time 
curve. {Lond. Univ., 1933.) 

5. A 250-ton electric train has an average speed of 32 m.p.h. between 
stations on the level situated 1*25 miles apart. The acceleration at starting 
is 1*25 m.p.h.p.s. and the braking retardation 2*3 m.p.h.p.s. Assuming a 
trapezoidal speed-time curve, and a free-running speed 30% higher than the 
average speed, calculate the specific energy consumption for the run in Wh. 
per ton mile, and the power in kW. usefully employed at the end of the period 
of acceleration and during coasting. Assume a train resistance of 12 lb. per 
ton and allow 10% for the effect of rotational inertia. {Lond. Univ., 1931.) 

6. Describe, with the aid of diagrams, the process of arc extinction in (i) 
a 1 500 V. d.c. contactor, (ii) a 33 kV., a.c. air-blast circuit-breaker, (iii) a 
33 kV., a.c. oil-break circuit-breaker. Explain why arc control is necessary 
in case (iii). Sketch one form of arc-control device and explain the action. 

{Lond. Univ., 1949.) 

7. A 200-ton train has a gross tractive effort of 25 000 lb. which may be 

assumed constant during the acceleration period. The speed is then main¬ 
tained constant at its maximum value until braking begins. It is required to 
travel a distance of 0-8 mile between two stations in 120 sec. on an up-gradient 
of 1 in 100. The train resistance may be taken as 101b. per ton and the 
rotational inertia is 10 per cent. Braking retardation (including the effect of 
train resistance and gradient) is 2*2 m.p.h.p.s. Determine the maximum speed 
which must be attained in order to carry out the schedule, and the total 
energy supplied to the driving wheels. {Lond. TJniv., 1954 .) 
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8. Discuss briefly the reasons why (i) series motors are employed on motor- 
coach trains for suburban electric railways, (ii) compound motors are usually 
employed on trolley buses. 

The speed-current characteristic of a compound trolley-bus motor at 500 V. 
and with full shunt field is as follows— 


Armature current (A.) 

- 200* 

- 150* 

- 100* 

0* 

50 

100 

150 

Speed (m.p.h.) . 

25-5 

20 

17 

14 

131 

12-4 

11-8 


* Operating as a differentially-compounded generator at 500 V. 

Determine the characteristic, over the range 75-200 A., when operating 
with the series-field winding alone. Resistance of the armature and series- 
field windings, 0*2 O.; resistance of shunt-field winding 100 Cl. ; number of 
turns per pole in series-field winding 15; number of turns per pole in shunt- 
field winding 900. ( Lond. Univ., 1947.) 

9. Obtain expressions for the voltage drop and I 2 R loss in each core of a 
2-wire d.c. distributor, when fed from both ends at equal voltages and carrying 
a uniformly distributed load of I amperes per unit length. The cross-section of 
each conductor is a and its length l : the specific resistance of the material is p. 

A 2-wire d.c. distributor 300 yd. long, for which p is f microhm-inch, is to 
supply a load of 2-5 A. per yard when fed at 240 V. at each end; not less than 
220 V. is to be available at any loadpoint. Determine the minimum cross- 
section, and the efficiency. (Lond. Univ., 1947.) 

10. Explain with complete connection diagrams a method of reducing the 
rail drop in (a) a heavily loaded single-phase railway line, and (6) a d.c. 
tramway system. 

11. Explain with a diagram of connections one arrangement of feeding and 
sectionalizing an overhead tramway system, having regard to the statutory 
regulations governing such distribution systems. 

Find the length of the distribution section corresponding to a drop of 
22 V., given: average current per car, 20 A.; schedule speed in section, 
10 m.p.h. with an interval of 2 min. between cars; resistance of trolley wire, 
0-46 Cl. per mile. (Lond. Univ., 1932.) 

12. Explain the principle and show the advantages of the series-parallel con¬ 
trol of traction motors. Draw the development and connections of a series- 
parallel controller for two tramway motors (omitting the reversing drum), 
and sketch the magnetic blow-out arrangement of a typical controller. What 
modifications are needed for a motor-coach train? (Lond. Univ., 1933.) 

13. Explain briefly the disadvantages of using regenerative braking on a 
d.c. traction system fed only by mercury-arc rectifier substations. How is 
the surplus energy absorbed in such a case ? 

A 400-ton train has its initial speed of 38 m.p.h. reduced to 25 m.p.h. by 
regenerative braking in travelling 6 500 ft. down a uniform gradient of 1 in 75. 
Calculate the energy in kWh. returned to the system. Tractive resistance is 
10 lb. per ton, overall efficiency 75% and the allowance for rotational inertia 
may be taken as 10%. (Lond. Univ., 1949.) 

14. Give a simple explanation of the action of a metadyne. Sketch the 
arrangement of the machine and a diagram of connections. 

Discuss the relative advantages of rheostatic and metadyne control of the 
motors of electric trains in conditions which call for frequent stops. 

(Lond. Univ., 1949.) 

15. An electric train (dead weight, 130 tons; accelerating weight 143 tons) 
is equipped with four 600 V. motors, which are arranged in two pairs for 
series-parallel control. If, during series-parallel starting the current per motor 
is maintained at 400 A., calculate (i) the duration of the starting period, (ii) the 
speed of the train at transition, (iii) the rheostatic losses during (o) the series, 
and (b) the parallel, steps of the starting period. 

At this current (400 A.) and normal voltage (600 V.) the tractive effort per 
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motor is 4 330 lb. and the train speed is 23*9 m.p.h. Assume the specific train 
resistance to be 10 lb. per ton, and the resistance of one motor to be 0*1 ft. 

( Lond . Univ ., 1948.) 

16. Why are motors having series characteristics generally used for traction 
purposes ? 

A d.c. series traction motor has the following characteristics— 


Current (A.). 

100 

| 200 

300 

400 

Speed (m.p.h.) 

| 41 

| 28 

23-5 

| 21-3 

Tractive effort (lb.) 

650 

1 900 

3 400 

5 000 

Determine the approximate speeds and tractive efforts for the above 
currents if the motor is operated at the same voltage but with 30% of the 
field turns cut out. (Lond. Univ., 1950.) 

17. A 130-ton train is equipped with four motors ; the characteristics of each 
at normal voltage are as follows— 

Current (A.). . | 

100 

200 

300 | 400 

Train speed (m.p.h.)| 65 | 36-5 | 

29-8 

26-5 

Tractive effort (lb.). | 

330 

1 450 

2 740 

4 100 


Calculate and draw the speed-time curve from the start to a speed of 
36 m.p.h. for a run on level track, and determine the r.m.s. current per motor 
during this period. Assume constant normal supply voltage, a constant motor 
current of 400 A. during rheostatic acceleration, a constant tractive resistance 
of 10 lb. per ton, and the accelerating weight of the train to be 10% greater 
than the dead weight. (Lond. Univ., 1947.) 

18. Give a diagram of connections and explain the action of a negative 
booster. A section ABC of an uninsulated rail return system is 3 miles long. 
A is earthed, and B is 2 miles from A. A negative feeder, with booster in 
circuit, is tapped to the rail at B. The loading is 400 A. per mile and may be 
assumed to be uniform. 

Determine the maximum p.d. between any two points on the rail system, 
assuming no leakage, if the potential of B is 2-5 V. below earth. Determine 
also the output of the booster. The resistance of the rail system is 0-035 ft. per 
mile. The resistance of the negative feeder is 0-03 ft. (Lond. Univ., 1936.) 

19. Explain why the accelerating weight of an electric train is greater than 
its dead weight. 

An electric train weighing 200 tons starts from rest up a gradient of 2%, 
and attains a speed of 30 m.p.h. in 25 seconds, the acceleration being constant. 
If the train resistance is 101b. per ton and the accelerating weight is 10% 
greater than the dead weight, calculate the tractive effort and the total power 
output from the driving axles at the end of the accelerating period. 

(Lond. Univ., 1950.) 

20. Sketch a typical speed-time curve for an electric train operating on 
suburban service, assuming level track. Explain the shapes of the various 
parts of this curve. 

Two stations on an electric railway are situated on a uniform gradiont of 
1 in 100. A 130-ton train (143 tons accelerating weight) makes the run down 
the gradient to the following schedule: uniform acceleration of 1-3 m.p.h.p.s. 
until the speed is 32 m.p.h.; power is then cut off and the train coasts for 
100 sec., when the brakes are applied to bring the train to rest with uniform 
retardation. 

Draw the speed-time curve and calculate the energy output (kWh.) from 
the driving axles. Assume the train resistance to be 12 lb. per ton and the 
braking effort due to the brakes alone to be 24 000 lb. 

(Lond. Univ., 1953.) 
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21. Distinguish between rheostatic and regenerative braking in electric 
traction. Under what conditions would regenerative braking be employed? 
Explain, with the aid of a diagram, how the d.c. series motors of a locomotive 
are connected and operated during regenerative braking and how stability 
is obtained. 

The characteristics of a d.c. series motor at 525 V. are as follows— 


Current (A.) 

100 

150 

200 

250 

Speed (r.p.m.) 

2 060 

1 585 

1 300 

1 175 

Torque (lb. ft.) . 

135 1 

290 j 

1 450 

612 


Determine the braking torque when the machine is operating as a self- 
excited series generator at a speed of 1 400 r.p.m. and loaded with a resistor 
of 2-5 D. Resistance of motor, 0-3 Q. Ignore core and friction losses. 

(Lond. TJniv.y 1953.) 




CHAPTER XIII 

INDUSTRIAL UTILIZATION 

Introduction. Electrical drive of industrial and other machinery is 
in most cases more economical than drive by any other method. 
It is invariably cleaner, more convenient, and more flexible. Electric 
drive is so convenient that in some cases it is used although a prime 
mover is already installed; one example is in diesel-electric traction. 
The diesel engine runs best at a certain speed, and in the absence 
of electric drive variable, and very awkward, gears would be 
necessary. The insertion of a generator followed by a motor enables 
the prime mover to work at a constant speed, whilst the speed of 
the electric motor is easily varied in any desired manner. In some 
cases, as on board ship, the use of electric drive does away with 
the necessity for a long and expensive shaft from the engine room 
to the propellers; in place of the shaft there is an electric cable 
which transmits the power, in the form of electrical power, from 
the engine room to the motor which drives the propeller. 

This fact that the power room need not be in the vicinity of the 
power equipment is a great advantage in works where some of the 
heat of combustion is used for heating services. The power room 
can be placed in a position most convenient for the heating services, 
and cables will take the electrical energy to wherever it is required. 

Qroup and Individual Driving. The utmost use is made of the 
flexibility of electrical transmission when every tool and piece of 
apparatus is driven by its own small motor; this is individual drive , 
and the tendency is in this direction, as each machine can be put 
where it is most effectively used. 

In group drive the power from one large motor is transmitted 
via shafts and belting to a number of machines or tools. Fig. 344 
shows a motor driving a lathe through a shaft and belting. A 
number of lathes may be driven from the same overhead shaft in 
any combination. Any lathe is put into operation by a lever which 
shifts its driving belt from a loose to a fast pulley. Belt drive is 
cheapest for powers up to 250 h.p. provided the distance between 
pulleys is not too small and the speed high. For ordinary drive a 
speed of 3 500 ft. per min. is efficient; for machine tools 1 500 ft. 
per min. The ratio for a distance between pulley centres of 20 ft. 
is 6 to 1, for 5 ft., 1J to 1. The belt slip is of the order of 1 per cent. 
In heavy work, rope drive is most suitable, and the diameter of the 
rope drum should be more than forty times the diameter of the rope, 
otherwise the life of the rope is short. An efficient rope speed is 
5 000 ft. per min. 
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Fia 344 Motor Driving Lathe through Shaft and Belting 
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A main advantage of group drive is a saving in first cost of the 
motors and control gear, as a 100 h.p. motor costs much less than 
ten 10 h.p. motors; moreover as all the machines may not be used 
simultaneously a 75 h.p. motor may replace the ten 10 h.p. motors. 
Against this saving is the cost of the shafting, etc., also the break¬ 
down of the large single motor causes a complete cessation of work. 
In some processes, however, such as flour milling, the sequence 
continuity of the operations demands a group drive; a breakdown 
in an individual mptor would stop the whole sequence, so that 
nothing is gained in security by individual drive. If the machines 
are liable to short but sharp overloads, group drive is again advan¬ 
tageous ; for a 100 per cent overload on an individual machine may 
mean only a 10 per cent overload in the group. A disadvantage in 
group drive is that the speed may vary, so that when constancy 
of speed and flexibility of control are required, individual drive 
should be used. 

Heavy machinery should always be driven by individual motors. 

Choice of Drive and Motor. It must first be decided whether to 
use group or individual drive. Then the conditions under which 
the motor has to work determine the type of enclosure of the 
machine, whether open, pipe- or duct-ventilated, or totally enclosed. 
In mines flame-proof motors are required by law; each flame¬ 
proof enclosure must have a metal-to-metal flanged joint at least 1 in. 
wide. 

Usually the motor shaft is horizontal, but it is sometimes better 
to have it vertical, e.g. in working a centrifuge or hydro-extractor 
and for some planing operations, in order to avoid bevel gears. 

A motor of given power can be made smaller and cheaper if it 
runs at a high speed rather than a low, and it may be an advantage 
to use a high speed motor with a reduction gear. 

If the required range of speeds is greater than can be given by 
electrical control, or if several fixed speeds are required, change-speed 
gearing may be useful. In the former case the variable gearing 
multiplies the speed range given by the motor itself; whilst in the 
latter case the motor can be kept at a constant running speed and 
the gearing can provide the several speeds, thus eliminating the 
acceleration and deceleration of the motor and the consequent 
waste of energy. Variable coupling can be provided by conical belt 
pulleys or change-speed gearing. 

Slow speed drives are obtained by pinion and spur-wheel with a 
7 to 1 or 5 to 1 gear ratio. Worm gearing is used in lifts and a gear 
ratio of 30 to 1 may be obtained. The cost of the gearing is balanced 
by the saving in the motor. 

The use of two motors with an epicyclic gear permits of a wide 
variation of power and speed, and is useful for large lifts. For full 
speed and power both motors work, and the epicyclic gear serves 
merely as a mechanical coupling. For low speed and small power 
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one motor is disconnected from the supply, and the other aots 
through the epicyclic gear which then becomes operative. 

Friction clutches enable the motors to pick up the load gradually, 
and cushion them from excessive shocks during running. Fig. 345 
shows a magnetically operated clutch combined with a coupling; 
the clutch is made in two sections, one of which has a magnetizing 
coil supplied with current by two slip rings shown on the left. Push¬ 
button control is common, and this is a great advantage in systems 
where operation is frequent. The ease of operating the magnetic 
clutch makes it useful for the selection of speeds from different 


i 



Fig. 345. Magnetically Operated Clutch 
(Electrical Engineer) 


gears; thus a motor-driven capstan has two clutches connected 
to two gears of different ratios, and the motor can be switched 
from one to the other by pressing a button. 

In many industrial processes it is required to have a reversal of 
driving at fixed intervals. This may be achieved by mechanical 
means: one way is to use a crank and connecting rod driven by 
the motor to give a reciprocating motion; another way is to switch 
over from an open-belt to a crossed-belt, but this is inconvenient 
as the oncoming belt slips and gets scorched, and the reversing 
cannot be timed accurately. In general it is more satisfactory to 
reverse the direction of rotation of the motor than to rely on 
mechanical reversing gear. Trips near the ends of the runs can be 
used to cause the necessary switching for reversal. The kinetic 
energy of the motor can be absorbed by regenerative braking or 
rheostatic braking. Very quick and accurately timed reversal can 
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be obtained in this way, and the method is used for rolling mills, 
planing, eto. 

A very important thing is to choose a motor whose characteristics 
resemble as closely as possible the type of the load. This is specially 
important in individual drive, but in group drive a load equalizer 
makes this of less consequence. The motor characteristics must 
suit the load both for starting and running, although a bad starting 
characteristic may be overcome by using a friction clutch, gear 
box, or belt. The following table gives the starting torque, starting 
current, speed-load characteristic, and range of speed control for 
the motors most commonly used. A constant speed-load charac¬ 
teristic is one in which the speed at full-load is only a few per cent 
less than that at light load; an inverse characteristic is one in which 
the speed falls rapidly as the load increases. Full load torque is 
written T and full load current I. 

COMPARATIVE TABLE OF DIFFERENT TYPES OF 
ELECTRIC MOTORS 


Type of Motor 

Starting 

Torque 

Starting 

Current 

Speed-load 

Characteristic 

Range of 
Speed-control 

D.c. shunt .... 

2T 

2/ 

Constant 

4:1 

D.c. series .... 

3T 

2/ 

Inverse 

3:1 

D.c. compound . 

2T 

2/ 

Constant 

As d.c. shunt 

Single-phase a.c. series 

3T 

27 

Inverse 

Several fixed speeds 

Repulsion .... 

3T 

27 

Inverse 

4:1 

Synchronous 

IT 

37 

Absolutely constant 

None 

Squirrel-cage induction 

T 

I 67 

Constant 

None 

Slip-ring induction 

2*T 

27 

Constant 

None 

Pole-changing induction 

T 

67 

Constant 

Four fixed speeds 

Cascade induction 

Induction cascade with a.c. 

T 

67 

Constant 

Two fixed speeds 

commutator 

2T 

27 

Constant or inverse 

2:1 

Synclironous induction 

2T 

27 

Constant 

None 

Schrage .... 

2*T 

27 

Constant 

3:1 


We shall consider the properties and applications of these types 
of motors in the next section. 

There is now the question of the rating of the motors to be 
installed. The continuous rating of a motor is the output which the 
motor can give for an indefinitely long period without exceeding 
a specified, safe temperature rise with the specified voltage and 
speed. The short-time rating is the output which the motor can 
give for \ or I hour (specified) without exceeding a safe, specified 
temperature with the quoted voltage and speed. 

When the load is continuous, there is no difficulty about the 
rating, which is clearly the continuous rating. The use of too large 
a motor results in an inefficient use of the electrical energy. A large 
machine may be run at 25 per cent overload for a few hours. 

When the load fluctuates, it is difficult to decide upon the rating, 
and experience is the best guide. If the load cycle is periodic 
although fluctuating, as in the case of traction motors, the r.m T s. 
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value of the motor current can be calculated (see pp. 352-355), 
and this gives an indication of the heating of the motor and thus 
of the rating required. If the load cycle is not periodic, a short 
time rating may be chosen; but, as stated above, experience is the 
best guide in this case. 

Recently a great deal of research has been directed into the 
question of noise in motors, and a fair amount of information is 
now available. Extreme silence is necessary in motors for domestic 
purposes, for use in theatres, etc. But even in factories a reduction 
of noise is advantageous, as it reduces the fatigue of the workers 
and increases their output. It is worth while paying more for a 
noiseless motor than for a noisy one of the same efficiency; how 
much more is a question of economics and humanitarianism. 


PROPERTIES OF MOTORS AND APPLICATIONS 

D.C. Shunt Motor. 0-25 000 h.p. and up to 3 000 volts. 

For starting, see Electrical Technology, by H. Cotton.* The speed 
is controlled by a rheostat, in series with the shunt field winding, 
which varies the field current. The motor can be reversed by 
reversing the armature current or the field current. The speed does 
not fall much with the application of load. 

Applications are the driving of lineshafts, lathes, milling machines, 
conveyers, fans. 

It is not suitable for use with flywheels, or with fluctuating or 
heavy loads, or for parallel operation. 

Taking the cost of a squirrel-cage induction motor of the same 
power as unity, the cost of the d.c. shunt motor is 1*5 to 3*0, 
depending on the voltage and the range of speed-control required. 
D.C. Series Motor. 0-3 000 h.p. and up to 1 500 volts. 

For starting, a resistance is put in series with the motor and out 
out as the motor speeds up; when two motors are available the 
series-parallel method effects a saving of energy. (See pp. 370-3, 
Chapter X.) The metadyne affords even a better way of starting. 
The speed is controlled by a diverter which is placed across the 
series field. The rotation can be reversed by reversing the armature 
current or the field current. The speed rises rapidly as the load falls 
off, so that a series motor must never be used where a light load is 
likely to be met. 

Applications are traction, haulage, cranes, and moving heavy 
slides. 

Where a very delicate speed-control is required from zero to full 
speed, as in colliery winders, the Ward-Leonard method is much 
used (see Electrical Technology f), as are also metadyne and ampli- 
dyne methods. 


* Sixth Edition, p. 142 


t Sixth Edition, pp. 156-8. 
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The series motor is suitable for parallel operation and for load 
equalization by a flywheel (see the Ward-Leonard-Ilgner Control, 
Electrical Technology *). 

The cost is 1-5. 

Compound-wound D.C. Motor. Up to 3 000 h.p. and 1 500 volts. 

The characteristics are intermediate between those of the shunt 
and series motors, and the motor does not race on light load. 
Starting is as for the series motor. The speed is controlled as in 
the shunt or series motor, usually by a rheostat in the shunt field 
circuit. By proper proportioning of the differential-compounding 
the speed can be kept constant with load variation over a wide 
range, and this is specially useful in driving tandem rolling mills. 

The cumulatively-compounded motor, with flywheel, is suitable 
for driving planers, shears, guillotines, and other loads subject to 
large peaks. 

The cost is 2*0. 

Single-phase Series Motor. 0-3 000 h.p. 

Starting is by means of a transformer with tapped secondary 
(see Fig. 326). There are several fixed speeds, one for each tapping. 

Its principal application is traction, and the frequency of supply 
is 16§ or 25 cycles, as commutation troubles are difficult at higher 
frequencies. The cost is 2*5. 

Repulsion Motor. Up to 100 h.p. 

Starting, reversing and speed-control are done by shifting the 
brushes from the neutral axis; alternatively it can be started with 
a series limiting resistance. Although the speed can be controlled 
from zero to 1*3 times synchronous speed by brush shifting, the 
method is not very satisfactory because of the large change of speed 
for a small brush movement. 

Applications are the drive of centrifugal pumps, printing machines, 
hoists and spinning machines. The cost is 2-5. 

Synchronous Motor. Up to 10 000 h.p. and 15 kV. 

The motor used to be started by running it up to a speed just 
greater than synchronous speed by means of a pony motor and 
then synchronizing on to the a.c. supply. The present method of 
starting employs a number of copper bars in the pole face, con¬ 
nected at their ends; these short-circuited loops form a squirrel-cage 
winding and the motor behaves like a squirrel-cage induction motor 
on starting. During running these damping windings cause little 
loss as there is no induced e.m.f. in them at synchronous speed; 
moreover, they damp out any oscillations that may occur due to 
sudden increases or decreases of load. In order to keep the starting 
current, due to the squirrel-cage action, low, the stator voltage must 
be reduced to about 60 per cent of the normal value; this may be 
done by limiting resistance or reactance, or better by an auto¬ 
transformer or star/delta switching. 

* Sixth Edition, p. 157 



INDUSTRIAL UTILIZATION 


403 


A three-phase synchronous motor can be reversed by reversing 
the connections of two phases. Pole-changing is sometimes used 
to give two fixed speeds. 

One of the outstanding advantages of the synchronous motor is 
its ability to work at unity or leading power factor. In fact it is 
used, running light, to improve the power factor of a transmission 
system, and it is then called a synchronous condenser. 

The applications are motor-generator sets, frequency changers, 
fans, compressors, pumps, lineshaft drive, rubber calenders and 
rolling mills. Very small motors are used for clocks. 

There is no need for a flywheel with a synchronous motor, as peak 
loads less than the pull-out torque are satisfactorily dealt with 
by the machine. 100 per cent overloads are easily withstood. 

The good starting characteristics of the synchronous motor have 
caused its introduction into rolling mills where frequent reversals 
are required. A certain 600 h.p. motor takes 5 sec. from forward 
to reverse full-speed. 

The cost is 2. 

Squirrel-cage Induction Motor. Up to 300 h.p. and 11 kV. 

This is the simplest and cheapest of all motors and requires the 
least maintenance as it has no commutator or brushes. The starting 
torque is high, but the starting current is so great that all but the 
smallest motors must start with a reduced voltage, and hence have 
a reduced torque. The voltage is reduced by an auto-transformer 
or star/delta switching. 

The double squirrel-cage induction motor (Boucherot type) has 
two windings. One winding is made of brass and has a high resis¬ 
tance, and it is placed near the periphery of the rotor so that it has 
a low leakage inductance; the other winding is of copper, has a low 
resistance, and is placed at the bottom of the slots so that it has a 
high leakage inductance. At starting, the main current is in the 
high resistance winding, since it has a low inductance, and so there 
is a good starting torque with a reasonably small starting current; 
the current in the low resistance winding is very small because of 
its high inductance. When the motor runs up to speed the reactance 
of the low resistance winding is small (s times the inductance at 
standstill) so that the main current is in this winding. The efficiency 
can be high, because the resistance of this winding can be made very 
low, without the accompaniment of a high starting current. The 
motor can be reversed by reversing the connections of two phases. 

There is no possible speed oontrol in these motors. Because of 
the absence of sliding parts the motor is useful in explosive atmo¬ 
spheres. It is suitable for most industrial drives of small power 
where speed control is not required. A dutch can be used to start 
the motor on light load. 

Slip-ring Induction Motor. Up to 11 000 h.p. and 11 kV. without 
the use of transformers. 
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Starting is by means of resistances between the slip-rings and 
neutral. The slip-rings are short-circuited when the machine has 
reached full speed. There is no speed control of any appreciable 
range. 

The motor is suitable for most industrial drives up to the highest 
power where speed control is not required. It is the most used of 
motors, for driving lineshafts, generators, lifts, pumps, mills, winding 
machines, and haulage. 

It may be provided with sufficient resistance between the slip- 
rings to give 10 per cent or more slip on overloads, in order to avoid 
a slip-regulator. 

The cost is 1*5. 

Pole-changing Induction Motor. These are almost always squirrel- 
cage motors. By changing the number of poles several speeds are 
possible; this is done by switching. 

The motor is of use in certain cases where a fast constant speed 
is required in one direction and a slower constant speed in the 
other. Thus in crane service a heavy load may be lifted slowly and 
a light load quickly. Another application is in lifts, where a high¬ 
speed winding is used for acceleration and normal running and a 
low-speed winding for retardation and landing. 

The cost is about 2. 

Cascaded Induction Motors. Two motors are coupled mechanically 
and the wound rotor of one is connected via the slip-rings to the 
stator of the other. The effect is the same as changing the number 
of poles; if the motors tend to run in the same direction the effective 
number of poles is the sum of the poles in the motors; if in the 
opposite direction, the difference. By switching, several fixed speeds 
are possible. 

The use of this type of motor is restricted to higher-power drive, 
viz. rolling mills, colliery winders, pumps,'etc. 

The cost is 2. 

Induction Motor Cascaded with A.C. Commutator Motor. The 

leads from the slip-rings feed an a.c. commutator motor, so that the 
slip-energy is not wasted. A speed range of 2 : 1 is obtainable, and 
the applications are in high-power drive. 

The cost is 2. 

Synchronous-induction Motor. Up to 5 000 h.p. and 11 kV. 

The motor is described in Electrical Technology * The motor starts 
as a slip-ring induction motor with the aid of resistances. When it 
has run up to speed, d.c. excitation is switched on and it runs as 
a synchronous motor. II the load is too heavy for the machine 
to run as a synchronous motor, its speed drops and it runs as an 
induction motor. The power factor is unity or leading. 

This motor is replacing the slip-ring induction motor in many 
applications. It is used for large fans, compressors, lineshafts, 
* Sixth Edition, pp. 391-3. 
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pumps, and generally for machinery where a constant speed is 
normally required, but a small decrease in speed is permissible with 
overloads. 

The cost is 2. 

Schrage Motor. Up to 1000 h.p. 

This is a most useful a.c. commutator motor; the power factor 
and speed can both be controlled, the latter having a range 
of 3 : 1. 

Fig. 346 shows a diagram of the motor. The mains feed a primary 
winding on the rotor via slip-rings, and there is a regulating 



Fig. 346. Schrage Motor 
(Electrical Time*) 


or auxiliary winding on the rotor connected to the commutator. 
The auxiliary winding is in the same magnetic field as the primary 
winding, and has thus an induced current at line frequency. Three 
pairs of brushes collect this current and deliver it to the stator 
(secondary) windings at slip frequency; the secondary windings 
themselves have an induced current of slip frequency, and the 
currents are thus of the same frequency and suitable for combina¬ 
tion. The magnitude of the e.m.f. collected by a pair of brushes 
depends upon the number of commutator bars between them, and 
the phase by their position on the commutator. It is therefore 
possible to vary the magnitude and the phase of the e.m.f. by 
moving the brushes. (When the brushes are together in pairs, no 
e.m.f. is transferred from the commutator to the stator windings, 
*4—(T.54) 
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and the motor acts as an induction motor.) By varying the brush 
positions the power factor and the speed can be varied, the latter 
from \ to 1} synchronous speed. Slight variations of the speed 
(inching) can be obtained by resistances in series with the secondary 
windings. 

At a given brush position the speed-load characteristic is like that 
of a shunt d.c. motor. 

Applications are paper-making machines, printing-presses, and 
textile works. There Is good reason to use them more generally, for 
lifts, pumps, machine tools, belt-conveyers, etc., as the starting 
torque is high and the control is convenient. 

The cost is rather high, about 3-5. 

The N-S Motor. Up to 1 000 h.p. 

The speed can be varied over a very wide range: for large motors 
the range is 3:1 and for small motors up to 50:1. In this motor the 
stator is connected to the 3-phase supply. The rotor has main and 
auxiliary windings, which are connected to a commutator. The 
principle of the action is that below synchronism the unwanted 
electrical energy is withdrawn via the auxiliary windings by an 
induction regulator: speeds above synchronism are obtainable by 
feeding electrical energy into the auxiliary windings via the induction 
regulator. The commutator is required in order that the frequency 
of the power at the brushes is 50 c/s irrespective of the speed of 
the motor, since the induction regulator, which is external to the 
motor and is a static device, can only supply or receive power at 
50 c/s. 


MOTORS FOR GIVEN SERVICES 

Domestic Uses. Electric motors are used for driving sewing 
machines, fans, vacuum cleaners, refrigerators, clothes washing 
machines, etc. The motors are small universal motors, usually 
series type. 

Machine Tools. A great economy is effected in large works, 
especially of the mass production type, by the use of electrically 
driven portable tools, such as drills, spanners, etc. The motors are 
high speed, and gearing is often used. D.C. motors are series or 
compound wound; in the former case gear-resistance and windage 
prevent racing. Universal motors are series type, and squirrel-cage 
motors are used. Larger portable tools are driven by d.c. compound 
motors to limit the racing. 

Lathes, Milling and Grinding Machines. The motors are 
made up to 50 h.p., and are d.c. shunt motors, or induction motors 
with slip-rings or pole changing. 

Planers. These consist essentially of a bed having attached to 
it a platen which moves forwards and backwards on the bed. The 
work is clamped to the platen and is planed by a stationary 
clamped tool; at the end of the stroke the tool moves slightly 
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to make a new cut. Most planers work on one stroke, and a 
reversing motor is used with a slow cutting stroke and a quick 
return stroke. 

The “ Lancashire ” planer drive consists of a d.c. motor generator 
set (with a.c. or d.c. motor) and the planing machine motor, which 
is supplied from the d.c. generator. When a.c. is used, a small 
direct-coupled exciter is required for exciting the generator. The 
generator field is increased, decreased or reversed for controlling 
the planer motor. Regenerative braking is used to decelerate and 
reverse. There are 18 cutting speeds, each with a range of 4 : 1, 
and the return speeds have a 2 : 1 range. Automatic reversal is 
controlled by tappets on the platen, and these operate a totally 
enclosed master switch. The push-button station has four buttons 
for “start,” “stop,” “inch-cut,” and “inch-return.” 

Punches and Shears. This type of machine is provided with 
a heavy flywheel, which gives up its energy at the actual time of 
cutting. Fig. 347 shows a double punching machine with side shears 
driven by a 25 h.p. slip-ring induction motor. 

Cranes. D.C. motors are preferred because of the smooth speed- 
control; and they are of the series and compound types, because 
of the high starting torque. 

Slip-ring induction motors are often used for conveying and 
hoisting. 

Where d.c. is used, the motors for lifting are compound wound, 
and for travelling and reversing series wound. Drum-type controllers 
are used, operated by contactors which are controlled by press- 
buttons. 

Lifts. Hydraulic lifts are suitable for dealing with heavy loads 
over short distances, otherwise electric lifts are more economical 
and convenient. The car is usually counterbalanced to reduce 
energy consumption. In the simplest arrangement the winding 
engine is at the head of the shaft. 

The winding-drum system, which is being superseded, has one 
rope attached from the lift to the drum and another from the 
counterweight to the drum. One rope winds up whilst the other 
unwinds. The drum cannot be made standard, as its size depends 
upon the length of travel of the lift. 

In the wedge drive system, used in this country, the ropes wedge 
themselves into parallel V-grooves in the driving sheave, which is 
usually driven by the motor via worm-reduction gearing. 

Five feet per sec. per sec. is considered the maximum safe accelera¬ 
tion for passengers, although greater accelerations are comfortable 
if they are sufficiently smooth. Lifts speeds vary from 100 to 350 ft. 
per min. 

The electric circuit for operating the lift must be independent 
of the lighting circuit, and all cables armoured or put in metal 
conduits. 



408 


ELECTRICAL POWER 


A lift motor must start and stop easily, and so its armature must 
be light and run at a moderate speed. Motors used are the d.o. 
compound, slip-ring induction, induction-repulsion and the variable 



Fig. 347. Double Punching Machine with Side Shears 
(Bennie A Sons) 


speed a.c. commutator motors; the first two are the most common. 
Speed-control of the d.c. motor is by shunt field variation or by 
variable voltage control (Ward-Leonard); the Ward-Leonard 
method can be used with a.c. to drive a d.c. lift motor, and 
this is specially convenient as rheostatic losses are avoided. Speed- 
oontrol of the induction motor is by rotor resistance, and involves 
I 2 R loss. 
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In single-phase installations a shunt type commutator motor is 
used. (See Electrical Technology *) 

Textile Machinery. The types of drive used are group drive from 
line shafts driven directly by motors, semi-group drive in whioh 
the motor shaft has several pulleys driving a number of machines, 
and individual drive. All motors must be totally enclosed because 
of the fluff from the material being manufactured, and insulation 
must be moisture-proof because of the damp atmosphere. 

Three-phase motors are used as their speed is fixed by the fre¬ 
quency of the supply; d.c. motors are not suitable as their speed 
varies with voltage and temperature. The motors must be of high 
efficiency and have a good starting torque. 



Fio. 348. Matrix Rolling Press driven by Squirrel-cage Motor 
( Metropolitan- Vickers) 


Printing Machinery. Squirrel-cage motors are used for driving 
guillotines, driving platens, and other small machines at constant 
speed. Fig. 348 shows a matrix rolling press driven by a 4 h.p. 
725 r.p.m. squirrel-cage motor; this type of machine is often 
required to have a slow forward stroke and a quick return stroke, 
and two squirrel-cage motors can be used, one for each stroke. 

Rotary presses and other machines require a variable speed 
drive. Platens and flat-bed maohines require speed variation down 
to half normal speed, and slip-ring motors with rotor resistance are 
suitable. This speed variation may be insufficient for high speed 
rotary presses, and then a d.c. compound or an a.c. commutator 
* Sixth Edition, Chapter XXII. 
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motor is used with a speed range of 4 : 1. A steady crawling 
speed for inching the press is obtained by a pony or barring motor; 

this motor is d.o. compound or slip- 



ring, and drives through worm-reduo- 
tion gearing and an overrunning clutch, 
such that when the main motor takes 
over the drive the pony motor can be 
brought to rest. 

Paper-making Machinery. In the 

past, d.c. was generally used because 
of the speed variation required, but a.c. 
is being introduced. Modern practice 
uses a combination of a.c. and d.c.: 
a.c. motors for the constant speed 
drives of the choppers and beaters; for 
these squirrel-cage motors with clutches, 
or slip-ring or synchronous-induction 
motors are used. 

The paper machine requires very 
delicate control and the Ward-Leonard 
system is often used. Fig. 349 shows 
a Harland drive for a 234 in. paper 
machine at 1 000 ft. per min. The pro¬ 
cess is continuous; the pulp is sent in 
at one end, is squeezed by presses, 
dried, and calendered at the other end. 
The problem of the drive is very diffi¬ 
cult, as not only must the speed of the 
whole machine be capable of control 
up to a range of 25 : 1 according to 
the class of paper, but also the speed 
must be absolutely constant or there 
will be a variation of quality, or even 
breakage. Crawling speeds are re¬ 
quired for inspection and renewals. 
Nowadays sectional drive is used, with 
Ward-Leonard control (preferably 
driven by an a.c. motor to give the 
best possible regulation of the genera¬ 
tor). The Harland interlock drive ensures 
that the various motors driving the 
sections have the correct correspond¬ 
ing speeds. In this system a master 
or control shaft is driven by a separate 


master motor, and runs the whole length of the machine. At every 
section the master shaft carries a light conical pulley, from which a 
belt is taken to a corresponding cone pulley on one of the three shafts 



Fig. 350. Harland Interlock Drive 
(The Engineer) 
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of a differential gear (Fig. 350). A second shaft of the differential is 
driven by the section motor, and the third shaft is coupled to a regu¬ 
lator which controls the speed of the section motor. When the first 
and second shafts are moving at the same speed, the third shaft is 
stationary; if they have different speeds, the third shaft moves, in 
one direction if the section motor is faster than the master motor 



Fig. 351. 1 000 h p., d o. Motor for .Houghing Mill 
( Q.E.C .) 


(with the requisite reduction factor), and in the opposite direction 
if it is slower. The regulator then provides the necessary control for 
correcting the speed of the section motor. 

Iron and Steel Works. The iron and steel industry is the largest 
single consumer of electrical energy, and it is estimated that 
300 kWh. are used per ton of ingots, 200 kWh. being used in 
rolling. 

The mill motors are generally d.c. shunt wound with light 
stabilizing windings and compensating and interpole winding. The 
speed range is 3 : 1, and speed control is effected by a rheostat in 
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the shunt field. Fig. 351 shows a 1 000 h.p., d.c. motor, 165/500 
r.p.m., for driving a roughing mill. The motors are designed with 
great mechanical strength to withstand the heavy duty of rolling. 
The driving bearings are fitted with special thrust collars to take 
the end thrust which may occur if the intermediate torque shaft 
fails. The supply is 500 volts direct current. 

Merchant mills produce sections of widely varying value, and the 
motor speed must be varied to suit requirements. D.C. motors 
are used; also induction 
motors with Scherbius 
speed-control. 

In tandem mills the 
load may vary because of 
the varying temperature 
of the steel, but the speed 
must be kept fixed. D.C. 
motors are preferred; but 
induction motors, with 
auxiliary commutator 
motors for speed control, 
are also used. 

Mining. The collieries 
are supplied with three- 
phase at high voltage, 
and step-down transfor¬ 
mers are used at the 
various points of tapping. 

The motors must be 
flame-proof, and all com¬ 
mutators and slip-rings must be in flame-proof chambers with an 
inch metal-to-metal flange. Squirrel-cage motors are used up to 
10 h.p. Larger motors are slip-ring or d.c. motors. 

Ventilating fans are of the utmost importance in mines, and it is 
desirable to install duplicate equipment. Fans in a fully developed 
section operate at full speed the whole time; in less developed sections 
they may drive at a reduced speed at the week-end. A shunt or 
compound d.c. motor may be used in both cases, shunt field control 
varying the speed in the latter case. Slip-ring induction motors are 
also used; the cascade system may be used for speed control. 

Quick and safe winding is essential for the work of a mine. 
Flywheel storage is used to relieve the winding motor of the very 
heavy peaks during the accelerating period. Fig. 352 shows the 
power-time diagram of a winder for a shaft of 2 610 ft.; during the 
latter part of the wind the motor delivers energy to the flywheel, 
which returns the energy during the early part of the wind. In this 
way the motor works at 1 500 h.p. maximum, but the cage experi¬ 
ences a power of 4 200 h.p. maximum. The motor-generator consists 



Fig. 352. Power-time Diagram of 
a Winder 
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of a slip-ring induction motor of 1 540 h.p. driving two 1 065 kW., 
500 volt, d.c. generators in series, and a steel flywheel of 23 tons 
weight and 12 ft. diameter. The two motors driving the cage are 
d.c. motors with separately excited shunt field, and are in series 
across the 1 000 volt d.c. supply from the generators. 

The control system is the Ward-Leonard. 

Coal-cutting and drilling machines prepare the face for blasting 
and shot-firing. The band conveyers are driven by constant speed 
motors. In many rtiines very reliable pumping installation is 
required to prevent flooding. 

EXAMPLES XIII 

1. Describe the construction of a 3-phase variable-speed commutator 

motor having a "‘shunt” speed characteristic. Explain with simplified vector 
diagrams how speed control is obtained both above and below synchronous 
speed. Sketch typical speed-torque curves for the motor and give one 
application of such a motor. ( Lond. Univ., 1950.) 

2. Give a diagram of connections and explain the action of a contactor 

starter suitable for a d.c. shunt motor of about 100 h.p. rating. What are its 
advantages compared with a face-plate starter? (Lond. Univ ., 1950.) 

3. Assuming that a 3 300 V. 3-phase supply is available in a factory con¬ 

taining a number of separate machines, about half of which require a 2 to 1 
range of speed variation, discuss generally the relative merits of the use of 
either all alternating current motors or all direct current motors for driving 
them. (Lond. Univ. t 1932.) 

4. Give an account of the methods available for starting slip-ring and cage 
induction motors. Ignoring magnetizing current, find the relative starting 
torques and the relative line starting currents of a cage induction motor when 
started (a) by direct switching, (b) by a star/delta switch, (c) by an auto- 
transformer with a 50% tap. Give the connection diagram for a drum-type 
starter for either the star/delta or the auto-transformer method. 

(Lond. Univ ., 1934.) 

5. The motor driving a planing machino is required to operate at a low speed 
on the cutting stroke and at a high speed on the return stroke. Give details 
of a suitable scheme when the factory supply is direct current. 

(Lond. Univ., 1936). 

6. What are the most suitable types of motors for operating passenger lifts 
when the supply is (a) direct current, (b) single-phase, (c) three-phase? For 
each case describe the method of starting and speed control used in practice. 

(Lond. Univ., 1932.) 

7. Describe in detail a method of control for a direct current lift motor. 

What is a suitable type of single-phase motor for lift duty and how is it 
controlled? (Lond. Univ., 1936.) 

8. Draw a diagram of connections showing the internal circuits of a Schrage 
3-phase adjustable-speed motor and describe briefly the construction. Explain 
the action when running at (i) lowest speed, (ii) synchronous speed, (iii) 
highest speed. 

In a particular 6-pole motor the speed is 900 r.p.m. when the motor is 
developing a gross output of 3 h.p. and the frequency is 50 c/s, the brushes 
being in the position to give straight induction-motor action. With the brushes 
set for a speed of 650 r.p.m., the voltage between adjacent brushes is 5 V. when 
the motor is developing a gross output of 2 h.p. Calculate the current in each 
phase of the secondary winding at this speed, assuming the power factor of 
these circuits to be 0*8 at a speed of 650 r.p.m., and unity at a speed of 
900 r.p.m. (Lond. Univ., 1948.) 
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9. Explain how the current-limit principle may be applied to control the 
operation of a contactor-type starter for a d.c. shunt motor when the operating 
coils of the contactors are (i) shunt wound, (ii) series wound. What are the 
relative advantages and disadvantages of shunt- and series-wound operating 
coils for such starters ? 

A current-limit starter for a 10 h.p., 460 V., d.c. shunt motor has three 
sections of starting resistance. Calculate the grading of these sections and the 
current settings of the contactors if the initial starting current is to be equal 
to full-load current and the subsequent peaks are to be twice full-load current. 
The resistance of the armature circuit of the motor is 1*3 £1., the field current 
is 0*6 A. and the full-load efficiency is 88%. ( Lond. Univ., 1947.) 

10. Give an account of the special conditions imposed upon the electrical 

equipment of (a) rolling mills in a steel works, or ( b ) a large planing machine. 

Describe fully how these conditions are fulfilled in the case selected. Assume 

an alternating current supply, the driving motors being either direct or 
alternating current. {Lond. Univ. t 1930.) 

11. Describe with connection diagrams one method of obtaining a wide 

speed range on a large steel-rolling mill supplied from a 3-phase, 50-cycle, 
6 600 V. system. Make an approximate estimate of the efficiency of the 
method described. {Lond. Univ ., 1932.) 

12. Explain (i) the time-limit, and (ii) the current-limit methods of con¬ 
trolling the starting current of a d.c. motor. Describe one method of applying 
the time-limit method to an automatic starter. 

An automatic starter for a 10 h.p., 460 V. shunt motor has four sections 
of starting resistance. Calculate the resistances of these sections if the initial 
starting current is equal to the full-load armature current and the subsequent 
peaks are twice this current. Resistance of armature circuit, 1-5 £2.; resistance 
of field winding, 920 £2.; full-load efficiency of motor, 85%. 

{Lond. Univ., 1948.) 

13. Explain the principle of the cascade method of controlling the speed of a 
3-phase induction motor. What advantages has a 3-phase commutator 
machine over an induction machine for operating in cascade with an induction 
motor ? 

A 500 h.p., 16-pole, 3-phase induction motor, which normally runs at a speed 
of 370 r.p.m. when the supply frequency is 50 c/s, is cascaded with a 3-phase 
commutator machine to obtain a speed of 300 r.p.m., the torque being equal 
to the normal full-load torque. Calculate the kVA. rating of the commutator 
machine, assuming the power factor of the rotor circuit of the induction motor 
to be 98% at full load, normal speed, and 92% under cascade operation. The 
open-circuit voltage between slip-rings at standstill is 650 V. Friction, windage 
and rotor core losses may be ignored. {Lond. Univ., 1949.) 

14. A variable-speed d.c. motor is to operate from a 480 V. supply against 
a constant load torque, equivalent to 500 h.p. at 450 r.p.m., over the range 
300 to 600 r.p.m. The flux is to be maintained constant. 

A separately-excited booster, rigidly coupled to the motor shaft and 
working with equal flux maxima in either sense, is used to effect the required 
speed change. Explain, with the aid of a diagram of connections, how the 
control will be effected, and give the armature e.m.f. and current of each 
machine at speeds of 300, 450 and 500 r.p.m. Ignore all losses. 

{Lond. Univ., 1949.) 

15. Compare 3-phase induction motors and d.c. shunt motors from the 
point of view of ease of speed control. 

A 400 V., 50 c/s, 3-phase, 6-pole, squirrel-cage induction motor has a stator 
resistance per phase of 0-5 £2. The stator is normally delta-connected, and 
when started by direct switching the motor takes 50 kW. and a line current of 
200 A. Determine the values of supply current and torque (in lb.-ft.) when 
started by (a) a 3-phase, 400/280 V. step-down auto-transformer, and (6) a star- 
delta starting switch. Ignore the no-load current of the transformer and the 
power loss in the stator of the induction motor. (Lond. Univ., 1950.) 



CHAPTER XIV 

ECONOMIC CONSIDERATIONS 

Introduction. In all engineering applications the question of cost 
is of first importance. In most cases the cost decides whether a 
certain project will be carried out, although political and other 
considerations may intervene; thus Hungary, having been deprived 
of most of its coal, water power and gas by the Treaty of Trianon, 
has been forced to a policy of railway electrification. 

The calculation of the cost of any scheme is often difficult, as the 
cost varies considerably with time, tariff conditions, and even with 
convention. Thus schemes involving the use of aluminium were 
very expensive some fifty years ago and are very cheap now, 
because of the improved methods of producing aluminium and the 
consequently very much lower cost. Tariff walls render a scheme 
economic which under free trade would not be so; the advantages 
and disadvantages of protection and free trade are explained (and 
exaggerated) in the daily press, so that no further discussion is 
necessary, but the situation must always be considered. Convention, 
as well as the law of supply and demand, fixes the rate of interest 
of loans, and thus has a very large influence on the cost, real or 
calculated, of a system. A very interesting example of this occurs 
in the electrical circles of the U.S.A. It is well known that the cost 
per kilowatt of installing a hydro-electric plant is much greater 
than that of a steam power station, but the running cost per kilowatt- 
hour is much less. It can, then, be easily shown that the steam 
power station is cheaper if the rate of interest is above a certain 
value, and the hydro-electric plant is cheaper if the rate is less than 
this value. The utility companies, which own the steam power 
stations, claim that the hydro-electric plants are uneconomic and 
base their calculations on a high rate of interest; the Federal 
Government, which sponsors the hydro-electric installations and is 
more concerned with the welfare of the people during the depression 
than with the rate of profit, claims that the hydro-electric schemes 
are economic, and bases its calculations on a low rate of interest. 
Both claims are correct, given their basic assumptions. 

In some instances one scheme may be cheaper than any other 
under all circumstances, and then there is no question of its not 
being undertaken. 

Economic problems occur in the fields of generation, transmission, 
distribution and utilization of electrical energy. The electrical 
engineer has to find the cheapest and most convenient electrical 
method, and then he has to persuade the consumer that it is worth 
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while using this method. If the method is cheaper than the non¬ 
electrical method, he has to persuade the consumer that it is worth 
his while to scrap his present plant and go over to the electrical 
method; sometimes this is easy, sometimes, as in the case of the 
railways, it is very difficult. If the electrical method is dearer, as 
in electrical heating for domestic purposes, he can point out certain 
indirect savings, such as cleanliness and the non-spoiling of decora¬ 
tion, and persuade the consumer that, taking all the considerations 
into account, the electrical method is more economical. 

In all cases it is a great advantage to be able to present a concrete 
calculation to the consumer or user, giving definite costs together 
with the advantages of use. 

Interest and Depreciation. Suppose that a capital outlay P is 
required for a certain installation, and the interest per unit is r p.a. 
(5 per cent is equivalent to r = 0*05). Then the installation must 
provide rP per annum as interest, and this is added to the yearly 
running cost. 

If the installation were to last for ever, this is the only charge 
that would have to be made. In practice an installation lasts for a 
finite period, from one to forty or fifty years, and it is necessary to 
provide a sinking fund to produce a sufficient sum at the end of 
the probable life to replace the installation by a new one. Let the 
cost of replacement be Q; Q is equal to P if the used installation 
has zero value and is easily removed, less than P if it has a scrap 
value, and greater than P if it has small scrap value and requires 
expensive removal. The problem is to find the yearly charge q to 
provide a sinking fund such that the amount Q is available at the 
end of the n years. An amount q earns interest rq in one year, so 
that it is worth q + rq = q(l + r) at the end of a year. In the same 
way its value is multiplied by the ratio (1 + r) every year, so that 
it is worth q( 1 + r) 2 at the end of two years, q( 1 -f r ) 3 at the end 
of three years, and so on. Thus the first payment is worth #(1 + ?) n 
at the end of the n years. The second payment is made at the 
beginning of the second year and is in (n —• 1) years, so that its value 
at the end of the period is q{\ + r)"” 1 . The total sum at the end 
of the period is therefore 

?(1 + r) n + q( 1 + r)’ 1 - 1 + . . . + q(l + r) 2 + q( 1 + r) 


(1 + r) n + 1 — (1 + r) 
q (l+r)-l 


= ? 1 -^[( i + *•)•-1 ]. 


This must be equal to the cost of renewal, Q, so that 

Q=V 7 - r [(l +r)»- 1], 
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giving 

g^Q^^ta+r)”-!]. (138) 

The total charge on the installation is then rP + q. 

Example. Find the total annual charge on a cable system costing £150 000 
to buy and lay, the cables lasting 30 years and having negligible scrap value. 
Interest is at 6% compounded annually. 

The interest charge is 0*06 X 150 000 = £9 000 per annum. The 
replacement value is £150 000 so that the sinking fund charge is 

q = 150 000 X -j- [1 06 30 - 1] 

150 000 X 0 06 
~ 1-06 X 4-75 

= £1 790. 

The total charge is thus £10 790. 


If the interest were at 3 per cent, the charges would be £4 500, 
£3 050 and £7 550 respectively. If the interest were zero the charges 
would be 0, £5 000 and £5 000 respectively. It is seen that a rise 
in the interest rate causes a rise in the interest charge, a fall in the 
sinking fund charge, and a rise in the total charge. 


GENERATION 

In Chapter I we have discussed the problem of generation and the 
cost involved in the various systems. The question of load factor 
was discussed in detail, and it was shown how the cost of generation 
of 1 kWh. decreases as the load factor increases; this is due to the 
fact that the standing charges are distributed over more units of 
energy if the load factor is higher. 

The cost of energy is composed of standing charges which are 
independent of the output, and running charges which are propor¬ 
tional to the output. The standing charges consist of interest on 
capital and depreciation, and the main part of salaries, wages, 
repairs, and maintenance. The running charges consist of the main 
part of the fuel and stores, a part of the repairs and maintenance, 
and part of the wages. 

Interest and depreciation are calculated as follows. Interest is at 
6 per cent, so that for every £100 of plant the charge is £6. Depre¬ 
ciation varies considerably with the type of installation; thus it is 
likely to be much less in a hydro-electric plant than in a diesel 
station. A customary allowance is 1 per cent on the first £25 and 
3$ per cent on the remaining £75, giving £2*88 per £100 plant. The 
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capital charge is thus £8*88 per £100 of plant. Now suppose that 
the plant costs £15 per kW. and that 25 per cent spares and standby 
is allowed, so that the cost per working kW. is £18*75. Then the 
capital charge per working kW. is 

(18*75/100) X 8*88 = £1*67. 


If a kW. generator works for a year at a load factor of L per cent, 
the fuel cost is found to be 0*28 + 0-036L and other costs 0*845 
+ 0*0081L, so that the total cost is 

1*67 + 0*28 + 0-036L + 0-845 + 0-0081L 
= 2*79 + 0-044L. 


The total units produced are 

24 x 365 x (L/100) = 87-6L, 
and the cost per unit (kWh.) is 


2*79 + 0-044L 
87-6L 


: £[0-00050 + 0-0318/L] 


= (0-12 + 7-63/L) pence. 

The effect of the load factor is quite clear from this expression 
If the load factor is 20, 40, 60, 80, 100 per cent, the cost per kWh. is 
0*50, 0*31, 0*25, 0-22, 0*196 pence respectively. 

In comparing the cost of energy produced by steam power and 
hydro-electric stations, it is essential to take into account the effect 
of the load factor. Since the standing charges for the hydro-electric 
plant are great, it is essential that a high load factor be employed. 
The best scheme is to use the hydro-electric plants and the large 
efficient steam power plants to provide the base load, and thus 
obtain a load factor of 70 per cent or higher. The peak loads can 
be supplied by diesel stations or steam accumulator plants, since 
these can be brought into action very quickly and have very small 
or no standby losses. 

Maximum Demand. The maximum demand made upon a genera¬ 
ting station determines the size and cost of the installation. Given 
a fixed total energy output in a year, a low load factor entails a 
high maximum demand and a high cost per unit. The matter can 
be considered more easily if the total cost of the energy is con¬ 
sidered. The total cost consists of the standing charges, which are 
proportional to the maximum demand, and the running charges, 
whioh are proportional to the energy used. 

For this reason a two-part tariff is often fixed, a charge being 
made for the maximum demand (integrated over 15 min. or half 
an hour) and for the energy consumed. 

A consumer at the end of a long chain of generation, transmission 
and distribution should pay more per kW. and per kWh., because 
of the extra standing charges in the transmission and distribution 



420 


ELECTRICAL POWER 


systems and the power loss on route; but a certain effect to be 
explained later causes a radical modification. 

In many cases alternative tariffs are available, and then the 
consumer can calculate, if he has the necessary information, which 
of the two tariffs is cheaper. 

Large consumers have maximum demand indicators, and they 
are warned by a bell when they are approaching or exceeding their 
maximum demand; they may often arrange to drop some dis¬ 
pensable part of their load to keep within their limit. Small 
consumers may find it uneconomical to install a maximum demand 
indicator, and then the supply company estimates their maximum 
demand by the size of house and the connected appliances, and 
offers a tariff accordingly. The estimate is sometimes inequitable, 
but usually rough justice is attained. 

The following example illustrates the calculation of alternative 
tariffs. 

Example. Explain why two-part tariffs are used in charging for electrical 
energy. A consumer has a maximum demand of 12 kW. There are two 
alternative tariffs: (1) a fixed charge of £5 4s. Od. per annum plus a running 
charge of £d. per unit; (2) a charge of 4£d. per unit for the first 150 kWh., 
and for all units in excess of this Id. per unit. Calculate the cost per unit 
under each tariff for load factors of 10, 30, and 100 per cent 

{Nat. Cert., 1932.) 


At 100 per cent load factor the units used are 

12 x 24 x 365 = 105 120 kWh. 

At 10 and 30 per cent the units are 10 512 and 31 536. According 
to the first tariff the charge of £5 4s. is to be borne by 10 512, 
31 536 or 105 120 units, so that the charge per unit is £d. plus 
0*142, 0*047 or 0*014, i.e. 0*64, 0*547 or 0-514d. per unit. According 
to the second tariff the cost is Id. per unit plus 150 times 3Jd., and 
the cost per unit is 1*045, 1*015, and l*0045d. 

Diversity Factor. The maximum demands of a number of con¬ 
sumers are most unlikely to occur all at the same time, so that 
the maximum demand on the supply or generating stations is much 
less than the sum of the maximum demands of the separate con¬ 
sumers. The diversity factor is the ratio of the sum of the maximum 
demands of the separate consumers divided by the maximum 
demand of the station. It is usually much greater than unity. 

It is quite clear that the consumer should pay a standing charge 
per kW. of maximum demand of amount equal to that paid by the 
station divided by the diversity factor. Thus the average standing 
charges per kW. of maximum demand are £3 16s. Od. for generation 
and £4 14s. Od. for distribution. If all loads were switched on 
together, so that the diversity factor were unity, a consumer would 
have to pay £3 16s. Od. plus £4 14s. Od. viz. £8 10s. Od. per kW. 
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demand. As the diversity factor in generation is 25 and in 
distribution about 7, the consumer need pay only 

£3ife0d. + £4 14.. Od. _ 3s + 13 , M M 

Zo 7 

per kW. of maximum demand. 

This calculation supposes that the utmost use is made in genera¬ 
tion and distribution, and in their combination, of the diversity 
factor. 

It follows that the encouragement of the diversification of load 
is likely to cause a much greater economy than even the existence 
of a high load factor. This, in fact, is exemplified in the use of 
water heaters at specified times, during which very low charges are 
made. 

TRANSMISSION 


In transmission systems carrying bulk power over long distances, 
the question of voltage regulation is unimportant; in some very 
long lines a regulation of 40 per cent is considered satisfactory. The 
only consideration then is that of the most economical method of 
working. There are two things to be chosen, the voltage of 
transmission and the size of the conductors. 

Size of Conductors. Kelvin’s Law. Let us suppose that the voltage 
is fixed and the current is / per conductor. We need consider only 
unit length of the line, as the argument holds for any length. Let 
A be the cross-sectional area of the conductors. The annual charge 
on the capital outlay consists of a constant part and a part which 
is proportional to the cross-section; thus the insulator costs are 
constant, the copper cost is clearly proportional to A, and the cost 
of supports, etc., is partly constant and partly proportional to A. 
We may therefore write the annual charge as 

P x + P 2 A.(139) 


The resistance of the conductors per unit length is pj A, so that 
the power loss is 3(p/A)/ 2 in a three-phase system. We add this 
up over a year and obtain a money loss of 


¥T«*-5 


(140) 


where 



(141) 


and c is the cost of a unit. 

The most economical working is obtained when the annual charge 
on the capital outlay and the losses are a minimum, i.e. when 

P x + P,A + P^A 


is a minimum. This condition occurs when 


(d/dA) (P x + P.A + P*/A) = 0 = P, - Pa/A*, 
i.e. when A = v^Pa/P*)- • 


. ( 142 ) 
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When this condition holds P*A = P 3 /A, i.e. the variable part of 
the annual charge is equal to the cost of the losses per year. This is 
1Kelvin’s law . The difficulty in practice is to find P 3 as given in 
equation (141). Moreover we have assumed that the annual charge 
is of the form P x + P 2 A, and this need by no means be true. For 
example, the cable dielectric and sheath in cables do not vary in 
cost according to this simple law, nor need the cost of laying. The 
saving circumstance is that accuracy is not required, as the curve 
is flat in the region of the minimum cost and an error of 20 per cent 
either way is not likely to cause an appreciable loss of efficiency. 

It can be seen from equation (141) that the load factor is insuffi¬ 
cient to determine the value of P 3 ; for the load factor is given by 


L = 


/ year r year 

VIdt / Idt, 

— - = - 

r x max A max 


so that j C Idt is given by the load factor but not f I 2 dt . For 




example, a load factor of 50 per cent may be due to a load which 
draws a current i all the year except during a very short interval, 
say 1 hour, when the load is 2 i. The value of P 3 is then 

/ year 

i 2 dt = 3pc X 8 760 X i 2 . 

The same load factor of 50 per cent with the same maximum 
demand may occur with a load that draws current 2i for half a year 
and zero current the other half-year. The value of P 3 is then 

/ half-year 

(2 i) 2 dt = 3pc X 4 380 X 4 i 2 , 

which is double the value for the former case. 

Equation (141) may be written in the form 


P 3 = 3pc X 8 760 X I 2 . . . (141a) 

where / is the r.m.s. current. In practice the load is distributed in 
fairly typical ways and it is possible to express the r.m.s. current 
as a multiple ( k) of the average current for a given load factor. 


Load Factor (%) . 

10 

20 

30 

40 

50 

70 

100 

R.m.s. current/Average 








current . 

2-2 

1-7 

1-45 

1-3 

1*2 

108 

1-00 


P 8 is then given by 

P 8 = 3pc x 8 760 X k 2 I a 2 

= 3pc X 8 760 X k 2 X (L/100) 2 / maa> 2 


( 1416 ) 
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Example. State Kelvin’s law for transmission. 

An 11 kV. 3-core cable is to supply a works with 500 kW. at 0*9 p.f. lagging, 
for 2 000 hours p.a. Capital cost of the cable per core when laid is £600 4* 
1 800a. per mile where a = cross sectional area of core in in.* 

If the energy losses cost 0-6d. per unit and the Interest and Sinking Fund 
is covered by a charge of 8% p.a., calculate the most economical current 
density and state the conductor diameter. (Nat, Cert., 1936.) 


The annual charge on capital outlay per mile is 

(8/100) (600 + 1 8005.) = £[48 + 1445.]. 

The current per conductor is 


500 000 


(V3) X 11 000 X 0-9 


= 29-2 A., 


and 


j'ye&r 


I 2 dt = 2 000 X 29*2 2 ampere 2 X hours. 


The resistance per mile of a conductor of 1 in. 2 cross-section is 
0*0415 il., so that the cost of the losses is 

£[3 X 0*0415 x (0*6/240) X 2 000 X (29*2 2 /l 000)] -4- s 
= £(0*53/5.). 


The most economic cross-section is given by 

* = v / (0*53/144) = 0*061 in. 2 , 

the current density is 480 A./in. 2 , and the conductor diameter 
is 0*278 in. 

Current Density. We have supposed in the previous section that 
the voltage was fixed, and the current was then found from the 
load. If we consider equation (142), which is the condition of most 
economical working, and if we note that P 3 is proportional to 1 2 
(let P 3 = p 3 / 2 ) we get 

A = VW7 p 2 ) 

or I/A = ViPJps) .... (143) 


Now P 2 and p 3 are determined by considerations of the construc¬ 
tion and materials, so that they are constant. It is thus seen that 
Kelvin’s law determines the current density of the conductors, 
independently of the voltage of the system. 

Transmission Voltage. We have seen in Chapter II that as the 
voltage is raised n times the copper required is diminished n 2 times; 
but the cost of the system increases rapidly with rising voltage 
because of many other factors, and there is an optimum voltage 
of transmission. 

The method of finding the optimum voltage is the following. We 
are given the voltage of generation, the power to be transmitted. 
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and the length of the transmission system. We assume a certain 
voltage of transmission and work out the following costs. 

(1) The transformers at both ends. For a given power this cost 
increases very slowly with voltage. 

(2) Switchgear. This cost increases also slowly with voltage, but 
rather faster than for transformers. 

(3) Lightning arresters . This cost increases rapidly with rising 
voltage. 

(4) Insulators and supports. This cost increases very rapidly 
with voltage. 

We then work out the current density by Kelvin’s law. From the 
assumed voltage and power, the current and hence the size of 



0 22 44 66 68 110 132 

kV 


Fig. 353. Capital Cost of a Transmission Scheme, 

Ten Miles Long, to carry 20 000 kW, at 0-8 Power Factor 

conductor can be calculated. In this way we have the cost of the 
copper. We add all the items and obtain the total cost of the system. 

We do this for various voltages and plot the curve of cost against 
the transmission voltage. 

Fig. 353 shows the capital cost of a transmission system, ten miles 
long, to carry 20 000 kW. at 0-8 power factor lagging, with various 
voltages. Any voltage between 44 and 88 kV. would be satisfactory, 
and in fact the higher voltage would be chosen as large voltages are 
easier to control than large currents, and the load can be increased 
if required. 

We may discuss the problem approximately in general terms in 
the following manner. Suppose the system is of length l and has to 
carry a power P. The cost of transformers and switchgear is 
(A + BV)P y where A and B are constants and V the voltage; BV is 
of the same order of magnitude as A. The cost of the insulators is 
(C + DV)l, where DV is much greater than C . 

We have now to consider the cost of the line. The current per 
conductor is proportional to P/F. By Kelvin’s law the current 
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density is determined by factors independent of the voltage and 
length, so that the cross-section is proportional to the current, viz. 
proportional to P/F. The cost of the copper is thus proportional 
to IP/V ; EIPJV say. The total cost is thus 

(A + BV)P + (C + DV)l + ElPjV. 

For minimum cost 

(i d/dV) [(A + BV)P + (C + DV)l + EIP/V] = 0, 
i.e. BP + Dl— EIP/V 2 = 0, 

giving V = \Z[EIP/(BP + Dl)] . . . (144) 

According to American practice the economic voltage between 
lines of a three-phase a.c. system is 

V = 5*5 y/(\l + P/100),* 

where V is in kV., I in miles, and P in kW. Thus if l = 10 and 
P = 20 000, 

V = 5*5 V(10 + 200) = 79*5 kV. 


It is seen that this is well above the optimum value given in 
Fig. 353. 

The following table gives values used in normal practice— 


1 (miles) 

10-20 

20-50 

60-75 

76-100 

100-160 

150-250 

V (kV.) 

11-22 

33-06 

66-110 

110-132 

110-154 

132-220 


The voltage in kV. is approximately the route length in miles. 

Power Factor. If a balanced three-phase system is supplying a 
load P at voltage V and power-factor cos <£, the conductor current is 
P/(\/3 V cos </>). A low power-factor therefore means a high current, 
and this has three important effects. First, the line losses are 
proportional to the square of the current, so that they are propor¬ 
tional to 1/cos 2 <f>. Thus the losses at 0*8 power factor are 1/0*8* 
= 1 *57 times the losses at unity power-factor. Secondly, the ratings 
of the generators and transformers are proportional to the current 
and thus to 1/cos </>; larger generators and transformers are thus 
required. Thirdly, low power factors are usually lagging, and this 
causes a large voltage drop; extra regulating equipment is 
therefore required. 

It has already been shown in Chapter VII how the power factor 
can be improved by synchronous condensers and static condensers. 
The supply authorities use synchronous condensers for voltage 
control, and large consumers (or small distributing authorities) are 
encouraged to keep a high power factor by the above methods 
through a tariff arrangement. 

* Cable Research Handbook gives 5-5 y/(l -f kVA/150). 
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The tariff may consist of a standing charge per maximum kVA. 
demand plus a charge per kWh. used; or a charge per kWh. with 
a penalty for bad average power factor; or it may consist of a 
standing charge per kW. of maximum demand, plus a charge per 
kWh., plus a charge per kVAR. 

Fig. 354 shows how the power and reactive volt-amperes are 
measured in a three-phase circuit. The vector diagrams are self- 



v 2 -v 3 v 2 -v 3 

Measurement of Power Measurement of JcVAR 

Fig. 354. Measurement of Power and Reactive kVA. 


explanatory, and it is assumed that the load is balanced. The 
wattmeter registers the scalar product of I x and V x — V 3 , and of 
I 2 and F 2 — F 3 . The magnitudes of F \ — F 3 and F 2 — F 3 are both 
(\/3)F, whilst the angles they make with I x and I 2 are 30° — <f> and 
30° + (f> respectively. The wattmeter registers therefore 

I (V3)F cos (30° - <f>) + I (V3)F cos (30° + <f>) 

= (cos 30° cos <f> -f- sin 30° sin (f> 

+ cos 30° cos d> — sin 30° sin <£) 

= 37F cos <f>. 

The reactive volt-ampere meter reads the scalar products of I x 
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and F 2 — F s , and / 2 and F 8 — V v The magnitudes are (V3) F and 
the angles both 90° — cf> so that the meter reads 

(V3)/F [eos (90 -<(>) + cos (90 - <f>)] 

= 2(V3)/F sin <f >, 

which is the reactive volt-amperes apart from a constant factor. 

It can be shown that the wattmeter reads correctly even on 
unbalanced loads; but the reactive meter will be correct only if 
the common end of the voltage coils is at the neutral point and one 
coil is reversed, as shown in Fig. 355. 

The kW. and kVAR. can be compounded to give the kVA. in 
the way shown in Fig. 356. An instrument with such an arrange¬ 
ment has been constructed to 
read kW., kVAR. and kVA. 

The ratio of kWh./kVAh. 
over a given period does not 
give the average of the power 
factor, because the magnitude 
of the kVA. usually varies. 

Power Factor Improvement. 

The consumer is encouraged 


Rolling ball 
with no slip 



\MJL/- 


Fio. 355. Measurement of 
kVAR. on Unbalanced Load 



kW 


kVAR 

Soindfe 


Fig. 356. Measurement 
of kVA. 


to improve the power factor of his plant by the tariff, and he will 
do so up to the economic limit. Suppose that the consumer is 
charged a fixed sum A per kVA. maximum demand plus a flat rate 
per kWh. Suppose that he is taking a load P at a power factor 
cos <f> ; his kVA. is P/cos <f> v He may install condensers or a syn¬ 
chronous condenser to increase his power factor to cos when his 
maximum demand is P/cos <f> 2 . He will save in this manner 

A(P/cos <f> x — P/cos <£ 2 ) 

per annum. The kVAR. to be supplied by his power factor installa¬ 
tion is (P tan —- P tan <f > 2 ), and suppose that the cost is B per kVA. 
per annum. The cost is 

B(P tan <£1 — P tan <^). 

His net saving is 

A(P/cos <f> x — P/ cos — B(P tan ^ — P tan ^g). 
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He will install equipment so that his saving is a maximum, and 
this occurs when the differential coefficient with respect to <f> 2 is 
zero. This occurs when 

— A P sec d)o tan <i« + BP sec 2 6* — 0, 
or sin <f> 2 = + (B/A) .... (145) 

From this <f> 2 and cos </> 2 are easily found. An interesting point is 
that the most economical angle of lag is independent of the original 
value of the installation. 

Example. Deduce an expression for the most economical angle of lag at 
which a consumer should take power when the charge is based on a fixed 
sum per kVA. of maximum demand plus a flat rate per kWh. 

Calculate this value in the case where the tariff is £4-5 per kVA. of maximum 
demand plus a flat rate per kWh. The annual cost of condensers and 
additional gear is 10% of the capital cost of £3-5 per kVA. of such plant. 

(Lond. Univ ., 1930.) 

Equation (145) gives the most economical angle. In this case 
A = 4*5 and B = 0*35, so that 

sin </) 2 = 0-35/4-5 = 0-0778, 
giving <f> 2 = 4° 28' and cos <f> 2 = 0-997. 


The generating station is as much concerned with power factor 
improvement as the consumer, as the cost of the installation is 
proportional to the kVA., whilst the useful output is the kW. 
Suppose that a certain installation has a kVA. rating P and a power 
factor cos </> v The cost is AP and the gain from power output is 
BP cos <f> v where A and B are constants. If phase-advancing equip¬ 
ment raises the power factor to cos <f > 2 , the output is P cos <f> 2 and 
the extra gain is B(P cos <£ 2 — P cos <^). The kVAR. to be provided 
is (P sin <f>i~ P sin (f> 2 ) and costs C(P sin <f>i~ P sin <f> 2 ). The next 
gain is thus 

B(P cos <f> 2 — P cos </>!) — C(P sin — P sin <f> 2 ) . (146) 

It is often asserted, wrongly, that this will be done up to a value 
of (/> 2 for which the extra gain is greater than the cost. What should 
be done is to make the extra gain a maximum, not just positive. 
The best angle <f> 2 is given by putting the differential coefficient of 
expression (146) equal to zero, 

i.e. — BP sin (f> 2 + CP cos (f> 2 — 0, 

giving tan (f> 2 = C/B.(147) 

Again we see that the value of <j> 2 is independent of <f> v 

Distributors. The cross-sectional area of a feeder is chosen for 
the minimum cost of conductor and losses, and given by Kelvin's 
law; the consideration of voltage-drop is not important, as 
regulation can be allowed for. 
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In distributors, however, the permissible voltage drop determines 
the cross-section, and the problem is not one of economics entirely. 
A problem which arises is the cross-sections of a series of distributors 
across which the total voltage-drop is limited. Suppose that 
distributors carry currents h> h> • • • I n in series, and the voltage- 
drop across them is limited to F. (See Fig. 357.) It is required to 
find the cross-sections of the most economical arrangement. Let the 
resistances be R v R 2 , . . . R n . The condition of voltage-drop gives 

I\R 1 + I2-^2 + • • • + = F. . . (148) 



Fio. 357. Distributors in Series 


As the length of each part is fixed the cost is 

C - kil/R, + 1 /R 2 + . . . + 1 IR n ) • • (149) 

since the cross-section of any part is inversely proportional to its 
resistance. Let the resistances be varied by dR v dR 2y . . . dR n . 
The condition (148) gives 

I^dR} -j~ I 2 dR . . . -f* I n dR n = 0. • (150) 

For minimum cost we put dC = 0, so that 

(l/RtfdR, + (l/R 2 2 )dR 2 + . . . + (l/R n *)dR n - 0. . (151) 


Equations (150) and (151) can hold for all values of dR v dR 2t 
. . dR n only if they are of the same form, so that 

h __ h _ h i 

W ~ W W * * * VK 2 ' 
ii i • { ’ 

r Z±- — Jl — — 

A 2 A 2 ' * * A 2’ 


where the A’s are the cross-sectional areas. In the case of a uniformly 
loaded distributor of length Z, the current I x at distance x is i(l —* x) t 
so that A* is proportional to \/(l — #). 

Transformer Losses. Suppose that a transformer has primary 
current and voltage I x and E v and secondary values I 2 and E t . 1£ 
the output power factor is </>, the output is E 2 I 2 cos <f>. The copper 
losses are jR,/, 2 + Rzh 2 ~ NI 2 2 f where R is the resistance transferred 
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to the secondary, and the iron loss is P i} a constant. The efficiency 
is thua E 2 I 2 cos + 

^ ~ E t I t cos 4> + RI* + Pi 


E 2 COS <f> 


E 2 COS <f) 4" El2 + P it 12 


(153) 


The efficiency is a maximum with respect to I 2 when the 
denominator is a minimum, and this occurs when 


B — P JI 2 2 = 0, 

or = RI 2 2 , 

i.e. when the iron-loss is equal to the copper-loss. 

If a transformer is designed to operate at full-load the whole 
time, it should be designed to have equal iron- and copper-losses. 
If it operates at partial load much of the time, the copper-loss is 
less than the iron-loss for this period; it is worth while having a 
smaller iron-loss than the copper-loss at full load, for the iron-loss 
is constant. 

The all-day efficiency is the output in kWh. divided by the input 
in kWh. for the day, so that it is given by 


^Jail-day — 


^ E 2 1 2 COS (f>dt 


j ** E 2 I 2 cos (f>dt + J BI 2 2 dt + J P t dt 


If the load variation is known, P { and B should be chosen to make 
this a maximum. 


Example. The average daily load on a transformer which is permanently 
connected to the supply mains is: full load at 0-9 p.f. for 5 hr., half load at 
0-8 p.f. for 9 hr., and no load for 10 hr. Find the ratio of the full load copper- 
loss to iron-loss in the economical design of the transformer. 

(Lond. Univ. f 1933.) 

Let the full load current be I. Then 


/EJt cos <l>dt = J' E 2 I x 0-9 X dl + J E t (%l) x 0-8 X dl 


= 8-5 E 2 I W. 

-5 


Ht = f RPdt + f R(\I)*dt 



= 6 RP, 
= 24P,. 


and 
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The all-day efficiency is thus 

8-5 E t I 

Valiev - 8 . 5Ei j + 6R p + 24 P t 

8-5 E t 

~ 8-5 E z + 6RI + 24 PJ1’ 

The maximum efficiency is obtained when 

24 P { = 6RI 2 

or P t = \RP, 

i.e. the iron-loss is one-quarter of the copper-loss at full load. 

Actually the matter is not as simple as stated above, which is the 
usual simple explanation. There are really two quite different 
problems to be considered. 

If it is required to design a single transformer to deal with a given 
load, the question is one of economics. It cannot be said that the 
most economic design is that in which the iron- and copper-losses 
are equal, which in this case is quite an irrelevant and arbitrary 
criterion. The procedure, which is lengthy, is to take a certain 
amount of iron and copper and make the best geometrical design. 
The annual cost of the iron and copper is estimated, and also the 
total losses. Suppose we have the total cost as 

A X C + B X I, 

where G — copper, I = iron, and A and B are constants. Let the 
losses have an annual cost of 

D/C + E/I. 

The latter expression is only approximate and requires careful 
evaluation. The problem is then to find the minimum value of 

(AG + D/C) + (BI + E/I) 

for varying values of G and /. The condition is found to be 
G = V(D/A) and I = ^/(E/B). 

This determines the amount of material and also the losses. 

The second problem is to find how many transformers, of many 
identical transformers which are available, should be switched in 
to deal with a given load, whether to switch in a few working at 
high current or a large number working at low current. It is seen 
that, in this case, a number should be switched in so that each 
has equal copper- and iron-losses. For here the cost of the trans¬ 
formers is fixed, whether they are used or not, and the only cost 
to be considered as variable is that of the losses. The losses are least, 
for a given power output, when the efficiency of the combination is 
a maximum ; and as the transformers are identical the efficiency 
of the combination is equal to the efficiency of each. 
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EXAMPLES XIV 

1. Explain carefully why the generator costs per unit of electricity are 
reduced if the load factor on a system is improved. 

Describe briefly the various methods which are employed for dealing 
economically with peak loads on an alternating-current system supplying an 
industrial area. ( Lond. Univ., 1932.) 

2. Explain briefly why the total cost of generation may be separated into 
a fixed and a running charge, and give a short representative list of costs 
which would appear under each heading. 

How does the diversity factor and the load factor influence the cost of 
generation? {Nat. Cert., 1933.) 

3. Define (a) load factor and (6) diversity factor and discuss their effects 
upon the economics of power supply. 

In the case of a two-part tariff consisting of a kVA. charge and a kWh. 
charge, how is the choice of phase-advancing equipment affected by those 
charges ? 

Derive an expression relating such tariff charges and the annual costs of the 
phase-advancing equipment with the most economical degreo of power-factor 
improvement. Assume the total power taken by the load to remain unaltered, 
and neglect losses in the phase-advancing equipment. 

{Lond. Univ., 1954.) 

4. Define the terms: “maximum demand”; “demand factor”; “load 
factor”; “plant load factor”; “diversity factor.” 

A generating station had a connected load of 43 000 kW. and a maximum 
load of 20 000 kW., the units generated being 61 500 000 for the year. 
Calculate the load factor and the demand factor for this case. 

{Nat. Cert., 1933.) 

5. State Kelvin’s law, and explain why in practice the law is usually not 
strictly observed. 

In given circumstances, the economic current density of a single-core cable 
is 300 A/in. 2 . Energy costs 0-8d. per kWh., and that portion of the cablo cost 
which is independent of size is £600 per mile, on which the annual charge is 
8 per cent. The cable is used at a constant current of 200 A., although the 
economic optimum is 250 A. Compare the total annual cost of using this cable 
with the corresponding cost for a similar cable for which the economic current 
is 200 A. The resistance of the conductor material having a cross-sectional 
area of 1 in. 2 is 0 045 Q. per mile. (Lond. Univ., 1953.) 

6. Discuss the general principles of charging for electrical energy. 

A load has a maximum demand of 2 000 kVA. at a lagging power factor of 
0*8, and the tariff is £5 per kVA. maximum demand plus 0-4d. per kWh. 
Assuming a load factor of 50%, calculate the saving in the annual charge if 
the power factor is corrected to 0-95 lagging. Interest and depreciation on 
the correcting apparatus amount to 5s. per kVA. rating, and losses in the 
correcting apparatus may be assumed to average 2*5 kW. throughout the year. 

{Lond. Univ., 1948.) 

7. The load on a certain installation may be considered constant at 
1 200 kVA., 0-75 lagging power factor for 2 500 hr. per annum. The tariff is 
0-65d. per kWh. plus £5 10s. Od. per kVA. maximum demand. 

(а) Determine the annual charge for electrical energy. 

(б) Power-factor improving apparatus is installed to improve the power 
factor to 0*95 lagging. 

Determine the kVAr. required and the new annual charge if the power- 
factor improving apparatus costs £5 per kVAr., annual interest and deprecia¬ 
tion charges are 10 per cent of the capital cost, and the losses in the apparatus 
are 4 per cent of the kVAr. rating. (Lond. Univ., 1950.) 

8. State and prove the law of economy as applicable to an insulated feeder 
cable. The cost of each of the copper conductors for a mile of an overhead 



ECONOMIC CONSIDERATIONS 


433 


transmission line is £100 plus £700 per in. 8 of cross-sectional area. The load 
factor of the main load is 25% and the losses 11%. The combined rate of 
interest and depreciation is 9% per annum, and the cost of the energy wasted 
is Id. per kWh. Calculate the economical maximum current density for the 
line. A mile of copper wire of 1 in. 8 cross-sectional area has a resistance of 
0*046 ft. If the section of the conductor differed by 10% from the most 
economical value, by what percentage would the total cost of running be 
increased ? ( Lond. Univ ., 1933.) 

9. Determine the economic voltage for a three-phase power system trans¬ 
mitting an equivalent load of 3 000 kW. for 3 500 hr. per annum at an average 
power factor of 0*9, the load being equally divided among five substations at 
which there is the usual transformer, arrester and switch-gear equipment. 
The real length of line is 450 000 ft. whilst the equivalent length may be taken 
as 350 000 ft., the towers being spaced 600 ft. apart. 

The specific resistance of the copper material of the line is 2/3 ^ft. per inch 
cube, the cost 2*875d. per in. 8 and the cost per unit of energy U*5d. 

The annual charge on the components at the stations may be taken as 
follows— 

For single-phase transformers of normal full load 

P kW. at V kV.£(0*012F 4- 1*56) 

For the arresters and switchgear at V kV. . . £1*25F 

For the poles and insulators for a F kV. system . £(0*0144 F -f 1*92) 

The annual depreciation of the line may be taken as 6% of the initial cost. 

(Lond. Univ., 1931.) 

10. Describe the principle of a two-element meter for giving the wattless 
kVAh. of a three-phase power system, giving vector diagrams showing the 
phase relationships. 

If the kWh. output of the system is also known, why is the power factor 
determined from the two instruments not necessarily the true average power 
factor over the period of time concerned ? (Lond. Univ., 1931.) 

11. What factors determine (a) the first cost, and (b) the running cost, of a 
low-voltage cable network ? 

A two-core feeder cable 880 yd. long, costing £(2 500 -f 10 000 a) per mile, 
where a is the cross-section of one core in sq. in., supplies 100 kW. at 400 V. 
d.c. for 5 000 hours per annum. If the cost of energy at the supply end is 
0*4d. per kWh., and interest, depreciation, etc., account for 12% per annum 
on the capital invested, determine the most economical value of a and the 
average energy cost per kWh. at the load. (Specific resistance, f microhm-inch.) 

(Lond. Univ., 1947.) 

12. Explain the economic basis for tariff charges in which the consumer’s 
power factor and maximum demand are involved. Assuming a 440 V., 
3-phase supply, show how these quantities are measured or estimated. A load 
having a maximum value of 1 000 kW. at power factor 0*8 has an annual 
load factor of 40%. Find the cost per unit to the consumer if the tariff is 
£5 a year per kW. demand plus 0*5d. per unit plus 0*25d. per reactive kVAh. 

(Lond. Univ., 1931.) 

13. Show that the economical limit to which the power factor of a lagging 
load can be raised is independent of the original value of the power factor 
when the tariff consists of a fixed charge per kVA. plus a flat rate per unit. 

A consumer is charged £3 per annum per kVA. maximum demand plus a 
flat rate per kWh. Phase advancing plant can be purchased for £3 per kVA., 
the cost for depreciation, housing, and interest on capital being 12%. Find 
the most economical angle of lag to which the load can be improved under 
these conditions. (Lond. Univ., 1932.) 

14. A factory takes a load of 200 kW. and 0*85 p.f. (lagging) for 2 500 hr. 
per annum, and buys energy on a tariff of £7 per kVA. plus 0*76d. per kWh. 
oonsumed. If the power factor is improved to 0*9 (lagging) by means of 
eondensers costing £26 10s. Od. per kVA. and having a power loss of 100 W. 
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per kVA., calculate the annual saving effected by their use. Allow 8% per 
annum for interest and depreciation on the condensers. (Nat. Cert., 1935.) 

15. An industrial load has an average value of 500 kW. at 0*7 p.f., lagging, 
for 2 000 h. per annum. The maximum demand is 30% in excess of the 
average—also at 0-7 p.f., lagging. Energy costs £5 per annum per kVA. 
maximum demand, plus 0-5d. per unit. 

Power factor correcting plant is installed, raising the power factor of the 
average load to 0*9, lagging, and costing £4 per kVA. Find the annual saving 
in cost. Allow 10% for interest and depreciation on the capital cost of the addi¬ 
tional plant. (Neglect the energy losses in the phase advancing apparatus, and 
assume its kVA. input is constant.) ( Lond. Untv ., 1936.) 

16. State Kelvin’s law for the most economical size of conductor and explain 
why this law may be modified in practice. 

Determine the most economical area of conductor if the maximum value 
of the current is 1 000 A. and the load factor is 50%. The conductor costs 
16d. per lb., the cost of energy wasted is 0*7d. per kWh., and the annual 
interest and depreciation is 10% of the capital cost. The conductor weighs 
0-32 lb. per in. 3 and has a resistance of 0-8 microhm per inch cube. Explain 
any assumptions made. (Lond. Univ ., 1947.) 

17. Give reasons for the approximate relationship C — A X (kVA. ) + B 
+ (kWh.) in which C, the annual operating cost of a generating station, is 
expressed in terms of the maximum kVA. demand and the total units 
generated; A and B are constants for a particular station. Account for 
differences between the values of the constants used when contrasting steam 
and hydro-eleotric stations of comparable size. 

What regard should be paid to these constants in controlling the power 
taken from various stations feeding into a common network? In particular, 
distinguish between “base load” and “peak load” working. 

(Lond. Univ., 1949.) 

18. Explain the purpose of power factor correction by an industrial con¬ 
sumer. Describe briefly three methods by which it may be effected. 

A synchronous condenser, which may be assumed to work at zero power 
factor, costs £5 per kVA. If a consumer is charged £4 per annum per kVA. of 
maximum demand, and interest, depreciation, etc., amount to 10% on capital 
invested, determine his most economical operating power factor. The uncor¬ 
rected power factor is 0-8 lagging, and the load is steady. 

(Lond. Univ., 1948.) 

19. Explain the terms “load factor” and “diversity factor,” as applied to 
an electricity undertaking. Indicate how they are likely to be affected by 
“staggering the load.” 

A connected load of 20 000 kVA. is fed from a substation having an installed 
capacity of 5 000 kVA. The annual output of the substation is as follows— 


Hours duration 

4 380 

2 190 

1 460 

730 

kVA. . 

1 000 

2 000 

3 000 

5 000 

Power factor . 

0-5 

0*8 

0-95 

0*9 


Determine the kW. load factor and the kVA. diversity factor. 

If the energy is obtained in bulk at a cost of £3 per annum per kVA. of 
maximum demand plus 0-3d. per kWh., determine the mean cost per kWh. 
of output, if the substation works with an all-day efficiency of 90% and a peak¬ 
load apparent efficiency of 97%. (Lond. Univ., 1948.) 

20. Deduce the condition for minimum volume of copper in a 2-wire dis¬ 
tributor when the overall voltage drop has a fixed value. Assume a distributor 
fed from one end and loaded at two points. 

A 2-wire distributor, AD, 300 yd. long, is fed at A with 240 V. and loaded 
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as follows: 60 A. at B, 100 yd. from A; 70 A. at <7, 200yd. from A; 50 A. 
at D. Determine the cross-sections of the conductors for minimum volume 
of copper and a voltage of 235 V. at D. Assume the resistance of 1000 yd. of 
copper of 1 in.* cross-section to be 0*023 O. The condition for minimum 
volume of copper for three load points is similar to that derived for two load 
points. (Lond. Univ ., 1949.) 
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HYPERBOLIC SINE AND COSINE 


It is perhaps easiest to grasp the properties of the hyperbolic 
functions by comparing them with the trigonometric functions, viz. 
the sine and cosine. It is shown in textbooks on trigonometry that 

23 y5 n 

Bin2 = 2 —. . . 


COS 2 = 1- 


z*___ , 

4! 6! ' 


The hyperbolic sine and cosine are defined as the corresponding 
series in which all the signs are positive. Thus 


sinh 2 = 2 


^ + ^ + ^1 + 

3 ! ^ 5 ! ' 7 ! ' * ’ * 


ud coshz=l+^ + ^+^ + • • 

If we put jz in place of z in equations (2) we get 


sinh (jz) — jz + 


0 * z ) 3 , O ' 2 ) 6 


^r~3!+5!~77 + * * 7 

so that sinh (jz) = j sin 2 ) 

Similarly cosh (jz) = cos z. ) 

In the same way we find that 
sin jz = j sinh z ) 
and cos jz = cosh 2 . ; 

It is clear from equations (2) that 
sinh (— 2 ) = — sinh 2 ) 
and cosh (— 2 ) = + cosh 2 .) 

We deduce immediately the formulae 

sinh (A + B) = sinh A cosh B + cosh A sinh B , 
sinh (A — B) = sinh A cosh B — cosh A sinh B , 
cosh (A + B) = cosh A cosh B + sinh A sinh B, 
cosh (A — B) = cosh A cosh B — sinh A sinh B. 


;:! • 
that 
hz ) 
shss.) 
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The method of proof for the third of these equation^ will be given 
as an example. 

cosh (A f B) = cos j(A + B) 

= cos jA cos jB — sin jA sin jB 
= cosh A cosh B — j sinh A . j sinh B 
= cosh A cosh B + sinh A sinh B. 


The hyperbolic sine or cosine of a complex number a + jb can be 
expanded in the following way. 

sinh (a + jb) = sinh a cosh jb + cosh ja sinh^V 
= sinh a cos 6 + j cosh a sin 6 

Similarly 

cosh (a + jb) = cosh a cos b + j sinh a sin 6. 

From equations (1) it follows that 


cos z + j sin 2=1 


z 2 z 4 

~ 4 - -_ 

2 ! ' 4 ! 


+j { z ~h + h~ • • •) 


= 1 +jz + 


(j*) 2 , 0* 2 ) 3 . U z ) 


2 ! 


+ 


3 ! 


+ 


4 ! 


+ 


cos z + j sin z = e j * 
cos z — j sin z = e ~ iz . 


so that 

Similarly 

By addition and subtraction we get 

COS 2 = %(£** + 

sin z = — e~ i% ) 

In exactly the same way we find that 
cosh 2 + sinh z — e* 
and cosh z— sinh z = g” 1 , 

so that cosh z = J(g* + g“‘) 

and sinh z 


. ( 0 ) 


• (7) 


( 8 ) 


= + . . 0 , 


The hyperbolic sine and cosine can thus be expressed in terms of 
simple exponential functions. 

linear Differential Equation. A linear differential equation of 
the form 

(Py/dz * = ky . . . . ( 10 ) 

I5-(T.54) 
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occurs very often in electrical and mechanical systems. We try 
as a solution 

y = Ae mz . 

This gives dyjdz = mA e mz 

and d^yjdz 2 = m 2 Ae mz , 

since the differential coefficient of e mz is me mz . 

Equation (10) is satisfied provided 

d^yjdz 2 = m 2 Ae mz = ley — kAe mz > 

i.e. if m 2 = Jc, or m = ± 

There are thus two solutions, e + ( v'*)* and £-iV* )z > so that 

y = -4 1 c +< v' fc )*+ . . (H) 

where and A 2 are constants. This is the complete solution. It 
may be put in the form 

y = A 1 [cosh (v'A)z + sinh (V^) 2 ] + -^2 [cosh (\/k)z — sinh (\/^) 2 ] 
= (A x + A 2 ) cosh (y/k)z + (A x — A 2 ) sinh (\//c)z. 

As A x and A 2 are constants, so also are their sum and difference, 
which we may replace by C 1 and C 2 . Thus 

y = C x cosh {\/k)z + C 2 sinh (\/k)z. . . (12) 

This also is the solution of equation (10). 

If k is negative, — K say, then (\^k) = jV^- The solution is then 
y = Ci cosh j {\/K)z + C 2 sinh j {y/K)z 
= C x cos ( y/K)z + jC 2 sin (\/K)z 
(\ cos (\/K)z -f C 2 sin ( y/K)z. 


or 


(12a) 
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Table of Hyperbolic Functions. A brief table of the hyperbolic 
sine and cosine is given below. 

HYPEKBOLIC FUNCTIONS 


z 

cosh z 

sinh z 


cosh z 

sinh z 

m 

1 

0*0000 

0*55 

1*1551 

0*5781 


1 


0*00 

1*1855 

0*0300 




0*05 

1*2188 

0*0907 

iBIWiB 

1*0018 

1 v •!« 

0*70 

1*2552 

0*7580 

0*08 


^Bif! 3! 

0*75 

1*2947 

0*8223 

010 


Ba fff ^B 

0*80 

1*3374 

0*8881 

0-12 

1*0072 


0*85 

1*3835 

0*9501 

014 

t •• rap 

nl 5 ^B 

0*90 

1*4331 

1*0205 

0*10 

' * rat 

HS S 

0*95 

1*4802 

1*0995 

018 



1*00 

1*5431 

1*1752 

0*20 

1 


1*10 

1*0085 

1*3350 

0-22 

1 

^B®5 1m I 

1*20 

1*8107 

1*5095 

0*24 

1 fffin 9 

0*2423 

1*30 

1*9709 

1*0984 

0-20 


0*2029 

1*40 

2*1509 

1*9043 

0*28 

■ ■ 

0*2837 

1*50 

2*3524 

2*1293 

0-30 



i*0o ; 

2*5775 

2*3750 

0-32 

Vim 

0*3255 

1*70 

2*8283 

2*0450 

0*34 

1*0584 

0*3400 

1*80 

3*1075 

2*9422 

0-30 


0*3078 

1*90 

3*4177 

3*2082 

0-38 



2*0 

3*7022 

3*0209 

0-40 

1*0811 


2*5 

0*1323 

0*0502 

0*42 


0*4325 

3*0 

11*0077 

10*0179 

0*44 

■SB JlSfKe? 

0*4543 

3*5 

10*5728 

10*5420 

0*40 

M077 

0*4704 

4*0 

27*3082 

27*2899 

0-48 

1*1174 

0*4980 

4*5 

45*0141 

45 0030 


1*1270 


5*0 

74*2099 

74*2032 


















APPENDIX II 

ALTERNATING CURRENTS 

The reader who is not familiar with the theory of alternating 
currents will find a detailed discussion in a companion volume of 
this series.* A r6sum6 of the more important results will be given 
here for reference. 

A current or voltage, such as shown in Fig. 358 (A), which is 
repeated at intervals of time of T seconds is said to be periodic, the 
period being T. The fundamental frequency of the wave is 
/ = l/T cycle per sec. 

It can be shown that such a wave consists of a sum of waves with 
frequencies which are multiples, even and odd, of the fundamental. 
There may be a d.c. component also. 

In electrical power engineering, current and voltage waves are 
usually of the form shown in Fig. 358 (B), in which the value at time 
(\T + t) is the negative of that at time t. In this case, the waves 
consist of the fundamental and odd harmonics only. 

Fig. 358 (C) shows a pure sine wave, which is represented by 
E cos (cot + 0). At the instant t — 0, the wave is equal to E cos 0. 
The wave repeats itself in time T where 

coT = 2 n, 

so that the period is T = 2n/(o, and the frequency is/ = l/T = co/2n. 

The quantity co is 2jz times the frequency and is called the 
pulsatance or angular frequency. 

Mean Value. The mean values of the waves of Figs. 358 (B) 
and 358 ( C ) are clearly zero, since they are as much and as often 
negative as positive. The mean value of the wave in Fig. 358 (A) 
may be something different from zero. We may get some such a 
wave by considering the power expended in a pure resistance R 
across which the voltage E cos (cot + 0) is applied. The current is 
(E/R) cos (cot + 0), and the power is 

E cos (cot + 0) X (E/R) cos (cot -f 0) 

= ( E 2 /R) cos 2 (cot + 0) 

and is shown in Fig. 358 (D). In this case the power is always 
positive and has a mean value which is positive. The mean value 
is found in the following way. The power is 

(E 2 /R) cos 2 (cot -f- 0) 

= \(E 2 /R) [1 — cos 2 (cot + 0)]. 

* Applied Electricity, by A. T. Starr (Pitman, 1957). 
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The mean value of cos 2 (cot + 0) is zero, since this is a pure sine 
wave of double the frequency, so that the mean value of the power 
is (E 2 /2R). The power wave is in fact a pure sine wave of double 
frequency, with axis a line at height (E 2 f2R). 

There is, however, a use for an extended idea of mean value, 
which is obtained as follows. Imagine the wave (any of those 



(A) 


(B) 



E E 


- (G ) 

-E -E 

Fig. 358. Various Periodic Waves 

shown) to have the negative part inverted; Fig. 358 (E) and ( F) 
shows the waves corresponding to those shown in Fig. 358 (4) 
and (C). The former are derived from the latter by full-wave 
rectification. Then the mean value of the wave in Fig. 358 (A) is 
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the mean of that shown in Fig. 358 (E) ; the mean value of the sine 
wave is the mean of that shown in Fig. 358 ( F ). 

The mean value of a sine wave is found in the following way. The 
wave is repeated in half-cycles, so that we need find only the mean 
over a half-cycle. The mean is 

E sin cot dt 

n/w 

E sin cot . dt 

“iW 7 * IT 

= - — E cos cot I = — — cos 71 + cos 0 
n L Jo n L 

= ( 2 /ti)E. 



j_ r iT 
ido 


E is the peak value and the mean is 2 /tt times the peak value. 


Root Mean Square Value. This is known as the r.m.s. or effective 
value and is found by taking the square root of the mean of the 
square. Thus the r.m.s. of the pure sine wave E sin cot is 


AU 
A 
M 


ojE 2 

2ti 


E 2 sin 2 cot . dt J 

/ Tt/ai 

(1 — cos 2 cot)dt 


coE 2 
2 71 


]-s- 


107E. 


The r.m.s. of a pure sine wave is thus lf\/2 or 0*707 times the 
peak value. 

It can be shown in the same way that the r.m.s. of the wave 
E-y cos (cot -j- -j- E<i cos ( 2cot H~ $ 2 ) ^3 (Scot $ 3 ) • • • 

is (1/V2) V(^i 2 + E 2 + E 2 +...). 


The r.m.s. is important as it is the value which determines the 
heat produced or power expended by a current. 

Wave Form and Form Factor. The peakiness or flatness of a wave 
is denoted approximately by the form factor which is defined by 


Form factor = 


r.m.s. 
mean ‘ 


The form factor of a pure sine wave is 

1 /V 2 _ 

2 fn 2\/2 


Ml. 
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The form factor of a square wave, shown in Fig. 358 ( G) is clearly 
1 , since the mean, r.m.s., and peak values are all equal. 

The form factor of the wave sin 2 cot , shown in Fig. 358 (D), can be 
shown to be \/l-5 = 1-225. Thus the peakier a wave the greater is 
its form factor. 

Since the mean value of the pure sine wave of Fig. 358 ( C ) is the 
mean of that in Fig. 358 (F), and since also their r.m.s. values are 
the same, it follows that they have the same form factor. 

Example. Draw the waves (100 sin cot -f 10 sin 3 cat) and (100 sin cot — 10 
sin 3 cot). Find their effective and mean values and hence also their form 
factors. 



Fig. 359 shows the various waves. The r.m.s. value of the 
former is 



(100 sin cot + 10 sin 3 cot) 2 dt 


] 
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(100 2 sin 2 cot + 10 2 sin 2 3 cot 
+ 2 OOO sin cot . sin 3 cot)dt 



£( 100 2 — 10 000 oos 2 cot + 10 2 — 100 cos 6 cot 
+ 2 000 60 s 2 cot — 2 000 cos 4a>J)<ftl 


- vfe x l x i< 100 ' + 10 ‘>] 


= -L v(ioo* + io*) 

= 710. 


The r.m.s. of the second wave is the same. The r.m.s. of the wave 
100 sin cot is 70*7, so that a 10 per cent third harmonic increases the 
effective value by no more than \ per cent. 

The mean value of the first wave is 

(100 sin cot + 10 sin Scot)dt 

if 10 -!*/«> 

= - — 100 cos cot —— cos 3 cot 
n L 3 Jo 

= (1 /n) [- (- 100) - (- 10/3) + 100 + 10/3] 

= 200 + 20/3 = 65 . 7 

71 

The mean of the second wave is similarly 

200 - 20/ 3 = 61 . 5 . 

71 

The form factors are thus 71*0/65-7 = 1*08 and 71*0/61*5 = 1*156. 

Vector Representation o! Alternating Currents. There is a very 
helpful, graphical method of representing alternating quantities 
by means of a rotating vector. Thus the alternating voltage 
E cos (cot + 0) can be represented by the rotating vector OP of 
Fig. 360. The vector is considered to have started from the position 
OP 0 at time t = 0, where /_XOP 0 = 0. At time t, Z.XOP = cot + 0, 
and the horizontal component or step of the vector OP is 
E cos {cot + 0), provided the length of OP is made equal to E . 
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If the waves E x cos (cot + 0 X ) and E % cos (cot + 0j) are added, the 
resultant wave can be represented by the vector sum of the vectors 
representing the separate waves. For let the single vectors be 0P 1 
and 0P 2 in Fig. 361 The vector sum of these vectors is obtained 
(from the definition of vector sum) by completing the parallelogram 
OP 1 PP 2> when the sum is the vector OP, Now P X P = OP t , so that 

0N 2 = ON x + N x N 2 = E x cos (cot + 6 X ) + E 2 cos (cot + 0 a ). 



Fig. 360. Rotating Vector Fig. 361. Sum of Two 

Representing A.C. Wave Vectors 


Thus the horizontal step of OP is the resultant wave, and the 
resultant wave is therefore represented by the vector sum of the 
separate vectors. All three vectors, 0P ly OP 2i and OP rotate in the 
positive (anti-clockwise) direction with angular velocity co. For this 
X Jc reason, when waves of only one 

fP\\ U ' frequency are dealt with, it is un- 

/ \ necessary to consider the rotation, as 

/ the waves keep the same relative 

■ j positions. 

/ If, however, waves of different fre- 

quencies occur, the vectors change 
q w their relative positions and the rota¬ 

tions cannot be ignored. Thus the 
FiG. 362. Rotating Vectors wave Q f the previous example can be 

F ° B Harmonic mRD represented by OP x of length 100 

rotating with angular velocity ct> 
added to P X P of length 10 rotating with angular velocity 3a> 
(Fig. 362). 

Power. Suppose that the current is I cos (cot + 0 X ) and the 
potential difference is E cos (cot + 0 2 ); these are represented in 
Fig. 363. The phase difference between the voltage and current is 

<f> = (cot + 0|) ~ (<*>t + 0j) = 0g— 0j. 
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The power is 

P = I cos (cot + 6 X )E cos (cot + 0 2 ) 

= \EI [cos (0 2 — ®i) + cos (2 cot + 0i + 0 2 )], 

and has a steady component 

\EI cos (B 2 — 0 x ) = \E1 cos (f> 

= E eff I eff cos (f). 

Cos <f> is called the 'power factor , so that the mean power is 
E e ffl e ff X power factor. 

For this reason it is customary to draw the vectors with a length 
corresponding to their effective values rather than their maximum 
values. Alternating currents and voltages are also usually specified 
in terms of r.m.s. values; thus 11 kV. means 11 kV. effective or 
r.m.s. and the peak is (11 \/2) kV. 

The term 

\EI cos (2 cot -f- 0 1 + ^2) ~ E e jjl e ff cos (2 cot -f- 0 1 -f- 0 2 ) . (14) 

represents fluctuating power which averages out to zero. 

The current can be resolved into two parts; one, in phase with 
the voltage, has magnitude I cos <f> and is 
called the wattful component of the current, 
and is represented by 01 2 in Fig. 363; the 
other has a phase difference of jt/2 with 
respect to the voltage, and has magnitude I 
sin <f> and is called the wattless or idle com¬ 
ponent, and is represented by 0I 2 . 

Algebraically the resolution is made as 
follows. 

The e.m.f. is E cos (cot + 0$). 

The current is / cos (cot + 0 2 ) 

= I cos (cot -f- 6 2 —- 0 2 ~j~ 61 ) 

= I cos (cot + 6 2 ) cos (0 2 — $i) + I sin (cot + 0 ) sin (d 2 — 0 X ) 
= I cos cos (cot + 0 2 ) + 1 8 i n si n (cot + 0). 

The first term represents the in-phase current, which is represented 
by 01 x and has magnitude I cos cf), whilst the second term is the 
quadrature or wattless current and has magnitude I sin <f>. 

The power is 

P = E cos (cot + B 2 ) [I cos <f> cos (cot + 0 2 ) 

+ I sin <f> sin (cot + d 2 )] 

~ El cos (f> cos 2 (cot + d 2 ) + \EI sin <f> sin 2 (cot + 0 8 ). 



Fig. 363. Power and 
Wattless Components 
of Current 
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The first term represents a power which varies from zero to a 
maximum of El cos (f> , and has a mean value of 

\EI cos <f> = E e ffl e ff cos <f>. 

The second term represents a purely fluctuating power, such as 
flows through an inductance or capacitance, varies between 
+ \EI sin <f> and — \EI sin <f> , and has a mean value of zero. It is 
called the reactive power , and may be represented by a vector of 
double frequency and amplitude 

\E1 sin <f> = E e ffl e ff sin <f>. . . (15) 


Vector Method Applied to Simple Circuits. Suppose that an 
alternating e.m.f. E cos (cot + 0) is applied across a resistance R. 
The current that flows is the e.m.f. divided by R so that 

I = (E/R) cos (cot + 0), 


and is thus represented by a vector of magnitude (E/R) lying on 
the voltage vector. The power factor is unity, since </> is zero, and 
the power is (E 2 /R), E being the effective value. 

Suppose the e.m.f. is placed across a coil of inductance L with no 
losses. The current I is given by 


so that 


L(dl/dt) = E cos (cot + 0), 

/ t & 

cos (cot + 0 )dt 
= (E/coL) sin (cot + 0) 


= (E/coL) cos (cot + 0 — n/2). 


The constant of integration must be zero, as an alternating e.m.f. 
cannot produce a current with a d.c. component. The current is 
thus represented by a vector of magnitude (E/coL) lagging the 
voltage by a phase of n/2 or 90°, and is shown in Fig. 364. </> is 
here 90°, so that the power factor is zero. The current is entirely 
wattless. Fig. 365 shows the current, voltage, and power (the last 
is shown shaded). 

If the e.m.f. is placed across a condenser of capacitance (7, let 
Q and — Q be the charges on the plates. The current is 

I = dQ/dt = (d/dt) [CE cos (cot + 0)] 

= — coCE sin (cot + 0) 

= coCE cos ^ cot + 0 4- ^ 

The current vector has magnitude coCE and leads the e.m.f. 
vector by n/2 (see Fig. 364). 0 is — 90° and the power factor is zero. 
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Simple Series Circuit. Suppose the e.m.f. is applied to the 
series combination of an inductance, resistance, and oapacitanoe, 



Fio. 364. Currents in Coil and Condenser 



Fig. 365. Current, Voltage, and Power Waves 


as shown in Fig. 366. The voltage^ across the elements are of 
magnitudes coLI , RI f and IfcoC ; their relative phases are as shown 
in Fig. 367. The applied e.m.f. must be the vector sum of these, as 



Fig. 366. Series Circuit Fig. 367. Vector Diagram 

of Series Circuit 


shown in the figure. We have chosen coLI as greater than I/coC, 
but the method is the same when it is less. It is clear that 


E = V \[I(coL- I/coC)]* + (tf/) 2 { 
= /V[i? 2 + {coL- l/(oC) 2 l 
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a>L is called the reactance of the coil, — 1/coC the reactance of the 
condenser, and the expression under the square root sign is the 
impedance of the circuit. If we put the total reactance equal to X 
and the impedance Z, we have 

E = /Z, I = E/Z, 
where Z = \/(R 2 + -X 2 ), 

and X == coL — 1 fcoC. 

It is clear that 


tan <f> 

and the power factor 
cos <f> 


(a>L — 1 fcoC) 

R 

R1R R 

E ~ Z “ y/[R 2 + (<oL- 1/coC) 2 ]' 


The current in the circuit is a maximum for a given e.m.f. when 
the impedance is a minimum. This occurs when 

coL — 1/coC = 0, or a) 2 LC = 1. 


This is the condition of resonance ) the current is then simply 
E/R . The voltages across the inductance and capacitance are equal 
and opposite, and of magnitude coLI = (coLfR)E. The quantity 
(coL/R) is written Q , and is the ratio of the voltage across L or C 
to that applied. 

Example. An alternating voltage of 230 V. and frequency 50 is placed in 
series with a coil of resistance 5 f)., and inductance 0*4 H., and a condenser. 
Find the capacitance for resonance, the current at resonance, and the voltage 
across the coil and condenser. 

C = 1 fco 2 L = 1/[4ji 2 X 50 2 X 0-4] 

= 25-4 (UF. 

The current is I = E/R = 230/5 = 46 A. 

The voltage across the condenser is 

J_ _46_ = r> ?70 y 

(oG 2n X 50 X 25-4 x 10" 6 —1 

The reactance of the coil is o>L = 125-6, so that the impedance 
of the coil is 

y/ (5 2 + 125-6 2 ) = 125-7. 

The voltage across the coil is thus 

125-7 X 46 = 5 782 V. 
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If a circuit is supplied with an e.m.f. which contains harmonics, 
it may happen that resonance occurs at an harmonic frequency. 
The result is that the current wave has quite a different form from 
the voltage wave. An example will show the effect and how it is 
calculated. 

Example. An e.m.f. (100 sin cot — 10 sin 3 cot) is applied to a coil of resistance 
5 fl. and inductance 0*4 H. in series with a condenser of capacitance 3*0 /*F. 
Calculate the current. The fundamental frequency is 50 eye. 

The reactance at 50 eye. is 

wL ~ wC “ (27r • 50 ' 0 ' 4) ~ . 50.3 X 10- 8 

= 125-6 - 1 061 = - 935. 

The 50 eye. current is thus 
100 

^(ffl' + ~935 i) sin {mt ~ = 0107 sin - ti) 

where fa = tan” 1 (- 935/5) = tan- 1 (- 197) = - 89° 43'. 

The reactance at 150 eye. is 

3coL- 1/3 coC = 376-8- 353-7 = 23-1, 

so that the 150 eye. current is 

- V(5 2 + 23-1 2 ) 8in -^3) = - 0-424 sin (3 (ot - fa), 

231 

where <^ 3 = tan -1 -L— = tan -1 (4-62) = 77° 48'. 

o 

The total current is thus 

0-107 sin (cot + 89° 43') - 0-424 sin (Scot - 77° 48'). 

If the voltage and current waves are drawn, it is seen that they 
are very dissimilar. 

Simple Parallel Circuit. Suppose the circuit in Fig. 368 has 
an e.m.f. E cos (cot + 0) as shown. The currents in the induotance, 
resistance, and capacitance are as indicated. The total current has 
a wattfull component (E/R) and a wattless component 

E(l/ooL-coC), 

so that the total current is 

/ = EVll/E 2 + (1 /coL- coCYl 

l/R is called the conductance of the circuit and (1/coL — coC) the 
8 usceptance . The former is usually denoted by O and the latter 
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by B . The expression under the square root sign' is called the 
admittance and is denoted by Y. Then 

Y = V(G 2 + &), 

and I = EY. 


The current is a minimum when Y is a minimum, i.e. when 
l/coL — coC = 0 or co 2 LC = 1. 


Ecos(wt +6) (C) j g£ c 



Fig. 368. Parallel Circuit 


This is said to be the condition for parallel resonance or anti¬ 
resonance. When this condition holds the current is simply E/R 
or EG. The impedance of the parallel combination is 

Z=1 / Y = v'll/R* + (1/ajL-coC)*] 

The phase difference between the current and voltage is <f>, where 
tan <f> = EB/EG = B/G = R(lfcoL - coC). 

The power factor is 

cos (f> = EG/I = G/Y = G/V(0 2 + £ 2 ) 

= [1 + R 2 (1 /<oL-(oC) 2 ]-i. 

The susceptance of an inductance L is (l/coL), of a capacitance C 
it is — coC. Susceptances in parallel add up. 

Example. An alternating current network consists of a coil of inductance 
0*02 H. and resistance 12 Q. in series with a non-inductive resistance of 8 ohms, 
across which resistance is shunted a condenser of capacitance 50 juF. A 
potential difference of 100 V., frequency 200 eye., is established across the 
network. 

Draw a vector diagram to scale showing the current and voltage in each 
part of the network, (Land. Univ 1933.) 

Fig. 369 represents the network. The reactance of the condenser is 
- 1/coC = - l/[2 n x 200 X 50 X 10"«] = - 15-9 fl. 

Let i be the current through the 8 fi. resistance. The voltage 
across it is 8i, so that the current through the condenser is 

8t/15*9 = 0*503t, 
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and leads this current by 90°. The total current I is the vector 
sum of these, as shown in Fig. 370, is of magnitude 1*12 i, and leads 
the voltage across the 8 £2. resistance by an angle of 26° 42'. 



The coil has reactance coL = 2n X 200 X 0*02 = 25*1 ohms. The 
voltage across the coil is 12/ along I and 25*1/ at right angles. 
This compounded with the 8^ gives the applied e.m.f. of 100 volts. 
The voltage across the coil is found to be 98 volts, and that across 



Voltages 


Fig. 370. Vector Diagrams for this Problem 


the condenser and resistance is 25 volts. Fig. 370 shows the vector 
diagrams for the currents and voltages. 

Complex Numbers. The graphical method is not very accurate, 
and becomes very involved for complicated networks. An algebraic 
method is available for these more advanced problems, and uses 
complex numbers, 

A positive or negative number is called a real number. A number 
of the form yy/(— 1) is called a pure , imaginary number ; it is 
customary to replace \/(— 1) by j. It is clear that 

f = - 1 ,f = j 2 X j = -j,j* = tf 2 ) 2 = (- I) 2 = 1. 
and 1 /j = j/j 2 =j/- 1 = - j. 
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A number of the form x + jy, where x and y are real, is called 
a complex number. The laws of addition, subtraction, multiplication, 
and division for complex numbers are exactly the same as those 
for real numbers, bearing in mind the relations just given above. 
Thus 

(a +jb) + (c +jd) = a + c +j(b + d), 

(a + jb) — (c + jd) = a — c + j(b — d), 

(a +jb)(c+jd) = ac + jad + jbc + j 2 bd 
— (ac— bd) + j (ad + be), 
a+jjb = (a +_jb) (c — jd) 
c+jd (c+jd)(c — jd) 

_ ac + bd + j{bc — ad) 

= c 2 -j 2 d 2 

ac + bd t .be — ad 
= c 2 + d 2 +J c 2 + d 2 

This last process is called rationalization. 

Complex numbers with equal real parts but equal imaginary 
parts of opposite sign are said to be conjugate numbers. Thus 
(a + jb) and ( a — jb) are conjugate numbers; a and b may be 
positive or negative. The sum and product of conjugate numbers 
are both real. For 

(a + jb) + (a — jb) = 2 a 

and (a + jb) (a—jb) = a 2 — j 2 b 2 = a 2 -f 6 2 . 

An important theorem on complex numbers states that if two 
complex numbers are equal, their real and imaginary parts must be 
separately equal. For if 

a +jb = c + jd , 
a — c — j(d — b) f 

(a - c) 2 = + j 2 (d -b) 2 = -(d- 6) 2 , 
so that (a — c) 2 + (d — b) 2 = 0. 

But as a, 6, c and d, are real, (a — c) 2 and (d — b) 2 must be positive. 
The sum of two positive numbers can be zero only when each is 
zero, so that 

a — c = 0 and d — b = 0, 
i.e. a — c and b = d. 

Complex numbers are helpfully represented on the Argand dia¬ 
gram of Fig. 371. The complex number x + jy is represented by 
the line OP, where ON = x and NP = y. Thus a real number iB 
represented by a step along the axis X f OX, and an imaginary 
number by a step along the axis Y'O Y. x is taken positive to the 
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right and negative to the left, y positive upwards and negative 
downwards. Thus x and y are both positive as shown, x' is negative 

and y* positive. The form x + jy 
is the Cartesian, as x and y are the 
Cartesian or rectangular co-ordi¬ 
nates of the point P. 

The polar co-ordinates of the 
point P are r and 0, where r =* OP 
and 0 = /_XOP. The r is taken 
as positive always, and 0 is posi¬ 
tive in the anti-clockwise direction 
and negative in the clockwise. The 
number (x + jy) can be expressed 
in terms of r and 0, and is then 
said to be in the polar form , by the following method. 

x/r — cos 0, yjr = sin 0, 
so that x +jy = r cos 0 + jr sin 0 

= r(cos 0 + j sin 0). 

It is known that 



and 
so that 

cos 0 + j sin 0 = ( 1 


. n 03 , A 6 
8m0 = e -3!+6l- 

c°s0= i__ + 


0 * 0 «_ 
’ 2 ! + 4 ! 


= 1 +j6- 


e* 

2! 


-!+*+«# + 

= 


4 . — _ 
^ 5! 

, 0 » 0 * 
3! + 4! 

O'0) s 


3! 




We may therefore write 

* + jy = 

Since x = r cos 0 and y = r sin 0, 

x 2 + y 2 = r 2 , or r = y'fx 2 + t/ 2 ) 
yjx = tan 0, or 0 = tan- 1 yjx. 


'and 
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Therefore 

x +jy = \/(x 2 + y*)ef " 1 <W*>. 

For example, 

0*1 + 03/ = V(0-l 2 + 0-3 2 )e^ tan “ 1 c°*3/ 01 ) 

= 0*316e j126 , 

for tan (1*25 radians) = 3. 

Similarly, 

6*2- blj = V^-2 2 + 1.7 2 )eitan->(-l-7/6-2) 

= 6-43 e “* 0 ’ 27 , 

and - 6*2 + blj = 643^ 2 ' 87 , 

since the angle here is n — 0-27 = 2-87 radians. 

There is another and very convenient way of writing the polar, viz. 

re) b = r j0, 

or re “= r 10. 

The symbols e j0 and 10 are identical in meaning. 

The polar form is the more useful when multiplication or division 
is to be performed, for 

ei°i x r 2 ei e * = r 1 r 2 €^ 1 + ^ e * 

= r x r 2 e^ + **>, 

and similarly 

r x r 2 e#» = {rJr 2 )eW' ~ e * ] . 

In the angle notation the results are 

fi |0! X r 2 |0 2 = r x r 2 | 0 X + 0 2 

and r 1 |0 X -f- r 2 |0 2 = ~ | ^i~~ ^ 2 - 

A very common operation is to multiply or divide by J. The 
polar method runs 

r |0 x j = r |0 x 1 |(7i/2) = r | 0 + (jt/ 2) 
and r |0 ~ j = r |0 — (jr/2). 

Thus multiplication by j turns a vector a right angle in the 
positive direction leaving the magnitude unaltered, and division 
turns the vector a right angle in the negative direction. These facts 
are also obvious from the Cartesian form, for 

(x +jy) xj =jx + j 2 y = — y + jx, 
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and it is dear from Pig. 372 that ( x + jy) and (— y + jx) are at 
right angles in the sense stated. 



Fig. 372. Perpendicular and this can be true only if r/r' = 1 
Vectors and d ~ 6 ' = 0. 


Algebraic Method for Alternating Currents. We have already seen 
in Fig. 360 that an alternating quantity E cos (cot + 0) can be repre¬ 
sented by the horizontal component of a rotating vector of length E , 
angular velocity co, and initial angular position 0. Comparing this 
figure with Fig. 371, it is seen that the vector OP is represented by 
the complex number 

OP = Ee^ + VotE \ cot + 0 . 

It is obvious that E cos (cot + 0) is the horizontal component, and 
hence the real part, of OP ; for 

OP = Ee^ 1 + 6) = E [cos (cot + 0) + j sin (cot -f- 0)], 

so that the real part of OP is E cos (cot + 0). 

The algebraic method of dealing with alternating current circuits 
is as follows. Suppose that an e.m.f. E cos (cd + 0) is placed 
across a coil of inductance L. The current I is given by 

L-j— = E cos (cot -j- 0). 


Let us replace E cos (cot d) by Ee^ 0>t + e) = E f say, which has 
the former for its real part. In doing so we will have added an 
imaginary part to the current, which is now P say. Then 

L^rr = EeW + V, 

ctt 


giving 


■--A 


: e i(a>t + 9) dt 


E 

jcoL 


F' 

£ j(cut + 6) 

ja>L’ 


since the integral of + is (l/jco)£i {ait + By what has been 
shown on page 455, the complex current P is represented by a 
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vector of length ( E/coL) and angle (a>t + 0 — n/2) y the — (tt/2) being 
due to the division by j. The real current I is the real part of /', 


i.e. 


real part of + 6) J 


= - ” ^[ CO8 ( co< + e_ i) + ^ 8in ( <<,<+0 -l)] 

=°° 8 ( a>< + e ~ i) ° r 8in m+ e) • 


The method thus agrees with the direct method of page 446. 
The ratio of the complex e.m.f. E ' to the complex current /' is 


W 

r 


EeK"* + e > 
ja)L 


= jvL, 


and is called the complex or vector impedance of the inductance. It 
is usual to call it just the impedance, but some slight confusion 
may arise when, as is often the case, the word impedance is used to 
denote only the magnitude of the complex impedance. The impe¬ 
dance of an inductance L is therefore jcoL , has magnitude coL and 
angle 7i/2 ; when an e.m.f. is divided by jcoL , the resulting current 
has magnitude (E/coL) and lags the e.m.f. by the angle n/2. It 
should be noted that the complex e.m.f. and current have the factor 
£ j(a>t + 6 ), B0 that they are represented by vectors which have an 
angular velocity o>. The vector joyL y however, is fixed, and is 
therefore of a different character. In most problems only currents 
and voltages of a single frequency are dealt with, and it is customary 
to ignore the rotation of the vectors. It then appears that all the 
vectors are fixed. This leads to no error as long as voltages and 
currents are concerned, but it will be shown that error is met when 
power is considered. 

The impedance of a resistance R is clearly R y or Re* 6 , and is a 
vector of length R along the real axis. 

The impedance of a condenser C is found in the following way. 
Let the e.m.f. E cos (cot + 0) be put across a condenser of capacitance 
<7, the current be /, and the charge on the plates be Q and — Q. 
We have 

Q = CE cos (a)t + 6 ) 

I = ^ = C J t [E COB (a>t +6)]. 


and 
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Replacing the e.m.f. by the complex E ' = Ee^ mt + d) the current 
becomes /' where 

r = c%- [£ , £ ^< + «>] 

at 

= jooCEeW + »> 

= jcoCE\ 

The impedance of the condenser is thus 
E'/F = 1/jCOCy 

has magnitude (1 fcoC) and angle — (n/2). It is clear that /' has 
magnitude coCE and angle (cot + 0 + ^r/2), i.e. it leads the voltage 
vector by n/2. The real current I is the real part of jcoCEe^ 1 + 6) 

= the real part of jcoCE [cos (cot + 0) + j sin (cot + 0)] 

= „ ,, cjoCE [j cos (cot + 0) — sin (cot + 0)] 

= — coCE sin (cot + 0) = coCE cos (cot + 0 + ?r/2), 
agreeing with the value obtained by the direct method of page 446. 

Algebraic Method Applied to Simple Series Circuit. The 
problem of Fig. 366 is solved in the following way. The impedance 
of the coil, resistance and capacitance in series is 

Z =jcoL + R + (1/jcoC), 
so that the complex current is given by 

E' E e i(<ot + o) 

Z jcoL + R -j- 1/jcoC' 

We have Z = jcoL + R + (1 /jcoC) 

= R + j (wL — 1/coC) 

= V[R 2 + (coL- 1/coC) 2 ] j£ 

. . . coL — 1 IcoC 

where tan <p — -—. 

F has therefore magnitude Ej\/[R 2 + ( coL— 1/coC) 2 ] and angle 
(cot + 0 — <f)) } so that the real current I is 

1 = VW + («>L- 1/coC) 2 ] COS ((ot + 

Exactly the same result is obtained for I by finding the real part 
oiE'jZ. 

Resonance occurs when 

jcoL + 1/jcoC = 0, i.e. co 2 LC = 1, 

/' = E'/R , 

I = (E/R) cos (cot + 0). 


and then 
so that 
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The voltage aoross the coil at resonance is (in complex form) 

jcoLF == jcoL (E'/R ), 

so that it has magnitude EcoL/R , and leads the e.m.f. by a right 
angle. The voltage across the condenser is 

F x (1/jcoC) = E'/jcoCR = -jcoL(E'/R) 
has magnitude EcoL/R and lags the e.m.f. by a right angle. 

Algebraic Method Applied to Simple Parallel Circuit. In 
such a case we deal with admittances in place of impedances, an 
admittance being the reciprocal of an impedance. Thus the admit¬ 
tance of a coil of inductance L is 1/jcoL, of a resistance R it is 1/R, 
and of a capacitance C it is jcoC. Admittances in parallel add; 
admittances Y x and Y 2 in series give a single admittance 

1 

l/Y 1 + 1 /Y t 


The algebraic method then runs as follows. 

Y = 1/jcoL + l/R + jcoC, 

and I' = YE’. 

Y = l/R + j(coC - 1/coL) 

= V[l/^ 2 + (aC- 1 /coL) 2 ] \xp, 
where tan xp — (ooC — 1/coL) 4- l/R 
= R(a)C — 1/coL) 

Therefore I' = \Z[l/R 2 + (coC - 1 /a)L) 2 ]E e*" 1 + * + 
so that the real current has amplitude 

VIVE 2 + (coC — l/coL) 2 ]E 

and leads the e.m.f. by the angle xp. It should be noted that xp is 
equal to —- ^ of the method on page 451, so that the result is the same. 

It is seen that in the work the factor e^ wt + e) has no importance, 
and for this reason it is frequently omitted. Its existence must not 
be ignored, however, but kept in mind. 

Example. Solve the problem of Fig. 369 by the algebraic method. 


Here <oL — 25-1, and 1/coC = 15-9. 
The total impedance is 


;25-l + 12 + 
= j251 + 12 + 


1 

1/8+i/15-9 
1/8 -j/15-9 
(1/8)* + (1/15-9)* 


= j‘25-1 + 12 + 6-38 —;3-21 
= 18-38 + j'21-9. 
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The current is therefore 

18-38 + j21-9 28-61 49°57' I * 

The voltage across the resistance and condenser is 
3-47 |4iF57' X (6-38-^3-21) 

= 3-47 |49*57' X 7-14 |26*42 ; 

= 24-8 j76*39'. 


The graphical method gave 25 V. The remaining currents and 
voltages can be found in a similar manner. Thus the current 
through the 8 Cl. resistance is 

3-47 |49*57' X = 3-47 |49*57 X etc. 


8 + 1 /jcoC 


1 + j (8/15-9)’ 


The ease of the method is apparent. 

Power in Alternating Current Circuits. We have seen that as far 
as e.m.f., current and impedance are concerned, we may replace 
these quantities by complex numbers which are multiples of ei 04 
and whose real parts are the actual values. Thus if an e.m.f. 
E cos (cot + 0) is placed across a resistance B, we replace the e.m.f. 
by E\ where 

E'^Eefi^ + V, 


the real part of which is the e.m.f. The complex current is 

V = = (jE/JR)fi** + «>. 


It might be expected that the power will be obtained by forming 
the product E’T and taking the real part of this. It is easily seen 
that this is not true, for 


the real part of E’V 

= ,, „ pe 2 *“‘ + <»J 

E 2 

= -p cos 2 [cot + 0), 


which is a purely alternating wave and has a mean value of zero. 
The failure is due to the fact that the real part of e^ 1 + e > multiplied 
by the real part of + is not equal to the real part of 
+ x e i<®< + 0)]. 

It is not the algebraic method alone that fails with power, but 
the vectorial (or graphical method) also. For the current vector 
multiplied by the voltage vector gives a resultant vector which 
moves with twice the angular velocity of either. The quantity 
represented by the resultant vector is a pure sine wave of double 



ALTERNATING CURRENTS 461 

frequency, and has zero mean value. For the case given above, 
it is in fact (E 2 /R) cos 2 (cot + 0). 

The vector and algebraic methods can be extended to allow power 
to be represented. Instead of representing E cos (cot + 0) by a single 
vector with angular velocity co in 
the positive direction, we represent 
it by two vectors, as shown in Fig. 

373. These vectors have magni¬ 
tude \E t start from angular posi¬ 
tions + 0 and — 0, and have angular 
velocities + co and— co respectively; 
the sum of these vectors is actually 
a stationary vector of magnitude 
E cos (cot + 0) along the real axis. 

The algebraic equivalent is to ex¬ 
press E cos (cot + 0) in the form 

E cos (cot + 0) 

= \E [£>("* + *> 4- «-*«* + *>]. 

This is an identity. 

We deal with the vectors rotating in the positive direction in the 
way described above. The same treatment is given to the vectors 
rotating in the negative direction, but all phase angles are given 
opposite sign. In the algebraic method, the impedance of an 
inductance, resistance, or capacitance is jcoL, R or 1/jcoL to the 
e.m.f. but —jcoL, R , or (1 J—jcoC) to the e.m.f. 

%Ee-tt° it + e) . As an example, consider the application of the e.m.f. 
E cos (cot + 0) to a capacitance C . The current is 

I = \E + £-;«*>< +*)] jl. Z 

fVM + 0) £-j(<rf + 0) 1 

= iE L1 Ific + (1 TW) J 

- \EcoG [je i(at + ®> - + e >] 

= \EwG [«*"* + « + »/2> + £-m + e + n/ 2 )J 

= EcoG oos (cut + 0 + n/2) = — EcoC sin (cut + 0), 
since — j£—j(<ot + tn + = »— i(®< + ®) — i(«/2) 

J j 

Fig. 374 shows how power is adequately represented in this 
method. The ourrent is I oos (cut + 0 1 ) and is represented by two 
vectors, i+ and »_; the voltage is E cos (cut + 0,) and is represented 
by the veotors v+ and v_. The power is 
P = El = (v + + v_) (i + + %_) 

= [f+ *- + V- »+] + V + *+ + v_ 

- Pq + P+ + say. 



Fio. 373. COMPLETE Vector 
Representation of Sinusoidal 
Wave 
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v+i_ is a stationary vector of magnitude \EI and angle 0 2 “ ®i 
= (f>, whilst v_i+ has the same magnitude and angle — (0 2 — 6 t ) = (f>. 
These add to give a stationary vector representing a constant power 
of IE I cos ( 0 2 — Sj) = \EI cos <j >, agreeing with equation (13). 
W+ and W_ are the vectors, angular velocities + 2&> and — 2co, 


2u}ti-ocip\E. 

fV(+) 

IX\ Wo 

-(?(Dttcci-j3) fr 

\ J 1 ]-(a>t-hcc) 

V\ J(-> 

f 


/ 

\w 


U) 

Fig. 374. Power 

in Vector Diagram 


whose sum is the real fluctuating power \EI cos (2 cot + 0 X + 0 2 ) f 
agreeing with equation (14). 

Vector Power. If the vector representing the voltage, viz. 
E e Ka>t + e t )> ? i s multiplied by the conjugate of that representing 
current, viz. Ie-iw + we get 

EgW + 0|) x j £ *f oj 

= EleM-^ = Ele* 

= El cos cf> + jEI sin <f >. 

The real part of this represents the mean power , whilst the imaginary 
part is the amplitude of the reactive power. 

If the current lags the voltage, 6 X is less than 6 2 , so that <f> is 
positive and the reactive power is positive; if the current leads 
the reactive power is negative. 

If the current vector is multiplied by the conjugate of the voltage 
vector, the only change is that the reactive power has a change 
of sign. 

If a vector is given in the polar form, the conjugate is obtained 
by changing the sign of the angle. Thus the conjugate of is 
e ”^ 2) , and the conjugate of 6 e is 6 £ + ^*/ 8) . If the vector is given 
in the Cartesian form, the conjugate is given by changing the sign 
of the imaginary part. Thus the conjugate of S—ji is 3 + j4, and 
the conjugate of — 6 + j2 is — 6 — j2. 

If the e.m.f. is put across an impedance Z f the current is 
(E/Z)e iitot + d *K If the magnitude and angle of Z are | Z | and 0, so 
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that Z — | Z | \6, the current is (E{\Z\) \cot + 0,-0. The rector 
power is then 

E \ (ot + fl 8 x (E/\Z\) \(ot + 6 t -6 
E 2 „ .E* . . 

= \z\\ 6 - = \z\ COBe+J \z\ Bmd - 

Example. Find the real and reactive power fed by a line at 66 kV. into a 
load impedance of 400-?300. 


Let e.m.f. = 66 000 |cot. 

66 000 |cot 66 000 |cot 

400 —j300 ~ 500 |36°53' 

= 132 I cot + 36° 53'. 


The current is 


The vector power is thus 

66 000 |cot X 132 + 36° 53' 

= 8 712 000 |36 d 63 ; = 6 970 000 - j5 230 000, 

so that the real power is 6 970 kW. and the reactive power is 
5 230 kW. leading. 


Polyphase Currents. For a given sized frame a polyphase generator 
or motor has a larger output than a single-phase. Polyphase motors 
have a uniform torque and are self-acting, whilst single-phase motors 
have a pulsating torque and are not self-starting unless they are of 
the commutator type. Polyphase transmission requires less copper 
than single-phase. 

In single-phase currents there is one e.m.f. E cos (cot + 
although the transmission may be over two or three wires, as 
described on page 40. 

In two-phase working the generator has two windings spaced 
90 electrical degrees apart, so that the e.m.f.’s are in quadrature 
and may be represented by E cos (cot + 0) and E cos (cot + 6 — n/ 2). 
In vector diagrams the former is represented by a line of length 
E (or Ef\/2) making an angle 6 with the base line, and the latter 
by a line of equal length making an angle (6 — n/2) with the 
base line. 

In three-phase working the generator has three windings spaced 
120 electrical degrees apart, so that the e.m.f.’s are equal but 120° 
apart in phase. The e.m.f.’s are E 1 ~E cos (cot + 0), E t = E cos 
(cot + 6 — 2jz/3) and E a = E cos (cot + 6 — 4tt/ 3), and can be repre¬ 
sented in the vector diagram by three equal lines, making angles of 
120° with one another. The e.m.f.’s add up to zero, for 

Ei + 

as E cos (cot + 6) + E cos (cot + 6 — 2tt/3) 

-f- E cos (cot -f ^ — 4 jt/3) 
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= E cos (cot + 0) [1 + cos (2 tt/ 3) + cos (4n/3)] 

+ E sin (co£ + 0) [sin (2 tt/ 3) + sin (4^/3)] 

= 2£ cos (cot x 0) [1 — $ — £] 

-f- sin (cot -f- 0) [^\/^ — 

= 0 . 

This fact is obvious from the vector diagram, since the resultant 
of the three separate vectors is zero. 

There are two main methods of transmitting three-phase currents, 
the star and delta, shown in Fig. 375. The star system can be con- 



Fig. 376. Articulated Form of Star Circuit 


sidered as a condensed form of the system shown in Fig. 376. If 
the loads were equal so that the terminating impedances had equal 
magnitudes and phase angle, Z and <f> say, the currents in Fig. 376 
would be 

I vl = ( E l z ) 008 M + 0 “ 

= ( E fZ) cos (cot + 8 — 2tt/3 — <j>), 
and /pg = (E/Z) cos (cot + d — 4tt/3 — <J>). 

These currents add up to zero in exactly the same way as E v E z , 
and E 3 . If the three phases had a common return, the return would 
carry zero current and could be dispensed with, the resulting system 
being the star. 

The currents in the wires, called the line currents , are clearly equal 
to the phase currents. The voltage between wires is, however, 
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considerably greater than the phase voltage, which is generally the 
voltage from line to earth. Thus the voltage between wires 2 and 3 is 

i?23 — E% E 3 

= E cos (cot + 6 — 2jt/3) — E cos (cot + 6 — An/3) 

= 2E sin (— n/3) sin (cot + 0 — n) 

= (\/3)E sin (cot + 6) 

= (\/3)E cos (cot + 0 — 7t/2). 

Similarly 

E S1 = (V3) E cos (co£ + 0 “ n/2 — 2jt/ 3) 
and i£ 12 = (\/3) E cos (cot + 6 — tz/2 — 4tt/3). 

The line voltages are thus \/S times the phase voltages and lag 



Fig. 377. Voltage Vectors Fig. 378. Articulated Form 

in Three-phase Circuit of Delta Circuit 


behind them by 90°. Fig. 377 shows the phase and line voltages 
on the vector diagram. 

The delta system can similarly be considered as a condensed form 
of the system shown in Fig. 378. 

In the delta system the line voltages are clearly equal to the 
phase voltages. The line currents are, however, \/3 times the 
phase currents. For when the loads are balanced the phase currents 
are equal in magnitude and spaced 120° apart in phase, so that 

I v i = I cos (cot + a), 

I 9 2 = I oos (cot + a — 2n/3) 
and /„ 8 = I cos (cot + a — 4 tt/3). 

The current in wire 1 is 

I\ — I pig Ip 3 

= I cos (cot + oc — 2;r/3) — I cos (cot + a — 4 tt/3) 

= \/3 1 cos (cot + a — n/2) t 
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as above; thus line current 1 is ^/3 times the phase current and 
lags behind I vl by 90°. Similarly for the other line currents. The 
vector diagram for the currents is similar to that for the voltages. 

In both the star and delta arrangements the power supplied per 
phase is E P 'I P cos <f >, where E p is the r.m.s. of the phase voltage, 
I p the r.m.s. of the phase current, and cos <f> is the power factor; 
the total power is 3 E P I P cos <f> assuming balanced loads. The power 
in terms of line currents and voltages is (\/3) E{I{ cos <f> for both 




Star Load Delta Load 

Fig. 379. Star and Delta Loads 

systems. For in the star system 1{ — I p and E{ = (\/3) E p , 
whilst in the delta system I{ — (\/3) I* and = E** Thus the 
power is 

P = 3E V 'I V ' cos <f> = (V3) Ei 1 1 cos <f>. 

Three-phase Loads. Suppose that a three-phase system of e.m.f.’s 
is applied to a star load Z v Z 2} Z z or a delta load Sj, z% as shown 
in Fig. 379. 

In the star case let the line currents be I v / 2 , and / s , whilst the 
potential of the neutral point is e. We have 

h — (E 1 — e)/Z lt 

I 2 = (^2 e )IZ%, 
and / 8 = (E z — e)/Z z . 

As there are only three wires I t + I 2 + / 3 = 0, giving 

__ EJZ r + EJZ 2 + EJZ z 
e ~ 1/Z 1 + 1/Z i + l/Z t 

S 1 r 1 + E t Y t + e 3 y 3 
- Y,+ Y t +Y t ’ 


r y F z(E 1 E t ) + Y Z (E 1 — E 9 ) 

1 “ 7, + Y t + Y n 


so that 
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When E v E t , and E z are balanced, it follows from Fig'. 377 that 
E 1 -E t = (• V /3).E 1 |3<r 

and E x — E z = (-^/3 |30°, 

r 2 130° + Y a |30° 

so that A = (VVEiY 1 ~y l — Y ~ -y^ 

There are similar expressions for / 2 and / 3 . If the loads are 
balanced, so that Y x = Y 2 = 7 8 , 

e = i(^l + E 2 + -^s) = 

and 7, = (1/V3 )E 1 Y( |30^ + \W) = E X Y = 

since |30° + |30° = cos 30° + j sin 30° + cos 30° — j sin 30° 

== 2 cos 30° = V3- 


Similarly I 2 = EJZ and I 3 = EJZ. The current flows along 
Zj where it causes a drop of E 1} so that the power associated with 
it is (E' 2 /\Z\) cos cf>> E ' being the r.m.s. voltage, |Z| the magnitude 
of the impedance and cos <f> the power factor. The total power 
absorbed is three times this. 

In the delta case let the currents in the load impedances be 
i v t f , i s so that the line currents are I x = i 2 — t 3 , I 2 = h ~~ h an ^ 
/ 8 = i x — i 2 . 

We have = (E 3 — E 2 )/z li 

h ~ (^i 

and ^3 — (^2 


so that 


A 



^3 

> 

*2 


with similar equations for / 2 and / 8 . These currents are the same 
as in the star case if 



Y t Y a 


Y 1 +Y i + Y s 


y% = 




4- V. 4- Y . 


y 3 = 


*xY% 

Y 1 +Y i + Y a J 


( 16 ) 


and 
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There are the conditions that the star and delta loads be equiva¬ 
lent ; this theorem is known as the star-mesh transformation. It is 
possible to express Y v Y 2 , Y s in terms of y v y 2 , y 3 , or rather Z v Z 2 , Z 3 
in terms of z li Zg, z z in the following way. 

ViJyz ~ that YJz x = Fg/zg = F 3 /Z 3 . 

Adding numerators and denominators and using (16) we get 

h = L L = Y i+ Y *+ y 3 = 

*1 2 3 Z X + 22 + 23 Z r + Z t + Z 2 


Taking the second and last equalities we get 


Similarly 

and 


JL_ 

Y 1 


Z t = 

£ s = 


Vs 

2l + Z2 + Z3' 

Vi 

"F -t - % 

Z1 + Z2 + Z3', 


(17) 


If the loads are equal Z = £z. 

It is often a great help to transform from star to delta, or 
conversely. 

The following example shows how the problem of a three-phase 
load is affected by mutual inductance between the loads. 

Example. The axes of three identical coils are in the same plane, are 120° 
apart and meet in a point. The inductance of each coil separately is 0*5 H. 
and its resistance is 200 Q., and the mutual inductance between each pair 
of coils is 0*2 H. 

What current will flow in each coil if the three are connected in star to a 
three-phase 60-cycle supply of 440 V. ? ( Lond . Univ., 1933.) 

Fig. 380 shows the arrangement. If the coils are wound in the 
same direction, the mutual inductances aid the self-inductances. It 
is quite clear that the potential of the star point is zero, since the 
system is symmetrical. Let Z be the self-impedances of the coils 
and Z m the mutual impedance. Then 

Z = 200 +j . 2u . 50.0-5 = 200 + jl57 
and Z m = j . 2n . 50.0*2 = J62-8. 

The r.m.s. voltage between phases is 440, so that E = 440/\/3 
= 254. The voltage between A and 0 is E x = (\/2) E cos (cot + d) 
and is given by e i = Zl x - ZJ t - ZJ 3 . 

For windings AO and OB , AO and OC aid when the currents flow 
in the same directions, but I x is along AO , I 2 is opposite (i.e. along 
BO instead of along OB) and so is / 8 . In the system Z, -f-Z 8 + / 8 = 0, 



ALTERNATING CURRENTS 


m 


so that J a -t- I a = — I v Substituting for I t and 7, by this equation 
wo get E 1 =(Z + ZJI V 


Similarly E t = (Z + Z m )/ 2 a nd E a = (Z + Z n 
are each equal in magnitude to the magnitude of 

254 254 


)/ 3 . 


3 + 3m 

254 

297 147° 45' 


200 + ^*219*8 


= 0-855 47° 45', 


The currents 


i.e. the currents have the r.m.s. value of 0*855 A. and lag the 
e.m.f.’s by 47° 45'. — 



EXAMPLES 

1. Two currents I x = 100 sin cot and I t — 80 cos {cot -f- :rc/6) enter a con¬ 
ductor. Find the total current by the vector and algebraic methods. 

2. Voltages E x — 20 cob cot, E t — 30 sinco* and E 9 — 60 cos {cot — n/Z) act 
in series. Find the resulting voltage by both methods. 

3. Find the currents and voltages in the network of Fig. 381. 



4. A transmission line 10 miles long consists of two copper wires each 
0*30 in. diameter spaced at 3 ft. If the conductors are short-circuited at the 
far end, what voltage at 50 eye. must be applied to produce a current of 
100 A. in the loop ? 

5. Repeat the work of the example on page 449, taking 100 Q. as the 
resistance of the coil. 

6. A 3-phase, 4-wire system with 440 V. between the phase conductors has 

a motor load of 500 kW. at power factor 0*8. The lamp loads connected 
between the several lines and neutral are 100, 120 and 250 kW. Find (a) the 
current in eaoh phase conductor; (5) the current in the neutral; and (c) the 
power factor of the system. ( Lond . Univ ., 1931.) 

i6-(T.54) 
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7. A single-phase series railway motor having an impedance# = 0-1 -f 0*3? 
is started by a multi-tap transformer. The maximum current on each notch 
is 400 A., and notching up takes place when the current has fallen to 300 A. 
The flux at 300 A. is 85% of that at 400 A. Determine the voltage for the 
first tapping of the transformer, the back e.m.f. generated by the rotation of 
the armature when the current has fallen to 300 A. on the first tapping, and 
the voltage for the second tapping of the transformer. 

Explain the method employed in your calculations. ( Lond . Univ 1933.) 

8. An unbalanced star-connected load is connected to a symmetrical 
400-Volt, 3-phase, 3-wire system. The impedances and their connections 
are— 

1 1- j2 fl. between lino R and neutral point of load, 

2 -J- jS Q. between line Y and neutral point of load, 

3 — j3 Cl. between line B and neutral point of load. 

Calculate the current in line B . Phase sequence 7£, F, B. 

(Lond. Univ.y 1950.) 

9. The impedances, in ohms, of the branches of a 3-phase star-connected 
load are as follows— 

Z* = 20 + jO, Z T - 10 + j 10, Z B = 0 - J25. 

If this load, with its neutral point isolated, is connected to a symmetrical 
3-phase 4-wire system, with 400 V. between line wires, determine the p.d. 
between the neutral point of the supply system and the neutral point of the 
load. Phase sequence R-Y-B. (Lond. Univ.y 1953.) 



APPENDIX III 

TRANSFORMERS 

A detailed description of single and polyphase transformers is 
given in the companion volume quoted in Appendix II.* This 
appendix will give very briefly the effects of transformers upon 
transmission. 

Fig. 382 gives the equivalent circuit of a transformer. R^ repre¬ 
sents the resistance of primary and R 2 of the secondary. X x and X t 



Fia. 382. Complete Equivalent Network of Power Transformer 


represent the primary and secondary leakage fluxes. R w and X M 
represent the iron losses and magnetizing current. The ideal trans¬ 
former has ratio N x : N 2i where N x and N 2 are the turns; such a 
transformer has the property that 

Ey'/E,' = AY/AY = - (EJIi). 

The relation between E x and E 2 follows from Faraday’s Law 
that the e.m.f. is equal to — N(d<f>fdt ), N being the number of turns 
and (f> the flux. The relation between the currents is due to the fact 
that the magnetizing current has already been allowed for in X M , 
and then N X I X + N 2 I 2 = 0. 

In normal transformers the effect of R w and X^ on the regulation 
is negligible, and the transformer can be represented by R v R 2 , 
X x , X 2 and the ideal transformer. The current I x is then equal to 
l x ; this is very nearly true, for although the magnetizing current 
is not very small, it is nearly in quadrature with I x when the trans¬ 
former is on load. An impedance in the primary can be transferred 
to the secondary by multiplying it by (NJN X ) 2 ; similarly one can 

* See also The Performance and Design of Alternating Current Machines , 
M. G. Say (Pitman). 
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be transferred from the secondary to the primary by multiplying 
it by (NJN S ) 2 . For suppose the total secondary impedance is Z g , we 
have E g — Z g I g . Then the equivalent primary impedance is 

El E g '(NJN g ) 

1 -1 l ' I t (NJN t ) 

= X (NJN g ?. 

We can therefore represent a transformer on load by either of 
the circuits in Fig. 383. In the former 

r i — Ei ^2(^1/^ 2) 2 an< ^ x i == ^1 ^2(^1/ 

whilst in the latter 

r 2 = R^NJN^ 2 + R 2 and x 2 = X^NJN^ 2 + X 2 . 

Percentage Impedance. It is usual to express the resistance and 
reactance of a transformer by stating the percentage voltage drop 
when the full load current is flowing. Thus suppose the normal 
voltages are E x and E 2 , and the normal load currents are I x and / 2 . 


* ^ 

1 fcf ( 

J 

fe 

0 

0 

0 

i 

Ez 
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N 7 :N 2 


o- 

Sj 

o- 
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r z 

AW* - O 
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Fig. 383. Simple Equivalents of Power Transformer 


The voltage drop in the primary is R 1 I 1 + jX 1 I 1> so that the primary 
is said to have 

100 R 1 IJE 1 per cent resistance and 100 X l I l /E 1 per cent reactance. 
The secondary has similarly 

lOORzIJEz per cent resistance and 100 X 2 1JE 2 per cent reactance. 

If we consider the first equivalent circuit of Fig. 383, we see that 
the total percentage resistance is 

lOOr^ lOOR^ 100 R^NJNt) 2 ^ 

jp TP * TP 

lOOjKj/i 100 r 2 i 2 

~ E x + E z ’ 

which is the sum of the primary and secondary percentage resistances. 
Similarly the percentage reactance is the sum of the primary and 
secondary percentage reactances. 

It will be found that the same holds for the second circuit of 
Fig. 383. It is usual to give only the total percentage resistance 
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and inductance. If the working voltages and currents are E v E a , /, 
and I* and the percentage resistance and reactance are p r and p x , 
we have 


r x = p^EJlOOIJ and = p^EJlOOIy), 


or r 2 = p r (EJ100I a ) and x 2 = p x (EJ100I a ). 


Example. A 17 500 kVA. transformer has 1% resistance drop and 3% 
leakage reactance drop. Find the resistance and reactance transferred to the 
high voltage winding, which supplies current at 66 kV. 


Therefore 

and 


E x = 66 000 V., I t = 


17 500 000 
66 000 


= 


x 


66 000 
100 X 263 


= 2-51 ft. 


x x = 3 X 


66 000 
100 x 263 


7*53 ft. 


263 A. 


Example. Find the resistance and reactance transferred to the low voltage 
winding of 11 kV. in the previous example. 


r 2 = r x ( 11/66) 2 = 0*0697 ft. 


x 2 = ^(H/66) 2 = 0*209 ft. 


Transformers in Parallel. Fig. 384 shows two transformers in 
parallel. It is assumed that the transformers have exactly the same 




Fig. 384. Transformers in Parallel 


turns ratio, but different resistances and leakage reactances. We 
may ignore the voltage ratio, and an equivalent circuit is that shown 
in Fig. 385. Let Z x be the resistance and leakage impedance referred 
to one side of one transformer, and Z 2 that of the other. If I x and I t 
are the currents in the separate transformers, 

Z X I X = Z 2 I 2i 

“ ** '■ = znhr,<'■ + '»> 

" Z, +■ z, + 7,1 


and 



474 


ELECTRICAL POWER 


where I x + I 2 is the total load current. The combination of the 
two transformers has an impedance Z 1 Z 2 /(Z 1 + Z 2 ), so that the 
resultant resistance and reactance referred to one side are given by 

Ti + + r 2 + jx 2 


giving 

and 


M r 2 2 + V) + r 2 (n 2 + a?i 2 ) 

(»i + r 2 ) 2 + (*i + * 8 ) 2 

*i(r 2 2 + x i) + ^(rx 2 + *i 2 ) 
(»i + r 2 ) 2 + ( x i + * 2 ) 2 


I) Zj 



|—>—WW 1 —| 



\J ' 1 

n-_ 

h Zz 

J 

s 

o 

--O 

h+h 




Idea / transformer 


Fig. 385. Equivalent Network of Two Transformers in Parallel 


These equations give the percentage resistance and reactance of 
the combination in terms of the simple values. 

Example. The transformer of the two preceding examples acts in parallel 
with a 15 000kVA. transformer of 2% resistance and 4% reactance drops. 
Find the percentage resistance and reactance drops of the combination. 

We have r x = 2-51 and x 1 = 7-53. 

Similarly for the second transformer the resistance and inductanoo 
in the high voltage side are 

r 2 == 5*80 and x 2 = 11*60. 

Thus for the combination 

r = 1-78 and x = 4-57. 


The total rating is 17 500 -f 15 000 = 32 500 kVA., and the load 
current 32 500 -f- 66 = 492 A. The percentage resistance is thus 


and 


Vr = 


Px = 


100 X 1*78 X 492 
66 000 
100 X 4*57 X 492 
66 000 


= 1*32. 


= 3-39. 


Three-phase Transformers. These may be connected star to star, 
delta to delta, or delta to star as shown in Fig. 386. Three separate 
transformers can be used, or one transformer with three limbs upon 
which pairs of windings can be placed. 
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The sfcar/star connection accentuates the voltage of the third 
harmonic, since these have the same phase in the three windings 
and add up. Unless the primary star point is earthed, there is a 
floating neutral in this system. An extreme case is when only one 



Fio. 386. Stab/Stab, Delta/Delta, and Delta/Stab Tbansfobmations 


phase is loaded and the others are on open circuit; then no load 
current will flow, for the high primary inductances of the open 
circuited phases are in series with the loaded phase. 

The delta/delta system is much used for moderate voltages, and 
has the advantage that if one phase is disabled the two good phases 
can transmit power by the V or open delta system (see Fig. 387). 



Fig. 387. Open Delta ob V Tbansfobmation 


The voltages are the same as before, but the output rating is only 
l/\/3 or 58 per cent of the previous value. 

The star/delta connection is very useful for stepping up the 
voltage, and does not suffer from the wave distortion and floating 
neutral of the ungrounded star/star system. 

For the purposes of calculation we assume that the transformers 
can be represented by an impedance r -f- jx in series with the line 
conductors, the impedance being found from the percentage 
impedance figures given for the transformers. 

Example. Give a diagram of connections for Scott-connected transformers 
linking a three-phase system with a two-phase system. 

If the load on the two-phase side is 200 kVA. on one phase and 300 kVA. on 
the other, both at 400 V., and unity power factor, determine the currents in 
the transformer windings and the 6*6 kV,, three-phase supply lines, neglecting 
transformer losses. Show by a diagram how the loads are connected; only 
one alternative need be considered. (Lond. Univ 1948.) 
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Fig. 388a shows the diagram of connections. Windings 1 and 2 
are supplied with two-phase voltages, i.e. voltages in time quadra¬ 
ture. Let winding 1 induce a voltage 1*0 E across AB and winding 
2 a quadrature voltage (\/3/2)JS across DC. It follows from the 
vector diagram shown that voltages across AB , BC and CA have 



Fig. 388a. Scott Connection 

magnitude 10 E and have phases 120° apart. It is obvious that the 
connection similarly converts a three-phase supply to a two-phase 
supply. 

Fig. 388b shows the voltages and currents in the system. We 
indicate voltages with an arrow: this method defines the reference 



Fig. 388b 


phases for voltages and currents. The currents in the two-phase 
windings are 600 A. and 750 A., each in phase with the voltages of 
magnitude 400 V.: note that the voltage in winding 2 is in quadra¬ 
ture with that in winding 1, and hence also are the currents. 

The voltages AB and DC have magnitudes 6*6 kV. and 5*7 kV. 
The currents I 1 and I 2 in the two-phase windings induce currents 
I\ and 1 2 ' in the upper windings: these currents are in phase with 
I x and I 2 , respectively, but flow in the directions shown so as to give 
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zero total ampere-turns if the transformers are considered to be 
ideal. The amplitudes of I x and I 2 are given by 

V = I x (400/6 600) = 30 A., I 2 ' = I 2 (400/5 700) = 53 A. 
Note that these currents are in quadrature. 

The three-phase line currents are 

Ia = ~ A' - iW, h = A' - i c = A'- 

The figure shows the line currents. I A = I B = 4Q A., I c = 53 A., 
the relative phases being 97*2°, 131-4° and 131-4°. 



APPENDIX IV 

THfiVfiNDPS THEOREM 

This theorem states that if a network has two terminals A and B 
between which there is placed an impedance Z, the current through Z 
is given by # E/(Z +■ Z^, 

where E is the potential difference between A and B when Z is removed , 
and Z 1 is the impedance of the network between A and B calculated 
by assuming that all generators are replaced by impedances equal to 
their internal impedances. 

The proof is as follows. Fig. 389 (a) shows the condition under 
load, and Fig. 389 (b) when Z is removed. In Fig. 389 (6) the 
potential of A above B is E. Fig. 389 (c) shows a system which is 


_ 

L A_ 


A 



Net¬ 

work 

3 

z,~ 


o —°—— <> ~1 


•2? 


B 


' B 


(a) ib) (c) 

Fig. 389. Th£v£nin’s Theorem 


clearly the same as that in Fig. 389 (a), since it contains merely 
an addition of two equal and opposite e.m.f.’s. Now the potential 
of C is equal to the potential of B if there is no current flowing; the 
network to the left between B and C is thus equivalent to a passive 
impedance Z v The current is therefore that 
due to the e.m.f. E acting between C and D 
through the loads Z and Z ly so that 

/ = E/(Z + Z,). 

The important fact is that E and Z 1 are 
completely determined by the network and 
do not depend on Z. Thus if we have a 
variable feeder in a network, there is no need 
to work out the current through it ab initio 
for the different impedances of this feeder. 
We find E and Z x for the network, and the 
current is obtained for any impedance of 
the variable feeder. The following example 
illustrates the use of the theorem. Another example is given on 
page 170. 

Example. Find the current in the feeder AC for resistances of 0*1 and 
0.08 fl. in the network of Fig. 390. 



Fig. 390. Problem of 
Interconnection 
Solved by Use of 
Th6v6nin’s Theorem 
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We imagine that AC is removed, with the resulting network of 
Fig. 391. Let the current in AB be I ± ; the remaining currents can 
then be easily written down. The voltage drop from A to C by 
both paths must be equal, so that we have 

0-05/i + 0-1 (Z x — 50) = 0*05(160— I x ) + 0*05(120- A), 
i.e. I x — 76 A. 


The voltage drop from A to C is 

E = 0*05 X 76 + 0*1 X 26 = 6*4 V. 
40A 




Fio. 391. Problem of 
Interconnection 
Solved by Use of 
Th£vAnin’s Theorem 


Fig. 392. Problem of 
Interconnection 
Solved by Use of 
Th£v£nin’s Theorem 


The impedance of the network between A and C is 


, _ 0*1 X 0*15 
1 “ 0*1 + 0*15 


= 0*06. 


If Z = 0*1 £2., the current in AC is 
E __ 6*4 

Z “J~ Z j 0*1 -f - 0-06 

If Z is 0*08 £2., the current is 


/ = 


6*4 


0*08 + 0*06 


= 45*7 A. 


40 A. 


It is now very easy to solve the network problem in its entirety 
with a given Z t say 0*1 12. Fig. 392 shows the network. Let the 
current in AB be ; the remaining currents are then as shown. 
Equating voltage drops along ABC and ADC we get 

0*05I l + 0*1 (Z x — 50) = 0*05(120- I t ) + 0*05(80 - 
so that I x ==. 60 A. 

The currents are thus AB = 60, AC = 40, AD == 60, BC = 10, 
DC = 20 amperes. 



APPENDIX V 

METERING, DISTANCE INDICATION (TELEMETERING) 
AND REMOTE CONTROL 

Measurement of kWh. and Reactive kVAh. In an interconnected 
system, such as the Grid, the problem of metering is of supreme 
technical and financial importance. Tariff considerations necessitate 
the use of kWh. and reactive kVAh. meters, with and without sum¬ 
mating attachments. Four types of instrument have been installed on 
the Grid. The Ferranti F.G.L. type is used in the South-east England 

B 


Fig. 393. Quadrature Transformer for Ferranti F.G.L. 
Reactive kVAh. Meter 

( I.E.E. Journal) 




electricity scheme. This meter has several novel features. There 
are two driving elements per disc so placed that side-thrust on the 
bearings is eliminated, and 80 per cent of the weight of the rotor is 
borne by permanent-magnet suspension. The reactive kVAh. meters 
are identical with the energy meters, and a quadrature transformer 
supplies the potential windings with the potential currents of correct 
phase. Fig. 393 shows the diagram of the quadrature transformer 
and Fig. 394 shows the connections of the kWh. and reactive kVAh. 
meters of this type. 

Summation Metering. It is often required to measure the total 
power in two or more circuits. Fig. 395 shows how this can be done 
with one wattmeter of ordinary construction, using a number of 
current transformers with their secondaries in parallel; in a similar 
method the secondaries of the current transformers form the prim¬ 
ary windings of a current transformer, the secondary of which is 
connected to the current coil of the wattmeter. The accuracy of 
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Fig. 394. Connections of kWh. and Reactive kVAh. Meters 
( I.E.E . Journal) 








Fio. 395. Summation Metering by Current Transformers 
with Secondaries in Parallel. 

(Industrial Electrical Measuring Instruments (Edgcumbe and Ockenden)) 



H 
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Fio. 396. Midworth Distant Repeater 


(Industrial Electrical Measuring Instruments (Edgcumbe and Ockenden)) 








METERING , DISTANCE INDICATION 483 

these methods is not good because of the large nuniber of current 
transformers used. It is also possible that the voltages of the circuits 
may differ somewhat. 

Preference is thus given to mechanical methods of summation, 
in which the meter index readings are transmitted to some con¬ 
venient place where they are added mechanically. Each meter of a 
group is provided with a contact-making device, operated by gravity, 
a cam or a commutator, and is connected for an interval of time by 
this device to a transmitter, which sends a signal to the mechanical 



Fio. 397. Direct Distant Indication of Current and Voltage 
(Industrial Electrical Measuring Instruments (Edgcumbe and Ockenden)) 

summator. This signal registers the power or reactive volt-amperes 
in the mechanical summator, which adds mechanically the required 
quantities. 

Midworth Distant Repeater. Fig. 396 shows the Midworth distant 
indicator . A is the originating movement, the moving coil of a 
dynamometer wattmeter or the disc of an induction wattmeter, say. 
This moving part has attached to it a contact arm, which can 
make contact with the left or the right contact of C. These contacts 
are connected each to an end of the field coils F F, the other end of 
each field coil being connected to the positive of a d.c. supply. When 
A causes the contact arm to touch the left contact of G , the lower 
field coil is put across the d.c. supply; whilst when A causes the 
arm to touch the right contact, the upper field coil is energized. 
The field coils are wound so that one causes the motor armature E 
to rotate in one direction and the other in the opposite direction. 
Suppose that A moves to the left and makes the contact arm touch 
the left contact of G. The lower field coil is energized and the 
armature rotates, and in doing so the tapping arm D moves. The 
current through the moving coil B is then varied. B is the moving 
coil of a permanent-magnet instrument and experiences a torque 
in the same direction as A. B , in moving, takes G with it, so that 
the contact at G will be broken when the deflection of £ is slightly 
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greater than that of A. Thus for any deflection of A, the motor 
armature ■will rotate until the deflection of B is just greater than 



Fio. 398 . Impulse Method Applied to Midworth Repeater 


( I.E.E . Journal) 


that of A, and will then stop. As B is the coil of a permanent- 
magnet, moving-coil instrument, its deflection is proportional to the 
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current through it, so that the current through £ is a proportional 
measure of the deflection of A, which represents watts or reactive 
volt-amperes. 

It is now necessary to transmit the current through £ to a dis¬ 
tant instrument which will register it, and/or add it to similar 
readings from other meters. 

Direct Distant Indication. Fig. 397 shows how the current and 
voltage can be transmitted to a distant ammeter and voltmeter. 
The use of a centre-tapped resistance enables the pilot wires for the 
ammeter to serve as one pilot wire for the voltmeter, without causing 
the voltmeter current to affect the ammeter. Thus only three pilot 
wires are required, instead of four. The method of direct indication 
is limited in d.c. systems, by considerations of leakage and resistance, 
to a length of 20 miles for voltage measurement and 3 miles for 
current measurement. In the a.c. systems the limiting lengths are 
15 miles and 1 000 yd. respectively. 

Indirect Distant Indication. The Midworth system, described 
above, uses really a direct indication method, for, although any 
quantity is replaced by a d.c. current or voltage, the latter has to be 
transmitted direct. There are various methods of transmitting the 
value of the current or voltage indirectly, examples being the Selsyn, 
Granat, and impulse methods. Only the application of the latter to 
the Midworth system will be given. Fig. 398* shows the adaptation. 
OM corresponds to A of Fig. 396, F to 0, M to E , and F X F 2 to FF. 
The coil B of Fig. 396 is replaced by a shaft $2, which is geared to 
the motor M. The latter is mounted on a shaft S3, which carries 
a notched impulsing wheel IW and a friction-tight reversing arm 
RA. As before, if the originating movement moves in either direc¬ 
tion, the motor turns S2 so as to break the contact at F (formerly 
0 ). The motor shaft revolves through an angle proportional to the 
originating movement, and the wheel IW causes a train of impulses 
to be sent out, the number of the impulses being proportional to the 
originating movement. The pulses are positive or negative accord¬ 
ing to the direction of the originating movement, but their magni¬ 
tudes are fixed. The pulses are sent along a pair of pilot wires. At 
the receiving end the pulses cause rotary (Strowger) switches to 
rotate one position per impulse, so that the final positions of the 
switches represent the originating movement, and hence the 
kWh. or kVAR. 

Data Transmission Systems. For systems using magslips (or 
selsyns), magsyns and desynns, see section (6.1.1.) of Electronics 
by the author (Pitman). 

* This description and diagram are taken from “Remote Control of Power 
Networks, 1 * by G. A. Bums and T. R. Rayner. Journ, I.E.E ., Vol. 79, 
No. 476. 
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CONVERTING PLANT 

It has been found convenient to transmit large blocks of electrical 
energy by alternating current, because of the ease of transforming 
up or down in voltage with static equipment, viz. transformers. 
In some applications it is found desirable to use direct current, e.g. 
in traction and electro-chemical work. It is then necessary to have 
an efficient means to convert A.C. to D.C. One common method is 
to use a rotary converter: this machine is described in detail in 
Chapter XXI of Electrical Technology by H. Cotton (Pitman). 

The rotary converter is being displaced by the mercury-arc 
rectifier for the conversion of A.C. to D.C. (and D.C. to A.C.) for the 
following reasons. The mercury-arc rectifier is a static device and 
thus needs less maintenance. Modem types have been designed for 
the largest powers normally required; they have a very high 
efficiency and have a small bulk. We shall therefore give a brief 
description of the use of mercury-vapour diodes and triodes. 

Gas-filled Valves. These are used for many purposes and from 
very low powers up to the highest powers. There are many types 
and the mode of operation takes many forms. 

First there are the types which have a heated cathode that 
gives a supply of electrons by thermal emission: the main effect of 
the gas is to neutralize the space charge effects present in a 
hard tube, and as a main result a large current can flow with a 
small voltage drop. In this class are gas-filled rectifier diodes and 
gas-filled triodes or thyratrons. 

Then there are the rectifiers with a cathode in the form of a mercury 
pool. In this type an arc must be started by a special device, and 
then hot spots are formed on the cathode, from which very large 
currents can be drawn by field emission. It is estimated that 
current densities about 4 000 A./cm. 2 are drawn from the hot spots, 
each spot carrying about 30 A. The ignitron is a member of this 
class. 

Gas-filled Thermionic Diode. Mercury vapour or one of the inert 
gases is put in a thermionic diode in order to reduce the voltage 
drop at high currents. The effect of a small gas pressure is to change 
the current-voltage characteristic in the way shown in Fig. 399. 
The current increases more rapidly in the gas diode when the 
ionization potential of the gas is reached: the positive ions neutralize 
the effect of the space charge and the current increases more rapidly 
than the three-halves power law. The positive ions do not contribute 

486 
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appreciably to the current directly, as their velocity is small com¬ 
pared with that of the electrons. 

If the gas pressure is raised the characteristic changes to that 
shown in Fig. 400 (a), and the potential distribution is as shown in 
Fig. 400 (6). As the voltage is raised from zero a very small current 


Small Gas Pressure 



Fio. 399. Effect of Gas 
in a Diode 



Fig. 400. Voltage in a Gas 
Diode 


flows initially, but when the ionization voltage is passed the current 
rises suddenly to a value limited by the external circuit and the 
voltage drops (because of the external load). The voltage drop lies 
between 10 and 20 V. however large the 
current may be. There is a positive-ion 
sheath near the cathode, which acceler¬ 
ates the electrons from the cathode and 
injects them with high speed into 
the plasma which stretches from the 
positive-ion sheath to the anode: in 
the plasma there are approximately 
equal and opposite charges, so that 
there is a small potential drop across it. 

The main potential drop occurs between 
the cathode and the positive-ion sheath. 

The cathode of a gas diode can be 
made more efficient than in a high 
vacuum tube for the following reason. 

It is not necessary in a gas tube that the 
emitting surface be near to the anode since the positive-ion sheath 
forms automatically near the cathode. It is therefore possible to 
put the cathode surface inside a metal container, and the radiation 
of the heat is greatly decreased: alternatively the cathode surface 
can be made in a corrugated form, which results in a large measure 
of radiative screening. Fig. 401 (a) shows a cathode in which the 
coated fins are placed inside screening cylinders, and Fig. 401 (6) 
shows a corrugated form of cathode. 

In the Tungar rectifier used for battery chargers the gas is 5 cm. 
of argon. In mercury-vapour diodes the pressure is about 0-1 mm. 



Fig. 401. Heat-consbrvtng 
Cathodes fob Thybatbons 
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In a mercury-vapour tube the pressure varies rapidly with the 
temperature, so that the voltage drop is larger at lower temperature; 
this is dangerous, for if the voltage is high, the cathode is liable to 
be damaged by the bombardment by the positive ions. The rare 
gases do not suffer from this disadvantage, but they suffer from 
clean up , due to the absorption of the gases on the electrodes and 
the wall of the tube. 

The cathode of a gas diode must be allowed to reach the normal 



operating temperature before switching on the H.T., otherwise the 
voltage drop may exceed the disintegration value. 

Gas-filled Thermionic Triode. This is commonly known as a 
thyratron , provided the gas pressure is sufficiently high to form a 
plasma so that the grid has a trigger action in the way described in 
the following. 

Fig. 402 (a) shows the anode and grid currents in a triode with a 
small amount of gas as a function of grid voltage. The grid current 
has three components, one due to leakage, another to electrons 
(with thermal velocities large enough to reach a grid at a negative 
potential), and a third due to positive ions. The last contribution 
is proportional to the number of positive ions present, and hence is 
proportional to the gas pressure and the anode current. As the gas 
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pressure is raised from 0 through p v to a critical value p c> there is a 
sudden increase of anode and grid currents in the way shown in 
Fig. 402 (6). The current is limited by the external circuit resistance 
and is independent of the grid voltage: for this reason these curves 
have a horizontal line with arrows to indicate that they are inde¬ 
pendent of the grid voltage. What has happened is that sufficient 
positive ions are formed to neutralize the 
electron cloud in the tube to form a plasma: 
and moreover, positive-ion sheaths are 
formed round the grid wires and near the 
cathode surface, in the way indicated in 
Fig. 403. 

The positive-ion sheath round the grid 
causes the grid to lose control except at 
very large negative potentials in a way Plasma 

discussed below, and the plasma neutralizes Fig. 403. Positive-ion 
the space charge effects so that the voltage Sheaths and Plasma 
drop between the anode and the cathode is 

merely that in the cathode sheath (10 to 20 V.): the current is 
thus limited by the external circuit. These are the features of a 
thyratron. 

It should be noted that the grid current needs also to be limited 
by the external circuit. 

Starting Action and Control Ratio. Fig. 402 (c) shows the 



Fig. 404. Typical Control Curves of Thyratrons 

anode current as a function of grid potential V g for various values of 
anode voltage V a . The starting grid voltage is nearly a linear 
function of the anode voltage, and some typical curves are shown 
in Fig. 404 for three types of tube. In type I the grid voltage is 
negative, and the thyratron is said to have negative control; in 
type II the grid voltage may vary from negative to positive, and 
this is intermediate control; in type III the grid potential needs to 
be positive to strike the tube, and there is positive control . 

The grid-oontrol ratio is the slope of the lines: thus in type I 
it is about 1 000/15 = 60. 


C G A 
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We may note that because of the plasma, the cathodes may be 
shielded to reduce heat radiation. The tube cathode should be 
heated before switching on the voltages in order to prevent cathode 
disintegration, and in addition the grid and anode currents must be 
limited for the same reason. 

Electrode Structure of Thyratrons. We have already stated 
that heat-shielded cathodes may be used to reduce the heater power 
required. 

To reduce the effects of wall charges, which would cause erratic 



Fig. 405. Thyratron Fig. 406. Potential Distri- 

Electrodes bution in Mercury Arc 

or variable starting, it is desirable to let the grid structure enclose 
the anode and cathode, thus screening the inter-electrode space from 
wall charges. Fig. 405 shows a common structure: the grid is a 
cylinder with a dividing diaphragm and hole, the anode is on one 
side of the aperture and the cathode on the other. For negative 
control there is a single large hole, for positive control there are 
several small holes. 

Mercury-pool Rectifiers. When very large currents are required, 
a cathode of liquid mercury is used. To cause emission an arc must 
be started. Once the arc is started it is concentrated at small bright 
areas of the cathode, the spots wandering over the surface of the 
pool and each drawing a current of 30 to 40 A. at about 4 000 A./cm. 2 

The hot spots also produce the mercury vapour for the arc, and 
the pool is continuously replenished by condensation of the vapour 
so that there is no problem of disintegration of the cathode. 

The potential distribution in a mercury arc is as shown in Fig. 406. 
The cathode sheath voltage drop is about 9-9 V. over a wide range 
of currents and pressure: as the work function of mercury is 4-5 V., 
only 5*4 V. is available for ionizing the gas. Since this is less than 
the minimum ionizing potential, ionization takes place usually by 
multiple collisions. The potential gradient in the plasma varies from 
0-05 to 0*2 V./cm. in normal operating conditions. The anode 
sheath contains electrons, and the voltage drop across it increases 
with current: this is the main reason for an increased voltage drop 
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from anode to cathode at very high currents, which in a typical case 
may be about 25 V. 

A mercury-pool rectifier can stand temporarily very large over¬ 
load currents, the only limiting feature being overheating of the 
anode and other parts. To maintain the requisite low pressure of 
mercury the vapour must be condensed as 
rapidly as it is produced, and this is done by 
water or air-blast cooling of the envelope. 

Glass-bulb Mercury-pool Rectifier. 

Fig. 407 shows an early type of mercury-pool 
rectifier in which the envelope is a glass bulb. 

To start the arc the bulb is tilted to the right 
and then back again, when an arc is struck 
between the cathode C and the starting anode 
A s (which has a potential with respect to C). 

The main anodes A m are fed with a.c. voltages 
in antiphase, so that current flows to each 
for a half-cycle. The excitation anodes A e are 
connected to a transformer and a small fixed load to prevent the 
arc from dying out should the load cease temporarily. The large 
glass dome acts as a condensing surface for the mercury vapour. 



Fig. 407. Glass-bulb 
Mercury-pool 
Rectifier 
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Fig. 408. Steel-tank Ignitron 


The main anodes are located on side-arms, as shown, in order to 
prevent an arc from striking directly between them when one is at a 
positive maximum and the other at a negative maximum: this 
phenomenon is known as arc-back or back-fire . 
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The disadvantages of this type are the difficulty of cooling and 
weak mechanical strength in large sizes. Their rating is limited to 
about 500 A. at 500 V. continuous. 

Steel-tank Rectifiers. These allow adequate cooling facilities 
(by water jackets) and are mechanically robust. They are made for 
very high powers (10 MW. or so) and up to 20 kV.: they are generally 
used with 6- or 12-phase supply, and have the requisite number of 
main anodes. 

Fig. 408 shows the outlines (excluding water jackets) of a steel- 
tank rectifier. The ignition anode is a rod extending to within a 

fraction of an inch of the mercury 
pool, and it has a small direct voltage. 
To start the arc a solenoid depresses 
this anode rod on to the mercury and 
a spring pushes it back. There are 
excitation and main anodes as in 
the glass-bulb type, though in small 
rectifiers the ignition anode may act 
as excitation anode also. To prevent 
arc-back, each anode is surrounded by 
a shield, and the main anode has also a 
grid and a baffle: the problem of arc- 
back has not, however, been completely 
solved. 

The electrodes are of course insulated 
from the tank, and the seals are somewhat difficult. Often pumping 
is required to prevent gas from leaking in through the seals, but 
some modem rectifiers have seals that permit permanent evacuation. 

Ignitrons. This is a mercury-pool rectifier in which the ignition 
anode does not have to be withdrawn after the arc has been started. 
Fig. 409 shows a sketch of an ignitron. The ignition anode is a 
pencil of high resistance material such as silicon carbide (carbor¬ 
undum) or thyrite, one end of which dips into the pool. When a 
sufficiently large voltage is applied to the ignition anode a cathode 
hot spot is formed and the main anode can draw a large current. 

Ignitrons are usually made in single-phase units to eliminate 
arc-back. By controlling the ignition potential the tube can be 
switched on at any time in the positive half-cycle: the ignition has 
to be supplied each cycle, or the arc will extinguish in the negative 
half-cycle. In this way the same results may be obtained as in a 
grid-controlled rectifier. 

Ignition anodes may require 100-200 V. and 5-50 A., but the 
current need flow for a very short time only. 

Polyphase Rectifiers. Fig. 410 (a) shows a three-phase rectifier 
system using a A-Y transformer and a three-anode, mercury-pool 
rectifier. The voltages V v F 2 , V 3 between the windings and the 
neutral are shown in Fig. 410 (6). If it is assumed that the voltage 
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drop in the arc is constant (say 30 V.), it is seen that only one anode 
can conduct at any instant except when two line voltages are within 
30 V. of one another. The voltage across the load is shown by the 
dotted line in Fig. 410 (6), and the current has the same form. 

If we ignore the voltage drop in the arc, anode 3 extinguishes and 
anode 1 takes over at 30°, when their voltage is half the peak. 



(*) (c) 

Fio. 410. Polyphase Rectitfication 

The waveform thus varies between half- and full-peak value three 
times per cycle. If V is the peak value in an n-phase system, the 
changeover takes place at (7t/2— i r/n) when the voltage is V cos 
(n/n) ; thus in a 6-phase system the voltage varies between 0-866 
and 1-0 times the peak value. 

The mean value of the voltage is seen by Fig. 410 ( c) to be 

_ rn/2 + njn 

V = [1/(27 r/n)] I V sin cot d(cot) 

Jir/2— nfn 
rn/n 

= (n/27r) I V cos cot d(cot) 

J- n/n 

= V sin (7r/n)/(7r/n). 

For 3-phase this is (3\/3/27r) V = 0-83 F., whilst for 6-phase it is 
(3 /tt) V = 0-96 7. 

Fig. 411 (a) shows an obvious method of achieving a 6-phase 
rectifier system. The A-double Y system of Fig. 411 (6) is the 
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preferred method on large 6-phase installations: in this system the 
two Y’s are 60° apart in phase, and they are connected by a centre- 
tap transformer CT. The action of the centre-tap transformer is to 
allow the two Y’s to act independently by taking up automatically 
the voltage difference between their maximum voltages, so that one 
anode of each Y conducts at any time. The result so far as mean 
current is concerned is the same for a 3-phase sytem, i.e. the mean 
is 0*83 times the peak. So far as the ripple is concerned both 6-phase 
systems of Fig. 411* (a) and (6) have the waveform of Fig. 411 (c) 



(c) 


Fig. 411. Six-phase Rectification 
(a) A-6 phase. ( b ) A-double Y. 

which varies between 0*866 and TO times the peak. The frequency 
of the ripple is six times that of the fundamental frequency, and this, 
together with the low ripple value, enables cheap filters to be used. 

The A-double Y system possesses the following advantages. 
Since each anode conducts for one-third of the cycle, the windings 
of the Y’s are used for twice the time as in the system of Fig. 411 (a), 
and this results in a more efficient transformer. Moreover, as each 
anode takes only half the load current, this results in a smaller arc 
voltage drop and a smaller loss in the rectifier. 

Effect of a Load Reactor. In order to smooth the current in 
the load resistance it is common practice to include an inductance 
in series with the load. Because the ripple is at three or six or twelve 
times the supply frequency the value of inductance is practicable. 

Fig. 412 (a) shows the case of a A-Y system. If the reactor has a 
very large inductance the current carried by an anode is I dc and 
occurs for one-third of the time, as shown in Fig. 412 (b). It follows 
that in an n-phase system the mean anode current is 

^a ~ I dc! n 

It is also obvious by simple integration that the r.m.s. value of each 
anode current is 1^ = I dc /V n - 
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The power rating per phase of the transformer is VI rm J y/2> where 
V is the peak phase voltage, so that the total power rating of the 
transformer is 

P T = »F/JV2 = V" • VIJV2- 
The direct-current power (including rectifier losses) is 

P = VI dci where V = mean value of the voltage. 

As V = V sin ( 7 r/n)/(Tr/n) it follows that 

P = VI dc sin (7r/n)/(7r/n). 

The transformer secondary utilization factor is defined as 
Vs = P/Pt = V( 2 /^) • si n (rr/n)/(7r/n). 

For 3-phase = 0*67, for 6-phase it is 0*55 and for 12-phase it is 



(cr) (5) 

Fig. 412. Effect of a Load Reactor 


0*40. Thus the 6-phase star of Fig. 411 (a) uses the transformer less 
efficiently than a 3-phase star. The A-double Y is equivalent to a 
3-phase system from this point of view, and thus is economical in 
transformer efficiency. 

Effect-of Transformer Leakage. Consider Fig. 413(a) in 
which V x is the first phase voltage, etc. When V 2 begins to exceed 
V x the current I al should drop at once to zero and / o2 should jump 
to the value I dc : because of the leakage inductance in the windings 
this does not happen and the currents take the waveforms of Fig. 
413 (6). The changeover is calculated in the following way. When 
two anodes pass current at the same time, both are at potential 
V a (ignoring the arc drop). There is thus an effective short circuit 
between the ends of the two phases, and there is an inductance per 
phase under these conditions which we write as L, the commutcUing 
inductance. The equations for the changeover of current are thus— 

LdlaJdt = V x — v a , LdIJdt = F 2 - V a . 

Also because of the load reactance 

Ial “f“ -^02 ^ ^dc’ 

Adding the first two equations we get 

Va = i(V t + F t ) 
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during the changeover. The anode voltage is V 1 at the point a, 
drops according to the last formula to the point b during the change¬ 
over, and jumps up to the point c which is V 2 at the end of the 
changeover. The equation for u is 

dljdt = (F x — V a )/L = (7 X - F,)/2 L, 

by the last equation. If time is measured from the beginning of 
changeover, i.e. when V x = V 2 , we have 

V 1 = F cos (cot + 7 r/n), V 2 = V cos (cot — tt fn) y 



(a) (6) 

Fig. 413. Effect of Transformer Leakage Inductance 


and thus dl al /dt — — (V/L) sin (n/n) sin cot , 

7 al = (V/coL) sin ( 7 r/n) cos cot + constant. 

When £ — 0 , 7 al = 7 dc , and hence 

I ai == Idc + (V/coL) (cos cot — 1 ) sin (77/n), 

7«2 = Idc — lax = (VfcoL) (1 — cos cot) sin ( 7 r/n). 

These are the waveforms shown in Fig. 413 ( b ). The commutation 
angle u is given by putting hi = 0 , so that 

cos u = I — 7 dc coL/F sin ( 7 r/n). 

The average of the rectified voltage is diminished by the shaded 
areas of Fig. 413 (b) and straightforward calculation shows that the 
mean value is 

F = F (uJtt) sin (7 r/n) — (n/27r) I dc coL . 

The first term is the average derived above for the case of no 
leakage inductance, and thus there is a linear drop with load current 
in average voltage due to the leakage inductance. 

Effect of D.C. Magnetization. The A-Y connection of Fig. 
412 (a) suffers from the following serious disadvantage. If three 
single-phase transformers are used the secondary currents, which 
are the anode currents, have a mean value of | 7 dc , and there is a 
d.c. saturation of the core. 

The A-zigzag connection of Fig. 414 (a) avoids this effect. In this 
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arrangement the A arm between b and c is coupled to the winding 
A of the secondary 2 and the winding B of the secondary 1. It 
follows that the current in the secondary of winding be is I al —- I a2 , 
and it is seen from Fig. 411 (b) that the average value of this is 
zero. It can be seen from Fig. 411 (6) that the A-double Y is similarly 
free from d.c. magnetization. 

Grid Control of Thyratrons. We have shown that, because of 
leakage reactance (and also because of resistance losses), the voltage 



(?) (*) 


Fig. 414. A-zigzag 
Contra! 



Fig. 415. Critical Grid Voltage op Thyratron 


across the load falls with increasing current in the load. Where it is 
desired that the voltage remain constant with the load, as for 
example in traction systems, it is usual to maintain the output 
voltage constant by controlling the instant at which the anodes 
start to conduct. In the case of the ignitron this is done by con¬ 
trolling the instant of the current through the igniter, but in the case 
of the thyratron the method used is to control the starting instant 
by a voltage on the grid. We shall describe the case of the grid 
control of a thyratron, for the simple case of a purely resistive load. 

Consider Fig. 415 (a) which shows a thyratron circuit with a 
resistance load R. When the thyratron is not conducting the 
anode-cathode voltage is the applied alternating voltage V sin tot. 
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We can now deduce the value of the critical grid voltage Vent. , which 
is such that a grid voltage below this does not fire the tube and a 
voltage above this starts the conduction. The left-hand curve of 
Fig. 415 (6) is the control characteristic (see Fig. 404), and it gives 
the grid voltage necessary to fire the tube for a given anode voltage. 
At an instant represented by A , the anode voltage (if the tube is 
not conducting) is given by AB : it is clear that if BC is horizontal 
and CD is vertical, OD is the critical grid voltage at the instant A. 



Fig. 416. On-off Control of Thyratron 


If then AB is made equal to OD , the point E is the critical grid voltage 
at instant A : in this way the curve relating the critical grid voltage 
is drawn, and is shown in the figure. 

On-off Control. Fig. 416 (a) shows a simple on-off control 
system. If the switch S is open, the grid voltage is — V c ; if this 
has a magnitude greater than the maximum magnitude of V critm , the 
tube never strikes. If the switch 8 is closed, the grid voltage is 
equal to the anode voltage when the tube is not struck: notice that 
no current flows in B v in this condition since the grid battery is 
negative and draws no current. The voltages and current are then 
as shown in Fig. 416 (6). 

V a and V g follow the supply voltage (sinusoid) until they cross 
the curve of V crit% . The tube then fires, the anode voltage drops to 
V b (the arc drop), and V 0 drops still further because of the voltage 
drop in R v Current continues to flow until the supply voltage 
reaches the value of V by when the arc extinguishes. V a then follows 
the supply voltage, and V g rises quickly to V b and then follows the 
anode voltage. 

Continuous Control. Continuous control can be achieved by 
the method of Fig. 416 (a) provided the switch S is open and V 0 is 
above the maximum negative value of V crit Fig. 417 (a) shows the 
case for a small value of V c and (6) for a value nearly equal to the 
maximum magnitude of V critr The curve of (I dc /I dc waa J as a function 
of V e is shown in (c). 
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angle. The result is that small changes of V e and the characteristics 
of the thyratron will cause considerable variations of the output 
voltage. It is better to use a controlling grid waveform which cuts 
the curve of Vcrit. sharply: this is a general rule to observe in all 
coincidence or timing circuits. This object is achieved in the 

commonly used method of using a 
sinusoidal grid waveform of variable 
phase, in the way illustrated in Fig. 
418. 

Let us assume that the anode and 
grid voltages have maximum values 
much greater than the critical grid 
voltage, so that the latter can be 
ignored. In Fig. 418 (a) the grid 
voltage leads the anode voltage by 
a phase angle between 0 and 180°: 
this means that the grid voltage is 
positive when the anode voltage passes 
from negative to positive values, and 
the current flows for the full half¬ 
cycle, no matter what the angle of 
lead may be. In (6) the grid voltage 
lags by 45°: the grid voltage therefore 
reaches zero a quarter of the way in 
the half-cycle, and conduction takes place for only three-fourths 
of the half-cycle, (c) shows the case for a lag of 135°: anode current 
flows for a quarter of the half-cycle. 

If the grid lags by an angle 0, the mean current is 



Fig. 


419. Rotary Phase 
Transformer 


lac — J (V/R) sin cot d(cot) = (V/27 tR) cos cojj 

= (VJ2ttR) (1 + cos 0) = (V/ttR) cos 2 £0, 
and thus IJI dc ^ = cos 2 £0, 
since maXt is the value when 0 is zero, viz. (Vji tR). 

Note that when 0 is negative, I dc = 1^ max since conduction 
cannot take place for negative values of the anode voltage. The 
control curve of I dc /I dc maXt thus takes the form of Fig. 418 (d). 

The grid potential can be obtained by means of a phase-shifting 
transformer or network. Fig. 419 shows a phase-shifting transformer 
using a two-phase stator and a rotating secondary: a three-phase 
stator could be used equally well. The phase of the voltage in the 
secondary is tuned simply by rotating the winding in the rotating 
field caused by the primary. Thus if the flux due to the winding 
1 is O cos cot and that due to winding 2 is O sin cot in the planes 
perpendicular to their windings, the flux in a plane at angle 0 is 

given by ^ cog ^ C os 0 + O sin cot . sin 0 = <5 cos (cot — 0) 
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so that the voltage induced in the secondary has a phase which 
varies with its positional angle 6. 

Fig. 420 (a) shows a phase-shifting circuit commonly used in 
thyratron control systems. The voltage V a between C and B is 
in phase with V\ that between B and A : we take these as at zero 


L/m/ter Res/stance 



Supply 

(a) 


Fig. 420. Grid Phase-shifter 



Input 

Fig. 421. Inverter 


phase. The potential at the grid with respect to the cathode in the 
non-conducting state, is given by 

V B ^(Z l V a -Z i V’)l{Z 1 + Z i ) 

since C is at V a and A at — V'. If for simplicity we take V* = V a , 
we have V g = V a (Z x — Z 2 )/(Z 1 + Z 2 )> and the relative phase is 
that of the impedance ratio (Z x — Z 2 )/(Z 1 + Z 2 ). A very useful case 
is when Z 1 ~ 1 fjcuC and Z 2 = R, 

when V g /V a = (1 /ja>C ~ R)f(l/jcoC + R) 

- (1 — ja)CR)f(l + jcoCR) 

= 1 |2 arc tan (coCR). 


i 7 —(T.54) 
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Thus the grid voltage has the magnitude of the anode voltage 
but lags by a phase angle 2 arc tan (coCR), Fig. 420 (6) shows the 
vector diagram for this case, in which control is possible. Voltages 
are with respect to the cathode. The potentials V c and V a are 
shown horizontal. If the current I flows downwards through Z 2 
and Z 1? the drop in Z 2 is IR whilst that in Z A is I/jcoC : it is clear 
that IR is a vector leading I/jcoC by 90°. Since (IR + I/jcoC) is 
V c — V ai it follows that they are as in the diagram and the grid 
voltage is on a circle of which the ends of V c and V a are a diameter. 
The grid voltage is as shown so that the magnitude of the grid 
potential is equal to that of the anode voltage. If 0 is the angle of lag 

R1 = 2V C sin \0 , I/jcoC = 2V C sin £(77 — 6) = 2V C cos £0, 
so that coCR = tan |0, or 6 = 2 arc tan (coCR). 

Inverters. The polyphase rectifier converts A.C. to D.C.: con¬ 
version from D.C. to A.C. by means of rectifiers is possible, provided 
there is a control mechanism available, and a device for this con¬ 
version is called an inverter . 

Fig. 421 shows the inverter analogue of the three-phase rectifier 
of Fig. 412 (a). The igniters or grids of the rectifiers have control 
waveforms: thus grids will have a three-phase alternating supply 
of the desired frequency. 

EXAMPLES TO APPENDIX VI 

1. Draw diagrams of connections showing how a 3-wire d.c. system may be 

supplied from (i) a single 6-ring rotary (synchronous) converter, (ii) a single 
6-anode mercury-arc rectifier. What auxiliary apparatus (additional to that 
required for the rectifier itself), is necessary in the second case, and what are 
its functions? Show how the rating of the main rectifier and the auxiliary 
equipment may be determined when the loadings of the 3-wire system are 
known. ( Lond . Univ. f 1947.) 

2. Discuss the reasons for the fail in terminal voltage of a mercury-arc 
rectifier when the load is increased, and explain why, if a simple double-star 
connection is used on the secondary side of the transformer to supply 6 anodes, 
the 3-phase primary should be delta-connected. 

A rectifier of this type gives a mean output voltage of 480 V. when the effec¬ 
tive resistance of the load is 2 Neglecting losses and overlap, determine 
the maximum value of the e.m.f. and current in each winding of the trans¬ 
former. The supply voltage is 6*6 kV. Justify any formula used for calculating 
the alternating voltage applied to the rectifier. {Lond, Univ.> 1949.) 

3. Discuss the chief reasons why the mercury-arc rectifier has displaced 
rotating plant in substations for the conversion of alternating current into 
direct current. 

Draw a diagram of connections for a 6-anode mercury-arc rectifier showing 
(i) the main connections of the rectifier and transformer, (ii) the arrangements 
for excitation and ignition. 

A 6-anode rectifier is rated at 1 000 kW., 650 V. Calculate the terminal 
voltage of each phase of the transformer secondary winding at full load, 
ignoring overlap and assuming the voltage drop in the arc to be 20 V. 

(Lond. Univ ., 1948.) 



APPENDIX VII 

HEATING, WELDING, AND ELECTROCHEMICAL 
PROCESSES 

High-frequency Heating. There are two forms of heating by an 
alternating field. In one form an alternating magnetic field is pro¬ 
duced, and this causes hysteresis and eddy-current losses in a 
magnetic material or eddy-current losses only in a non-magnetic 
conductor: this method is known as induction heating . If the 
material is magnetic, the frequency of the applied magnetic field is 
relatively low, say 50 c/s to 10 kc/s: in the case of a non-magnetic 
conductor, the frequency of the field is from 250 kc/s to 1 Mc/s. 

In the other form of heating, an alternating electric field is applied 
to the material, which is a lossy dielectric. The frequency is high, a 
value of 150 Mc/s being used in practice. An advantage of this form 
of heating is that the heat is generated in the body of the material: 
external heat is more difficult to apply as such materials are poor 
thermal conductors, and the outside gets much hotter than the inside. 

Induction Heating. The melting of ferrous and non-ferrous metals 
by induction heating is a common process. Low frequencies are used, 
and the supply is by an alternator. 

The hardening and tempering of ferrous metals is an important 
process in the making of tools, gear wheels, shafts, bearings, etc. 
It is often desired to harden a thin skin of the metal, and in this case 
a high-frequency field is used with a small skin depth. 

There are many processes such as the soldering of cans, brazing, 
sintering of metals, heating for bending, annealing, etc. There is 
also the very important method of heating the electrodes of a valve 
during the evacuation process, and the final firing of the getter. 

The frequency of supply, the time of application and the power 
supplied depend upon the job : we can give only the basic principles 
involved. 

Skin Depth. In this case the skin depth depends upon the 
permeability of the metal, if it is magnetic, and this in turn 
depends upon the temperature. In the case of iron, if the temperature 
is below about 780° C., the metal is ferro-magnetic and the skin 
depth is given by 

8 — 0-42/\// inches, 
where / is the frequency in c/s. 

Above 780° C. the depth is given by 

8 = 22/V/ inches, 
since the permeability is now unity. 
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In the non-magnetic case 

<5 = 1 950 \/(pll Ll f) inches, 

where p is the resistivity in 12. X cm. and p, = permeability = 1. 
Thus for iron above 780° C., p = 120.10 _6 f2. X cm., and the 

third formula reduces to the second. 
For copper p — 2 .10~ 6 f2. X cm., and 
6 — 2*3/ y/f inches. 

Power Generated in the Material. 
A rough idea of the power transferred 
to the material can be obtained in 
the following way. Fig. 422 shows a 
cylindrical billet of material of resis¬ 
tivity p and permeability ju. A coil of 
N turns carrying a current I induces a 
billet current of approximately /' = 
NI in the direction shown. This current 
flows in a path l in. wide, circumference 

c in. long and skin depth 5 in. thick, so that the resistance is pc/ld , 
and the power is thus 

W = (pc/ld) I' 2 = (pc/ld) (A/) 2 , 

and the power per unit area is 

W/i n. 2 = W/cl = (NI) 2 (p/Pi 5) 

= 5.10 ~*(NI/l) 2 \/(iLipf) watts/in. 2 

In this equation p is in 12. X cm., / in c/s, l in in. For iron below 
780° C 

W/in 2 = 4.10 -«(NI/l) 2 ^f watts/in. 2 . 

Thus for 1 kW./in. 2 at / = 50 c/s, the ampere-turns per inch required 
are about 6 000. At 1 000 c/s the value is 1 300. 

In the case of surface hardening, the frequency is of the order of 
500 kc/s, the input power is of the order of 10 kW. per square inch 
(corresponding to about 1 000 ampere-turns per inch), and the 
heating time is about one second to form a hard skin of a few 
thousandths of an inch. Quenching may be produced by switching 
on a water spray when the heat is switched off: or in the case of 
rapid surface heating, the cooling after switching off may be quick 
enough to cause the required hardening. 

In the application of the heating of valve electrodes, the frequency 
is again about 500 kc/s. The coil is slipped over the valve and the 
electrodes glow a dull red heat. For large valves, the coil is often a 
copper tube with water flowing through it. 

There is an interesting process, called tin brightening , in which a 
200 kc/s field is applied to the surface of a metal with an electrolytic 
tin plating. The power applied is about 250 W./in. 2 of surface. In 



Fig. 422. Eddy-current 
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an example, the strip runs at 1 000 fb./minute and a power of 
1 200 kW. is required. 

Fig. 423 shows a Hartley oscillator with a transformer output to 
the work coil. By choice of transformer ratio, a large current can 
be produced in the work coil. 

Dielectric Heating. A lossy dielectric is shown in Fig. 424, and 




Fig. 424. Dielectric Heating 


it is represented by a parallel combination of a capacitance C and 
resistance R at a given frequency. If the dielectric is a slab of area 
A metre 2 and thickness t metre, the capacitance is 

C = e 0 JcA/t = (kA/36Tr . 10 9 . t) farad, 

where k is the dielectric constant. If a voltage of peak value V is 
applied, the current is 

/ = jo)CV + V/R = jcoCV( 1 + 1/jmOft), 

whilst the loss in the resistance is \V 2 jR y the half being present 
because of the mean value of a sinusoid. The loss angle is defined as 
8 where 

tan 8 = 1 /o)CR y 

and is illustrated in Fig. 425. It follows that 

I# = VfR = wCV tan 8 } I = o)CV sec 8 = /<. sec <J, 
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so that the power developed in the slab is 

W = iV 2 /R = icoCV 2 tan d = \VI C tan <5 
— \ YI sin <5. 

When the loss angle 8 is small, 

I == jcoCV , sin 8 = 8, W = \8VI - \8a>CV 2 
The power per cubic metre is 

W/At = l8co(V/t) 2 /367T . 10 9 W./m. 3 



If E is the voltage gradient in (volt/metre) r.m.s., the formula 
becomes 

Power/m. 3 = 8(x)kE 2 /367T . 10 9 W./m. 3 

If V and t are fixed, the power per unit volume depends upon 8co : 
this increases with frequency, as k varies slowly with frequency if 
at all, and 8' varies in such a way that 8 X frequency increases 
fairly rapidly with frequency. In practical units 

Power/cm. 3 = 8kfE 2 j\& . 10 u W./cm. 3 

if E is in (volt/cm.) r.m.s. 

The range of frequencies used is 2 to 15 Mc/s. 

One of the important things is to keep the voltage gradient 
across the slab at a reasonable value to prevent flashover: a 
value of 1 to 2 kV./cm. is reasonable. An air gap is a disadvan¬ 
tage, since the voltage gradient in the gap is k times that in the 
material. 

Dielectric heating is applied to annealing of rayon and nylon, 
bonding of plywood and plastics, curing of rubber and plastics, etc. 
Fig. 426 shows an output circuit for dielectric heating. 

Welding. In welding, metal parts are heated to melting point and 
adhere on solidification. There are two main ways of supplying the 
heat by electrical power, and they are known as resistance and arc 
welding. 

Fig. 427 shows diagrammatically the arrangement in arc welding. 
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An arc is struck between an electrode and the work and the heat of 
the arc melts the filling material to form a fillet between the parts 
to be welded together. The electrode may be a carbon rod up to 
1 inch diameter and carries a current up to 800 A.: as the arc 
voltage is 20 to 30 V., the power is up to 20 kW. The electrode may 
be of metal and can itself provide the fillet. In welding iron and steel, 
the electrode is a low-carbon iron; and it often has a covering layer 
of a compound containing salts of silicon, calcium or magnesium, 
which forms a slag to prevent oxidation. 

In resistance welding a heavy current is passed between the metals 
to be welded: the contact point between the metals has a relatively 
high resistance and sufficient heat is produced to cause a weld. 



if) 


Fig. 428. Types op Welding 
(a) Butt welding. ( b) Spot welding. (c) Seam welding. 

Fig. 428 shows three common methods of resistance welding. In (a) 
the work is butt welded, in ( b ) there is a spot weld, and in (c) a seam 
weld is formed by two electrodes which take the form of rotating 
wheels. It is usual for the supply to be A.C., the large currents being 
produced by step-down transformers. 

In many applications of spot welding, e.g. in valve manufacture, 
it is important to control the heat supplied to the weld within 
close limits. Circuits have been devised which give one half¬ 
wave of current of a controlled valve on the pressing of a switch or 
pedal. 

Electrochemical Processes. The use of electricity to produce 
chemical changes has many applications, e.g. extraction of pure 
metals from ores, electrodeposition and refining of Aetals, electro¬ 
plating, electrotyping, production of oxygen, chlorine, caustic soda, 
etc. 
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The principle of the method was discovered by Humphry Davey, 
who was thus the first to be able to produce metallic sodium and 
potassium. The laws of electrolysis were discovered by Faraday, 
and they are related closely to the modem electrical theory of 
matter. So far as electrochemical processes are concerned we may 
consider matter as composed of atoms, which themselves are made 
up of a positively charged nucleus and a surrounding cloud of 
electrons. Atoms combine to form molecules, in which the atoms 


are held together by the attractive forces between the nuclei and the 
electrons. Thus a water molecule is written as H 2 0, and is electrically 
neutral. This means that the two hydrogen nuclei and the one 
oxygen nucleus have together a positive charge equal to the negative 



charge of the associated electrons. 
In liquid water the effect of thermal 
agitations is to cause some of the water 
molecules to split into two positively 
charged hydrogen atoms and a nega¬ 
tively charged oxygen atom, which 
are denoted by the symbols 2H+ 
and 0~~. The phenomenon is known 
as dissociation ; the 2H+ is called 


Fig. 429 a positive ion (ion means wanderer) 

and 0— is a negative ion. These ions 
wander about, recombine because they attract one another, 
dissociate again because of the thermal energy, and so on 
indefinitely. The charge associated with an ion is an exact multiple 
of the charge of an electron, which is T60 . I0~ 19 coulomb: the 
multiple is the valency. Thus corresponds to a valency of two, 
h 2 ++ or 2H + corresponds to a valency of unity. As an example in 
aluminium chloride, A1C1 3 , the ions are A1+++ and 3C1", the 
aluminium being trivalent and the chlorine monovalent. 

Because the ions are charged, it is possible to cause a steady 
drift of the positive ions in one direction and of the negative ions 
in the other by the application of an electrical potential. Fig. 429 
shows diagrammatically an electrolytic cell in which this process is 
produced. Suppose two electrodes dip into acidulated water, which 
has a copious supply of positive hydrogen ions and negative sulphions 
(S0 4 —). A direct potential is applied between the electrodes; the 
positive electrode is called the anode and the negative is the cathode. 
The hydrogen ions are repelled from the anode towards the cathode, 
where they contact the cathode, give up their positive charge and 
are thus converted to hydrogen atoms and then to hydrogen mole¬ 
cules. The sulphions reach the anode, react with a water molecule 
to produce a sulphuric acid molecule and an atom of oxygen, which 
gives up its negative charge. The result is that hydrogen is given 
up at the cathode and oxygen at the anode, assuming that the elec¬ 
trodes do not take part in the chemical action. The charge necessary 
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to produce an atom of hydrogen is 1*60.10~ 19 coulomb, and as 
an atom of hydrogen has a mass of 1*66.10* 24 g., it follows that 
1 coulomb produces (1*66 . lO^/l-bO . 10~ 19 ) = 1*04 . 10~ 6 g. 
of hydrogen. This is called the electrochemical equivalent of 
hydrogen. 

Since an atom carries as many electron charges as its valency, 
it follows that the electrochemical equivalent of an atom is obtained 
by multiplying 1*04.10" 6 g. by the atomic weight and dividing by 
the valency. Thus the electrochemical equivalent of oxygen is 
(1*04.10~ 5 x 16/2) = 8*3.10~ 5 g. The following table gives the 
electrochemical equivalent of some elements, and also the weight 
carried in 1 ampere-hour = 3 600 coulombs. 


Element 


H+ 

K+ 

Na+ 

A1+++ 

Mg+ 4 

Cu++ 

Zn + + 

0' M 

C1+ 


Electrochemical 
Equivalent 
(mg /coulomb) 

Grammes/Ah. 

0*0104 

0-0374 

0*405 

1*459 

0-239 

0-859 

0-094 

I 0*340 

0-124 

0-447 

0*327 

1*177 

0-337 

1*213 

0-083 

0*305 

0-367 

1 1-322 


Example. Find the charge to deposit a one-thou, plating of copper on a 
sheet of iron of 1 square foot. 


The volume of copper is 2 X 144 x 0*001 — 0*288 in. 3 , and the 
weight is 0*288 X 0*32 = 0*092 lb. = 41*7 g. The charge needed 
is thus (41*7/1*177) = 35*3 Ah. 

The current density in a copper-plating bath is about 30 A./ft. 2 
on each side of the sheet, so that the total current is 60 A. 
and the time taken is 0*59 hour = 35 min. In practice the time 
required is 10 or 20 per cent more because of local secondary 
circuits. 

The potential required to pass the current depends on the contact 
potentials of the ions (or dissociation energy) and the resistance 
of the electrolytic cell. The dissociation potential for water is 
1*47 V. 

Extraction of Metals. The ore is rendered an electrolyte in a 
way depending upon the ore. Thus bauxite, which contains hydrated 
alumina, is dissolved in fused cryolite (sodium-aluminium fluoride) 
and is then electrolysed. Magnesium, sodium and potassium are 
similarly electrolysed in a fused mixture of salts. Copper is obtained 
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by electrolysis of a copper sulphate solution. The following table 
summarizes the extraction of some metals. 


Metal 

Solution 

kWh./ton 

Aluminium 

Fused cryolite 

20 000 

Copper 

Copper sulphate 

2 000 

Magnesium 

Fused Mg Cl 2 

20 000 

Sodium 

Fused sodium 
hydrate, nitrate 
or chloride 

15 000 

Zinc . 

Zinc chloride 
or zinc sulphate 

4 000 


Electrodeposition. The deposition of metal by electrolysis 
is used in many applications. It includes electroplating, whereby 
a layer of metal is deposited upon another for the purposes of pro¬ 
tection, ornamentation, etc.: the layer may be copper, silver, gold, 
cadmium, rhodium (for good rubbing contacts), etc. The subject is 
vast and there are many trade secrets, which give a rapid method of 
depositing a well-adhering layer, sometimes in acute angles. 

In some applications the metal is deposited on a non-metal, e.g. 
in the making of gramophone records. 

An interesting example of electrolysis is the anodic oxidation of 
aluminium. The aluminium is made by the anode of an electrolytic 
cell containing sulphuric acid or chromic acid. The oxygen liberated 
at the anode forms a very hard and adherent film of aluminium 
oxide, which acts as a very good protecting layer. 

Production of Chemicals. One of the most important processes 
is the electrolysis of brine. The action may be represented by the 
formalae 

NaCl->Na+ + Cl", Na+ + H 2 0->Na0H + H*. 

Chlorine is given off at the anode, hydrogen at the cathode, and 
caustic soda (NaOH) is left in the cell. 

The following list gives some important processes. 


Solution 

Product 

kWh./ton 

Brine 

Caustic soda 

3 500 

Brine 

Sodium chlorate, 

3 000 to 


perchlorate, etc. 

7 000 

Potassium 

Potassium 

75 

manganate . 

permanganate 


Water . 

Oxygen and 

150 kWh. for 1 000 ft. 8 


hydrogen 

hydrogen and 500 ft. 8 
oxygen 



APPENDIX VIII 

PRINCIPLES OF NUCLEAR ENERGY 

Structure of Atoms. Matter is composed of atoms which are normally 
unchangeable. Atoms are the smallest particles characteristic of a 
given substance, say carbon or iron, and were once thought to be 
indivisible. There is abundant evidence that atoms are composed of 
smaller, elementary 'particles which make up all atoms. 

The three most important elementary particles are the electron , 
proton , and neutron ; there are also the positron, antiproton, a host 
of mesons, and the neutrino. The electron in the free state behaves 
as a particle with a charge — e and a mass m where 

e = 1*60.10 -19 coulomb, m = 9*1 . 10~ 31 kg. . (viii.l) 

The proton has a charge + e and mass ra n = 1 849m, whilst the 
neutron has no charge and a mass ra u = l*0012m p . If the atom 
8 16 0 is taken as atomic weight 16-000, as is customary, 

then m p = 1 007593, m n = 1*008982 

and 1 atomic mass unit = 1-6598-10 -27 kg. 

An atom is composed of a nucleus of diameter of the order of 
10 -12 cm.: this nucleus is small compared with the atom, which 
has a diameter of the order of 10~ 8 cm., and contains nearly the 
whole of the mass of the atom. The nucleus contains protons and 
neutrons: around it swarm orbital electrons. In the simplest case, 
viz. the hydrogen atom, the nucleus is simply a proton and there is 
one orbital electron to give zero total charge. If the atomic weight of 
the atom is A , the number of protons and neutrons together is A ; 
if there are Z protons in the nucleus, Z is the atomic number of the 
atom, and there are ( A-Z) neutrons. The nucleus of an atom of 
atomic weight A and atomic number Z thus has the weight of about 
A protons (i.e. about A hydrogen atoms) and a charge + Ze, 
This nucleus is normally surrounded by Z orbital electrons, each 
having a charge — e, so that the neutral atom has no charge and 
atomic weight A. The electrons associated with a nucleus do not 
behave as particles but exhibit a wave structure, and wave mechanics 
was developed to explain their behaviour. 

Apart from weight, the chemical and physical properties of an 
atom are due to the cloud of electrons surrounding the nucleus. 
An atom X of atomic number Z and atomic weight A is written as 
2 ^X e.g. g 16 0 is oxygen with atomic number 8 and atomic weight 16. 

As the nucleus is composed of protons and neutrons of about the 
same mass, it is expected that all atomic weights should be multiples 
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of that of the hydrogen atom. There are three reasons why atomic 
weights are not integers. First the masses of the proton and neutron 
are not equal. Secondly it has been found that an element is usually 
a mixture of atoms with the same chemical properties but of 
different atomic weights: such atoms are known as isotopes: thus 
chlorine, atomic weight 35*46, is a mixture of 17 36 C1 and 17 37 C1. 
Thirdly, the theory of relativity has shown that mass and energy are 
interchangeable, according to the formula 

W — me 2 .... (viii.3) 

where W is the energy, m the mass, and c — 3*10 8 m./sec. — velocity 
of light. If m is in kg., W is in joules. In a nucleus the mass depends 
upon the binding energy between the protons and the neutrons. 

Periodic Table of the Elements. Starting with a nucleus of atomic 
number 1, i.e. a proton, a neutral (i.e. an uncharged) atom has only 

1 electron. This is the hydrogen atom ^H. We say that the electron 
is in the Is state: electrons are arranged in states or shells, which 
are labelled progressively s , p , d, /, g, . . .: the first three letters 
stand for sharp , principal , and diffuse , and are names taken over 
from spectroscopy. The electron is thus written as Is 1 . 

There are isotopes of hydrogen, viz. deuterium , which has atomic 
weight 2 and is thus 1 2 H, and tritium of atomic weight 3 and is thus 

i 3 H- 

If Z — 2 the nucleus has two protons and two neutrons, and 
there are two electrons in the Is state. We write the atom, which is 
helium, as 2 4 He = Is 2 . If Z = 3, there are 3 protons and 4 neutrons 
in the nucleus: the atom is lithium and is written 3 7 Li = ls^s 1 , 
two electrons being in the Is state and 1 electron in the 2s state. 
The 2s electron is much farther from the nucleus than the Is 
electrons, and requires only one-quarter of the energy to remove it 
from the atom. Lithium is therefore more readily ionizable and is a 
conductor in the solid state. It also has unit valency. 

There can be a maximum of 2 electrons in the Is state, 2 electrons 
in the 2s state, 6 in the 2 p state, 2 in the 3s state, 6 in the 3 p state, 
and so on. It is sometimes convenient to consider shells of electrons, 
i.e. electrons at about the same energy level. The energy is deter¬ 
mined mainly by the number attached to the state: thus we call 
the first shell K , and it contains the electrons of a 1 state, i.e. the 
Is, and thus there can be a maximum of 2 electrons in the K shell. 
Hydrogen has 1 electron in the K shell, helium has 2, and so have all 
other atoms. The next shell is L and contains all electrons of a 

2 state, i.e. 2s and 2 p, so that there is a maximum of 8 electrons in 
the L shell. Similarly there is a maximum of 8 electrons in the M 
shell, 18 in the N shell, 18 in the O shell, and so on. Note that the 
maxima are as follows: L shell 2.1 2 , M shell 2.2 2 , N shell 2.2 2 , 
0 shell 2.3 2 , and so on. 

The chemical properties of the atom are determined mainly by 
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the electrons in the outermost shell: if there is one electron in this 
shell the atom is monovalent, if there are two it is divalent, and so 
on up to 7, when it is septa valent. If the outermost shell is complete, 
i.e. it has 2, 8, 18 . . . electrons, the atom has no tendency to 
combine with other atoms and the element is one of the inert gases, 
He, Ne, A, etc. By arranging the atoms in order of atomic number 
we achieve the periodic table as shown on p. 514. 

Let us take as an example the sodium atom: it has an atomic 
number 11 and weight 23, and thus has 11 protons and 12 neutrons 
in the nucleus and is written 11 23 Na. Its electron structure is u 28 Na 
= or KgLgMj. 

Radioactivity. It was found at about 1898 that certain atoms 
gave off radiatons of particles and electromagnetic energy, and it 
has been established that this is due to changes of the nuclei of these 
atoms: the phenomenon is called radioactivity , and is not affected 
by temperature, pressure, or similar physical conditions. In these 
spontaneous changes the main emissions are of three types, a, /?, and 
y : a emissions are atoms of helium 2 4 He, /? emissions are electrons, 
and y emissions are electromagnetic waves. One of the most 
radioactive atoms is radium, 88 266 Ra, which disintegrates through 
a series of atoms to finish up as an isotope of lead. In fact radium 
itself is produced by a series of disintegrations from uranium 92 238 U. 

Before describing the method of indicating nuclear disintegrations 
we shall say a word about the rapidity of the phenomenon. The 
disintegration of the atoms occurs in a random way, but in a given 
large number of atoms the rate of disintegration is given by a time 
called the half life : this is the time in which half of the atoms 
disintegrate. In twice this time only a quarter will remain un¬ 
changed, in thrice this time only one-eighth will remain, and so on. 
The half life is a very important property, as it determines the 
relative abundances of the various products in the mass of material. 
The half life varies from infinity for a stable atom, to 10~ 14 sec. for a 
very unstable nucleus. Thus for fi2 238 U the half life is 4*5 X 10 10 yr., 
for 88 226 Ra it is 1*62 x 10 3 yr., and for radon (gas) 86 222 Rn it is only 
3*82 days. 

We now describe the change of an atom when it emits an a or a 
/J radiation. Let the atom be Z A X. If A emits an a, which is 2 4 He, it 
must lose two protons so that Z decreases to Z — 2 and four atomic 
masses so that A decreases to A — 4. The reaction is then written 

Z A X —► Z - 2 a ~*Y + 2 4 He (a emission) . . (viii.4) 

If it emits a /?, which is an electron of charge — e, one of the 
neutrons in the nucleus must acquire a charge + e, so that it becomes 
a proton: the atomic number therefore increases by one, but the 
atomic weight is unchanged. The reaction is thus 

Z A X —► z +i A Y + /?(/? emission) . . (viii.5) 
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Should the nucleus absorb a neutron, the atomic number is 
unchanged but the atomic weight increases by one, and thus 

2 ^X + ~ 0 1 n-> z An X (neutron absorption) . (viii.6) 

Note that we have written the neutron as 0 1 n: also the final atom 
is of the same kind X since the atomic number is unchanged. 

The following is part of the uranium series of radioactivity. 

92 238 U -+ 90 234 Th + 2 4 a (4-5 x 10 10 yr.) 

l-> 9l 234 Pa + (24 days) 

U #I « 8 «U + a (H4 min.) 

'-> 90 230Th + a (2*35 X10 5 yr.) 

U 88 228 R a + a (8-0 xlO 4 yr.) 

•-> 86 222 Rn -f a (1-62 x 10 s yr.) 

84 218 Po + a (3-82 days.) 

Transmutation of the Elements. Until 1919 nuclear disintegration 
was natural and unaffected by physical conditions, but in this year 
Rutherford and Marsden showed that on bombarding nitrogen by a 
particles (from radium C 1 ) a nuclear rearrangement of the following 
type took place. 

7 u N + 2 4 He -► 9 18 F + s 17 0 

This reaction is often written as 

14 N (a,p) 17 0 

where the left-hand symbol is the target atom, an oc particle is 
made to strike it, a proton p = /H is ejected and an atom 17 0 is 
left. It is called an (a, p) type of reaction, an a being the incident 
particle and a proton being ejected. 

It was soon realized that transmutations would result if accelerated 
charged particles were to strike stable nuclei, and in 1932 Cockcroft 
and Walton were the first to produce nuclear disintegrations by 
artificially accelerated particles. They accelerated charged hydrogen 
atoms (protons) by a high voltage rectifier set (up to 250 000 V.) 
and observed the following reaction. 

3 7 Li f 1 1 H -► 2 2 4 He . . . (viii.6) 

For this action to take place the incident proton must have a 
speed faster than a certain value, or its energy must exceed some 
value. It is usual to specify energies in nuclear actions in terms of 
electron-volts: this is very convenient as it gives the voltage that 
has to be applied to a particle with the electron charge e, which is 
the same as that of a proton. Thus in the above reaction the 
proton energy must exceed about 100 000 eV. Note that since 

e = 1*60.10" 19 coulomb, 

1 eV. = 1*60.10" 19 joule = 1*60.10~ 12 erg . (viii.7) 
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It is found that the energy liberated by the nuclear reaction 
(viii.6) is vastly greater than this: its value can be found by the 
use of Einstein’s formula (viii.3). The atomic mass units are as 
follows: 

3 7 Li 70182 2 4 He 40039 

10081 2 


8-0263 8-0078 

There is a resultant mass loss of 0-0185 a.m.u., and this corresponds 
to an energy of 

(0-0185) (1-6598.10~ 27 ) (3 . 10 8 ) 2 joule 
= 2-76.10- 12 joule = 1-72 . 10 7 eV. = 17-2 MeV. 

and experiment gave precisely this value for the two helium atoms, 
which have equal and opposite large velocities. This was one of the 
earliest verifications of Einstein’s law of the equivalence of mass and 
energy. 

The reaction just described may be written as 3 7 Li (p, y) 2 2 4 He, 
since the incident particle is a proton and y rays (energy) are 
emitted. This is called a proton-capture reaction, and there are many 
such cases, e.g. 13 27 A1 (p, y) 14 28 Si. There are also reactions of types 
(p, n), in which a proton is captured and a neutron liberated, and 
sometimes (p, a) and (p, d) where d is a deuteron, i.e. ^H. An 
interesting reaction is 

1 2H + 1 2 H -> 1 3 H + 1 1 H. 

The particle 1 3 H is tritium, the isotope of hydrogen with atomic 
weight 3. 

The following reactions produce neutrons, (p, n), (d, n), and (a, n): 
the last type was that which led to the discovery of the neutron, 
and is that in which beryllium is bombarded by a particles, thus 

4 9 Be + 2 4 He e 12 C + 0 h\ . . . (viii.8) 

One of the most important methods of producing new isotopes, 
usually unstable, is by neutron capture, e.g. 

2 » 63 Cu + 0 ln 29 64( " u 4 y 

This reaction is (n, y), but (n, p) is also common, e.g. 7 14 N (n, p) * 14 C 
and 17 35 C1 (n, p) e 35 S: note that in the latter type of reaction the 
resultant atom has one less atomic number. This method is very 
important because the neutron, having no electric charge, has great 
penetrating powers and is more easily able to approach the nucleus 
of atoms surrounded by a cloud of electrons. 

Before leaving this subject, we shall discuss briefly the elements 
with atomic number greater than 92, viz. neptunium 93, plutonium 
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94, americium 95, curium 96, berkelium 97, californium 98, ein¬ 
steinium 99, fermium 100, and mendelevian 101. These are known 
as trans-uranic elements, and do not normally occur, but are 
produced by the irradiation of heavy elements by neutrons or a 
particles, as follows. 

92 238 U + 0 ln — 92 239 U -* 93 239 Np + -!°e 

94 239 Pu + .^e . (viii.9) 

92 288 U + 2 4 He —► #4 241 Pu + 0 ln 

9 6 241 Am + -i°e. 

A reaction that will be very important in nuclear power production 
is that in which uranium 233 is produced from thorium. 

w 282 ^ + 0 ln -* 9 o 233Th -► 01 238 Proact + _,°e 

92 233 U + -!°e. 

Plutonium and uranium 233 are important because they disintegrate 
when a slow neutron is incident on them. 

Nuclear Fusion. When two light nuclei combine, the action may 
result in the emission of considerable energy: this is called nuclear 
fusion or a thermonuclear reaction. We have considered such a case 
in formula (viii.6) in which a lithium atom absorbs a proton with the 
release of 17*2 MeV. of energy. 

It is considered that in the centre of the sun 4 protons combine 
to form an atom of helium with the emission of 2 positrons, thus 

4 -* 2 4 He + 2 +1 °e + 27 MeV. 

The chance that 4 protons will collide is very small, and it needs 
the intense packing and temperature at the centre of the sun to 
increase the chance for the action to proceed. More likely actions are 

i 2 H + ! 2 H - 2 4 He 
and 1 1 H + -* 2 4 He 

since only two nuclei have to collide. As the mass numbers are 
1 1 H = 1 0081, X 2 H = 2 0147, = 3 0170 and 2 4 He = 4-0039, the 

mass losses are 0-0255 and 0-0212 a.m.u. respectively, corresponding 
to 23-8 MeV. and 19-7 MeV. respectively. 

So far thermonuclear reactions have not been obtained in a 
controlled way, although such energy has been released in the 
hydrogen bomb. Work is actively proceeding in several countries 
on the subject, and it is hoped that controlled reactions will be 
achieved. If a method were developed to convert matter entirely 
into energy, one pound of matter would yield as much energy as the 
burning of 1-5 megatons of coal. 

Nuclear Fission. We have stated that a neutron can be absorbed 
(or captured) by a nucleus of large atomic number to produce a 
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new nucleus, which may be unstable. In some cases the unstable 
nucleus splits into two approximately equal nuclei with the emission 
of several neutrons and considerable energy. The reason why 
several neutrons are emitted in the action, which is called nuclear 
fission or splitting, is explained by Fig. 430, which shows the curve 
relating the number of neutrons in a stable nucleus as a function 
of the number of protons (which is the atomic number Z). It is seen 
that the number of neutrons increases more rapidly than the 



20 40 60 80 WO 

Z (Number of Protons) 

Fig. 430. Neutrons and Protons in Stable Nuclei 

number of protons. If, therefore, a heavy nucleus splits into two 
approximately equal parts, each part will need rather less than 
half the total number of neutrons. Consider as an example 92 235 U, 
which has 92 protons and 143 neutrons (235 — 92) : suppose that it 
splits into equal halves, which will be 46 107 Pd, and so there are 61 
neutrons per half or 122 total, and there would be twenty emitted 
neutrons. In fact this is very unlikely, and the fragments will lie 
on either side of atomic number 46: the fragments require more 
than 122 neutrons, as some elements lie above the curve of Fig. 430 
just as some lie below, but several neutrons are emitted. Fig. 431 
shows the fission yield for 235 U when capturing slow neutrons. A 
typical case is 

92 235 U + o 1 ^ -* 42 96 Mo + 57 139 La + 20 % + ? _j°e 

The mass numbers are 235 U = 235*124, ^n = 1*00897, 96 Mo = 94*945 
139 La — 138*955, and we obtain a lost mass of 0*215 a.m.u. (neglect¬ 
ing the electrons): this gives an energy of 198 MeV. This is the 
order of energy liberated per atom which splits. 
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It was realized at once that, since more than on^ neutron is 
emitted for each neutron absorbed, it should be possible to produce 
a sustained action or chain-reaction . 

Reactor with Natural Uranium. Natural uranium contains 99*3 
per cent of 288 U and 0-7 per cent of 235 U. It is found that 238 U can 
be split by fast neutrons with energy greater than 1*1 MeV., but 
below this energy the 238 U captures the neutron without fission. 
236 U will undergo fission by slow (or thermal) neutrons of energy 



Fig. 431. Fission-yield fob 235 U and Slow Neutrons 


with great readiness: its ability to attract thermal neutrons is 
expressed by saying that it has a very large capture cross-section 
for such neutrons, and in fact a nucleus of 235 U will attract such a 
neutron away from a swarm of neighbouring nuclei of 238 U. 

The behaviour of a nucleus to a neutron (or any other incident 
particle) is expressed in terms of an effective cross-section, whether 
it be for fission, capture or scattering: in fission the neutron splits 
the nucleus, in capture it stays in the nucleus, and in scattering 
it is reflected away. The effective cross-section is that area over 
which the incident particle can pass for the effect to take place, and 
is given in a unit called a barn — 10~ 24 cm. 2 : note that 1 bam is 
approximately the end-on area presented by a nucleus, which has a 
diameter of the order of 10~ 12 cm. A cross-sectional area is denoted 
by a with a suffix to denote the effect considered: thus o> is the 
cross-section for fission, o c for capture, and a 8 for scatter. 

A fast neutron has an energy of hundreds of electron-volts 
upward. A slow or thermal neutron has an energy of the order of 
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lcT, where T is the absolute temperature and k is Boltzmann’s 


constant, and 


k ~ 1*38 . 10“ 23 joule/degree. 


At a temperature of 400° A. = 130° C., the energy is about 
5*5.10~ 21 joule, and thus corresponds to (5*5.10~ 21 /1*6.10 -19 ) 
~ (1/30) eV. The following list gives the properties of 286 U and 
238 U with regard to fission, capture, and scattering for neutrons at 
1 MeV. (fast) and (1/40) eV. (slow or thermal). 



285XJ 

288XJ 



<J C or. 

<*/ 

<*c or. 

1 MeV. neutron 

1*4 

0-1 — 

003 

0-2 — 

(1/40) eV. 

580 

107 8-2 

0 

2*8 8-2 


In the process of fission of 235 U there are produced fragments of 
energy about 200 MeV. and an average of 2*46 fast neutrons. If 
these fast neutrons were to move in the natural uranium, a few 
would cause fission at high energy with the 238 U, most would be 
slowed down rapidly by collisions and be absorbed without fission 
by the 238 U, and only a few would cause fission at thermal energy 
with the 235 U. The action would not be self-sustaining. 

Fermi and Sziland suggested that a chain reaction could be 
obtained by slowing down the neutrons before they could be 
absorbed by the 238 U. A substance of low atomic number, such as 
deuterium, carbon, or beryllium will cause the neutrons to lose 
energy rapidly by collision, but will not absorb the neutrons to 
any appreciable extent. Such substances, known as moderators , will 
slow down the neutrons to thermal velocities before they are 
absorbed in too great numbers by the 238 U. When the neutrons have 
been slowed down to (1/40) eV., say, o f for 235 U is 580 barns: the 
capture cross-sections are 107 for 235 U and 2*8 for 238 U. The latter 
should be multiplied by 140 2/3 , to allow for the greater abundance 
140 : 1, and thus the total o c is 107 + 2*8 X 140 213 = 180. The 
chance of fission is thus 580/(580 + 180) = 0*75. As there is an 
average of 2*46 fast neutrons per fission, there can be an average of 
0*75 x 2*46 = 1*84 further fissions per original. The process can 
therefore be self-sustaining. The moderators in use are pure 
graphite, in the form of blocks surrounding the rods of natural 
uranium, or heavy water. Ordinary water is unsuitable because 
ordinary hydrogen has too great a capture cross-section to neutrons. 

The Calder Hall reactors, shown in Chapter I, use a lattice of pure 
graphite as moderator. The total structure is designed to produce 
more neutrons than are necessary to sustain the action, and then 
the activity is decreased at will by inserting rods of cadmium or 
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boron carbide into the reactor. These materials absorb neutrons 
very readily without fission, and thus decrease the activity. 

One of the by-products of the reactor is 239 Pu, by the absorption 
of neutrons by 238 U as shown in equation (viii.9). It so happens 
that 239 Pu is also fissionable with thermal neutrons, and is thus a 
valuable fuel. It can be separated chemically from the uranium and 
can be used as a new fissionable fuel. Calder Hall is intended 
largely to be a source of plutonium produced in this way. 

There remains the time constant of the control system. Most of 
the neutrons are emitted by the fission in 10~ 14 sec. and it is im¬ 
possible to do anything in this time. But there are many neutrons 
which are emitted some time later, 1-0 per cent being delayed by 
0-01 sec. and 0 07 per cent (i.e. 0-0007) by as much as a minute. 
If the control rods are placed so that the early neutrons give a 
reproduction factor of 1, i.e. sustain the action, there is an excess 
of 0*0007 produced 1 minute or more later. The power of the 
reactor will thus increase from 1 to 1 0007 in 1 minute or so, which 
corresponds to a time constant of about 1 500 minutes. If the repro¬ 
duction factor is set at 1-01, the time constant is still manageable 
because of the delayed neutrons. 

An estimate of the heat equivalent of the fission is obtained as 
follows. The fraction of atoms of 235 U split is about 580/(580 + 107) 
--= 0*84: each atom has a mass 235 X 1-66 . 10~ 27 = 3-9.10 -25 kg. 
and delivers 0*84 x 200 = 170 MeV. Therefore 1 kg. of 235 U pro¬ 
duces 170/3-9 . 10 -25 = 4-3 . 10 26 MeV. = 6-9 . 10 13 joule: this cor¬ 
responds to about 2.10 7 kWh = 0-02 milliard = 10 000 tons of 
coal. If a pile contains 30 tons of natural uranium (~ 30 000 kg.), 
the amount of 235 U is about 200 kg.: if this is allowed to diminish 
by 10 per cent before reprocessing, 20 kg. will be used which corres¬ 
ponds to 200 000 tons of coal. 

If all the 235 U of 1 ton of natural uranium is used, the coal 
equivalent is 70 000 tons. If all the 238 U is finally converted to 
239 Pu and then used, the coal equivalent is then about 140 times 
greater, viz. 10 000 000 tons. Efficiencies of 10 per cent of these 
figures will be more than economical. 

Enriched Reactors. If the fraction of 236 U in a reactor is increased 
by the addition of more 235 U (produced by a diffusion plant) then 
the reactor can work with fast as well as thermal neutrons. Such a 
reactor is said to be a, fast reactor , and its main advantage is that it 
can be much smaller than a thermal reactor. “Zephyr’* at Harwell 
is such a type, and the proposed power reactor at Dounreay in 
north Scotland is to be of the same type. Instead of 236 U one can 
use 239 Pu to produce a fast reactor. It is hoped to breed plutonium 
in the Calder Hall reactors and to extract it chemically. This is a 
convenient scheme because chemical separation is much easier than 
the diffusion method of separating 236 U from the 288 U in natural 
uranium. 



ANSWERS TO EXAMPLES 

EXAMPLES I 


1. 14-4 per cent. 

2. 39*8 per cent: (a) 38*0 per cent: ( b) 38-7 per cent. 

3. If both stations are to be built, B takes the base load of 38 600 kW. as 
its cost per unit is less; A takes the peak load, has a capacity of 11 400 kW., 
and runs for about 2 000 hours per year The cost under these conditions is 
£0*00158. If B takes the whole load, the cost is £0-001555 per unit, and this 
is the cheapest solution. 

4. (a) 0-375d. per unit: ( b ) 0-370d. per unit. 

5. 1-13 lb.: 99-7 tons. 

6. 33-4 per cent: 39-3 per cent: 85 per cent. 

7. 260 kW. A single, vertical shaft, Francis turbine of maximum rating 
600 kW. or 850 h.p. 

9. Buy bulk, at a cost of 0-689d. per unit. 

10. 0*19d. 

EXAMPLES III 

1. p = 1-694 [l + 0-00222 (Q - 60) (l - JL )] - ( 1 - p^) ,<Q. per 
cm. cube: 0-424 H. 

2. 21 3001b.: 12-0 X 10® lb. per in. 3 : 0-765 lb. per ft. 

3. 3 950 lb.: 22-8 ft. 

4. 1P4L- 39' 4*, say 40 ft. 

5. 158 ft. 

6. 180 ft. 

8. 25-4 cycles per second : 114 loops. 

10. 13-3 X 10® lb./in. 2 : 8*6 X 10~® per °F. 

11. Identical with example 10. 

EXAMPLES IV 

2. 133 kV. 

3. 3*46 A. per line. 

5. 0-0126 juF. and 2-36 mH. per mile. 

EXAMPLES V 

1. 666 MQ. 

2. 8 000 Q. and 4 000 Q. 

3. 0*206/iF. per mile. 

6. 47-6 kV./cm. (r.m.s.) or 67-2 kV./cm. (peak). 

7. 126 000 Q. and 76 000 Q. 

10. 4 000 ft. 

11. 6-9 x 10 10 cm. 


EXAMPLES VI 

1. 2 165 V.; 0*768 lagging; 96-4 per cent. 

4. 25 per cent regulation, 80 per cent efficiency, 41-3 kV., 0-77 p.f. 

5. 30*0 kV., 28-8 kV., 32-0 kV„ 33-3 kV. 
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6. 1 200 kW. 

7. 6 845 V. 

8. 15-1 A., 233 V. 

10. 164 MW. 

11. (a) 230*1 V.: (6) 230*5 V. 

12. 6*4 a. and 26*3 mH. 

13. 123 kV., 203 A., 95*5 per cent. 

16. 0*718. 

17. 168 kV., 87 per cent. 

18. 37*3 kV., 0*92 p.f. lagging. 

19. Unity, 0*78 leading. 

20. 5 250 kW., 6 750 kW. 

23. 62*8 kV., 67*8 kV. 

25. AB, 30 A.: AD, 77*5 A.; CA, 7*5 A.; CD, 42*5 A.; CB, 30 A.; 0*60 V. 


EXAMPLES VII 

3. 22*9 A. 

4. 184 nF. 

6. (a) 29 MVA.: {b) 7 MW. at 0*39. 

7. 375 MW. 


EXAMPLES VIII 

3. 140 kV.: 176“A.: 13°. 

4. 200 MVA. 

5. - 34, - 24. 

6. 975 A. 

7. 2 900—3 260 A. (includes doubling and is peak): 790 A. r.m.s. due to 
decrement. 

8. E 0 = 452 |7 7°24', = 1 077|6 5 l8 ; > E t = 1 880 |5°54 '. 


EXAMPLES IX 

11. Connections as in Fig. 211 of text; 4^/3: 5 = 1-385 : 1. 
17. 1-76 miles from A. 


EXAMPLES X 

1. 36 kV.. 164 kV., 728 A., 328 A. 

6. 4 140 V. 


EXAMPLES XI 


3. A 


v % 


[(■ + 5 ) 4 M , + <«+ , »0 


6. 1 = 80 sec. 3 0; 2 520 lumens. 

6. 7*0 f.c.: 0*7 f.c. 

7. 4 100 c.p.: 39/1. 

8. (a) Depends on polar distribution of individual lamps, exceeds 1 500 W. 
(b) 740 W. 

9. l*5c.p.: 15 1001umens. 

12. 18. 


13. 53. 

16. 76 ft.-c. 

18. 5 ft.-c., 4*3 ft.-o. 
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EXAMPLES XII 


2. 340 ft.-lb. 

3. (a) 32*0 m.p.h.: (b) 60 Wh./ton to overcome resistance and 32 Wh./ton 
for starting. 

6. 61 Wh./ton mile i 2 900 kW.: 248 kW. 

7. 27 m.p.h. 

11. 2J miles. 

18. 8*3 V.: booster delivers 231 kW. at 27-6 V 
20. 3*8 kWh. 


EXAMPLES XIII 


4. Currents 1: — y? : J . 

y o 


Torques 1 : $ : 


EXAMPLES XIV 

4. Load factor is 36 per cent. 

7. (a) £12 700: (6) 500 kVAr, £11 600. 

8 370 A./in. a : \ per cent. 

9. 76 kV. 

12. l-03d. 

13. 6°64'. 

14. Less than £1 
16. £928. 


EXAMPLES, PAGE 469 

1. 91-6 cos (wt- 40° 54'). 

2. 96-0 cos (cot - 58° 42'). 

3. Coil 11-45 A., 233 V.: resistance 11-45 A., 22-9 V.: condenser 0-144 A., 
22-9 V. 

4. 1 160 V. 

5. 0-106 sin (tot 4- 83° 54')— 0-097 sin (3 tot — 13°). Harmonic much re¬ 
duced, fundamental not. 

6. (a) 1160 A., 1 230 A., 1712 A.: (b) 554 A. 

7. 126, 59, 163 V. 
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“A” STROKE, 293 

A.C. bridge method of locating a 
break, 271 

Adhesion, coefficient of, 351 
a emission, 513 
Air-blast circuit-breaker, 240 
Alternating-current systems, 40 

-, transmission by, 38 

Alternators, short-circuit currents of, 
214-8 

Aluminium, properties of, 60 
Arc-back, 491 
Arc lamps, 338-9 
Arc welding, 606 
Arcing earth, 295-6 
Atomic mass unit, 511 

- number, 511 

- weight, 511 

Auto-transformer tap-changing, 182-3 
Auto-valve arrester, 302 

“B” stroke, 293 
Back-fire, 491 
Balanced vectors, 225 
Balancers for three-wire system, 34 
Ballistic method of finding a break, 
271 

Barn, 519 
Barrel, 231 

Basic rating, 210 et seq. 

Battersea Power Station, 13 
Battery booster, 37-8 
Beard-Hunter sheathed-pilot system, 
260 

Belted-type cable, 101 

-, capacitance of three-core, 

124 

ft emission, 513 
Biased beam relay, 252 

- protection, 257 

Bleeding, 12 

Board of Trade Regulation, 37 
Bonded sheaths, currents in, 128- 
32 

Booster control, 384 

- transformers, 184 

Boosters, 36 
Boulder Dam, 22-4 
Braking, electric, 375 

-, regenerative, 377-9 

-, rheostatic, 377 

Breakdown, mechanism of, 132-3 


Breakdown, voltage of, 132-3 
Brightness, 318 

Brown-Boveri regulator, 177-9 

-linkwork drive, 350 

Burke arrester, 300-1 
Bus-bar arrangements, 265-6 

Cable joints, 111-14 
Cadmium-copper, properties of, 49 
Calder Hall reactor, 25 
Calorie, 2 

Candle-power, standard of, 316 
Capacitance, effect of earth on, 88 

- grading, 120 

- of overhead lines, 86-91 

Cascade connexions of motors, 374 
Catchment area, 17 
Cathode-ray oscillograph, high volt¬ 
age, 306-8 

Central Electricity Authority, 27 
Chain reaction, 519-20 
Circuit-breakers, rating of, 243 et eeq. 
Circulating current protection, 262 

- currents method, 169 

Clean-up, 488 

Coiled-coil filament, 335 

Coiled-filament, 335 

Commutating inductance, 485 

Compensating sections, tuning by, 161 

Conduits, 110 

Cone-type joint, 74 

Constants of general network, 161 

Contactors, 380 

Continuous rating, 400 

Control ratio, 489 

Converting plant, 486 et seq. 

Co-ordination of insulation, 298 

Copper efficiencies, 42 

-, properties of, 48-9 

Copperweld, properties of, 51 
Corona discharge, 91 et eeq. 

- power loss, 93 

Cosine law, 318 
Cranes, 407 

Critical grid voltage of thyratron, 49 7 
Cross-jet explosion pot, 241-2 
Current-limiting reactors, 218 si seq. 
Cusec, 16 

A -double Y connexion, 494-5 
A-zigzag connexion, 496-7 
Damper, Stockbridge, 78 
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Dampers, vibration, 78 

D.C, high voltage transmission, 43 

- low voltage transmission, 31 

Decrement factor, 216-17 
Deion circuit-breaker, 243 
Depreciation, 417 
Deuterium, 512, 516 
Dielectric heating, 505 
Discharge lamps, 337-40 
Disruptive critical voltage, 92 
Dissociation, 508 
Distance indication, 480 et seq. 

- protection, 264-5 

Distant repeater. Mid worth, 483 
Distributors, 31 

-, Kelvin’s Law, 427-8 

-, voltage drop in, 162 

Diversity factor, 420 
Doubling effect, 215, 277 
Drainage coil, 234 

Earthing, 76-8 

- of a line, 287 

Eddy-current heating, 504 
Effective mass, 352 
Electrical transmission of energy, 5 
Electricity in Great Britain, 1 
Electrochemical equivalent, 509 

-processes, 507 et seq. 

Electrodeposition, 510 
Electrolytic arrester, 301 
Electron shells, 512 
Energy resources, 4 
Energy, sources of, 1,3 
Erection chart, 57-61 
Extraction of metals, 508 

Fall of potential method, 270 
Feeder booster, 36 

- mains, 31 

- reactors system, 219 

Feeding points, 31 
Ferranti effect, 158 

- surge absorber, 305-6 

Field weakening, 373 
Fission, nuclear, 23, 517 
Fluorescent lamps, 340 
Foot-candle, 317 
Form factor, 442 
Frogs, 385 
Fusion, nuclear, 517 

y emission, 513 
Gas cable, 104 

Gas-filled thermionic diode, 486-7 

--triode, 488 et seq. 

-valves, 486 

General network, constants of, 151 
Generator reactors system, 219 
Graded time-lag protection, 258 


Grading rings, 95 
Grid, 27 

Grid control of thyratrons, 497<?$ seq. 
Group drive, 396 

H.F. heating, 503 
“H”-tvpe cable, 101 
Half-life, 513 

Hams Hall, Birmingham, 13 
Harlan d interlock drive, 411 
Heat balance, 7 

- value of fuels, 3 

High voltage, advantage of, 38 
Hilly country, spans in, 61-4 
Holophane light fitting, 325 
Horn gap, 299 
“H.S.L.”-type cable, 101-2 
Hunting, 206 

Hydro-electric installations, 22-6 

- stations, 16 

-, choice of site of, 18 

-, operating cost of, 25-7 

Igniter, 492 
Ignitron, 486, 492 

-, steel-tank, 491 

Illumination for various purposes, 
319 

Impulse protective gap, 301 
-ratio, 298 

Incandescent filament lamp, 332- 5 
Inductance of overhead lines, 81-6 
Induction heating, 503 

-regulator, 187-91 

Insulation failure, 287 

- resistance, 114-16 

Insulators, 67 et seq. 

-, Hewlett disc type, 72 

-, pin type, 70 

-, strain type, 72 

-, suspension type, 71 

Interconnected network, 32 

- systems, calculation of, 165-73 

Interest, 417 
Interlock system, 259 
Internal combustion engine stations, 
26 et seq. 

Intersheaths, 117-20 
Inverter, 501-2 
Ion sheath, positive, 487, 489 
Iron and steel works, 412 
Isotopes, 512 

Joint, cone-type, 74 

-, McIntyre, 73 

-, Pairard clamp type, 74 

Joints for overhead lines, 73-6 

Kelvin’s law, 421 



INDEX 


Kirchhoff’s laws, direct application 
of, 165-7 

Klydonograph, 310 
kVA., measurement of, 427 
kVAh. reactive, measurement of, 480 
kVAr., measurement of, 426—7 
kWh., measurement of, 480 

Laying of cables, 107-11 
Lead press, 107 
Leakage reactance, 214 
Lifts, 407 

Light spectrum, 312-3 

Lightning, 293-5 

Line (or machine) charts, 142-5 

- very long, 158 

Load factor, 6 

-reactor in rectifier circuit, 495 

Load-end capacitance for medium 
lines, 147 

Locomotive drives, 347 
Long transmission line, equivalent 
networks of, 157-8 

- 1 rigorous solution of, 

153-7 

-, very, 158 

Loss in head due to pipes, 19 
Losses in open-circuited line, 159 
Lumen, 315 
Luminous flux, 316 

- intensity, 317 

Lux, 316 

Machine tool drive, 406 
McIntyre joint, 73 
Magnetically-operated clutch, 399 
Maximum demand, 419 

- power with a given regulation, 

145 

Mean horizontal candle-power, 319 

- spherical candle-power, 320 

Mechanical equivalent of heat, 2 

-of light, 317 

Mechanics of train movement, 351 
Medium lines, 147 
Mercury-pool rectifiers, 490 et seq. 
Merz-Hunter, 261 
Merz-Price, 253-5, 260 
Metadyne, 368 

Midworth distant repeater, 483 

Milliard, 1, 3 

Mining machinery, 413-4 

Mixed conditions, 147 

Moderator, 24 

Mollier diagram, 10 

Motors, cascaded induction, 404 

--, comparative table of electric, 

400 

compound-wound d,c., 402 
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Motors, d.c. series, 4ol 

-, d.c. shunt, 401 

-, pole-changing induction, 404, 

-, repulsion, 402 

-, Schrage, 405 

-, single-phase series, 402 

-, slip-ring induction, 403-4 

-, squirrel-cage induction, 403 

-, synchronous, 402 

-, synchronous-induction, 404 

Multi-gap arrester, 301 
Multiple-unit control, 382 
Murray loop test, 268 

Negative booster, 37, 388 

-control, 489 

- phase sequence, 225-6 

Neon lamp, 338 
Network simplification, 168 
Networks in tandem, 152 
Neutron, 23, 511 

Nominal n-method for medium lines, 
149 

- T-method for medium lines, 150 

N-S motor, 406 
Nuclear energy, 511 et seq. 

- fission, 517 et seq. 

. fusion, 517 

- power stations, 23 et seq. 

Nucleus, 511 

O il - filled cable, 103-^1 
On-load tap-changing, 181 et seq. 
Opposed voltage protection, 252 
Osira lamp, 338-9 
Overall efficiency, 5 
Overhead line regulations, 46-7 
Oxide-film arrester, 302-3 

Pairard clamp, 74 
Pantograph, 391 
Paper-lapping head, 106 
Paper-making machinery, 410-12 
Parallel operation of generators, 193 
Pel ton wheel, 18 
Percentage reactance, 472-3 

-and short-circuit currents, 

209 et seq. 

Periodic table, 512-14 
Petersen coil, 296-7 
Phase advancers, 198 

- angle control, 186 

- swinging, 206 

Philora lamp, 338-9 
Phosphor bronze, 52 
Planers, 407 
Plasma, 487, 489 
Plugging, 376 
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ELECTRICAL POWER 


Polar curves, 319 et seq. 

Pole changing, 374 
Polyphase rectification, 493 

-rectifiers, 492 et seq. 

Positive control, 489 

-ion sheath, 487, 489 

-phase sequence, 225 

Power angle diagrams, 200 et aeq . 

-factor oontrol of voltage, 194 

-, improvement 427-8 

-, measurement of, 426* 

Pressure cable, 104 
Prime movers, 11 
Printing machinery, 409-10 
Propeller type turbine, 20 
Protection against lightning and over¬ 
voltage, 297 et seq. 

- of alternators and transformers, 

253 et seq . 

Proton-capture, 516 
Pulling-up clamp, 77 
Pulsatance, 440 
Punches, 407 

Q,3 

Quenching, 504 
Quill drive, 349 

Radial system, 31 
Radioactivity, 513 
Rankine cycle, 10 
Rannoch power station, 21 
Reactive kVAh., measurement of, 
478-9 

Reactor enriched, 521 
- fast, 521 

Reactors, 24, 218 et seq., 519 
Rectifiers, effect of d.c. magnetiza¬ 
tion in, 496 

-, effect of transformer leakage 

inductance in, 496 

-, glass-bulb, 491 

-, mercury-pool, 490 et seq . 

-, polyphase, 492 et seq. 

-, six-phase, 494 

-, three-phase, 493 

Regulation, 138 

Regulations, overhead line, 46-7 
Regulator winding, 371 
Relative luminosity factor, 313 
Relay, biased beam, 252 

-, Buchholz, 257 

-, distance, 250-1 

-, induction type overcurrent, 

247-8 

-, instantaneous, 247 

-, reverse power, 249 

-> solenoid and plunger type, 

247 


Remote control, 480 et seq. 
Replaceable starter, 339-40 
Resistance heating, 507 
Resonance, 275-7 
Ring system, 31 

-of reactors, 220 

Root mean square, 442 
Rotary phase-transformer, 500 
Rousseau diagram, 320-2 
Russell angles, 320-2 

Sag at erection, 57 

- of overhead line, 53 et seq. 

-, effects of ice and 

wind on, 56 
Schedule speed, 355 
Scott transformer connexion, 476 
Self-balance protection, 253 
Series-parallel control, 364-8 
Service mains, 31 
Shears, 407 
Sheath eddies, 126-7 

- effects, 126-32 

Sheath-circuit eddies, 127 
Short time rating, 400 
Short-circuit current of alternators, 
214-17 

Simplification of networks, 168 
Single-break switch, 244 
Single-core cable, power factor of, 
121-4 

- f stress and capacitance 

of, 118 

Single-phase systems, 40 
Site of steam power station, choice 
of, 11 

Skin depth, 503 
“S.L.”-type cable, 101 
Solid angle, 316 
Sources of energy, 1 

-light, 340 

Spans in hilly country, 61-4 
Specific speed of turbines, 20-2 
Spectra of light sources, 315 
Spectrum of light, 313 
Speed-time curves, 353 et seq. 

Sphere gap, 299 

Split conductor protection, 261 

Stability, 204 et aeq. 

Star-delta transformation, 168, 468 

Static stability, 205 

Steam power stations, 5 et aeq. 

-, choice of site of, 11 

-, heat balance of, 7 

-, operating costs of, 15 

-, prime movers, 11 

-, thermal efficiency of, 

5 

-- turbines, H 
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Steel-cored aluminium, properties of, 
50-1 

- copper, properties of, 51 

-tank ignitron, 491 

Stoekbridge damper, 78 
String efficiency of insulator chain, 95 
Stringing chart, 57-61 
Styrene joint, 114-15 
Sudden interruption of a circuit, 286-7 
Summation metering, 480-1 
Superposition of currents, 167 
Surge absorber, 304-5 

- crest ammeter, 310 

Switching surges, 281 et seq. 
Symmetrical components, 224 et seq. 

-, application of, 228 et seq . 

- short-circuit currents, 213-14 

Synchronization at the load, 222 
Synchronous capacitance of an inter- 
connector, 194 
- condenser, 198 

Tap-changing transformers, 180-3 
Telemetering, 480 et seq . 

Telephone interference factor, 232 
Textile machinery, 409 
Thermal characteristics of cables, 
133-5 

Thermal efficiency, 5 

-of steam power stations, 6 

- resistance, 134 

Th6v6nin's theorem, 170, 478 
Third rail, 345 
Three-phase systems, 40 
Three-wire system, 32-4 
Thury system, 44 
Thyratrons, 486, 488 

-, continuous control of, 498 

-, control ratio of, 488 

-, critical grid voltage of, 497 

-, electrodes of, 490 

-, grid phase control of, 499 

-, heat conserving cathodes for, 

487 

-, on-off control of, 498 

Thyrite arrester, 303-4 
Tie-bar reactor system, 220 
Tin brightening, 504 
Towers and supports, 64 et seq. 
Tractive effort, 351, 355 
Tramway controller, 366 
- motors and control, 365 


Transformer, all-day efficiency of, 430 

-, efficiency of, 430 

-, equivalent network of, 471-2 

- losses, 429-31 

-, percentage impedance of, 472-3 

- ratios, calculation of, 183 

Transformers in parallel, 473 

-, three-phase, 474-5 

Transient reactance, 214 

- stability, 205 

Translay system, 261 
Transmutation, 515 
Transpositions, 231-2 
Trans-uranic elements, 517 
Travelling waves, 281 

-, at junction of lines, 289- 

90 

-, effect of a capacitance on, 

291-3 

-, energy considerations of, 

285 

-, reflection and transmis¬ 
sion of, 287 
Tritium, 512, 516 

Trolley bus motors and control, 
379-81 

- buses, 380 

- skate, 387 

- wires, 64 

Tummel power station, 24 
Tuned power lines, 159-61 
Tungar rectifier, 487 
Two-phase systems, 40 

Uranium, heat value of, 3 

Variator winding, 370 
Vector power, 462 
Visual critical voltage, 92 

- sensitivity of normal eye, 313 

Voltage control, 177 

-by power factor, 194 

- drop in distribution, 162 

Water circuit-breaker, 240 
Wave form, 441 
Welding, 506 et seq. 

Werren overlap method, 269 

Z -connexion, 257 

Zero phase sequence, 226 





